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CHAPTER  1 


FIRST-ORDER  DIFFERENTIAL  EQUATIONS 

SECTION  1.1 

DIFFERENTIAL  EQUATIONS  AND  MATHEMATICAL  MODELING 

The  main  purpose  of  Section  1 . 1  is  simply  to  introduce  the  basic  notation  and  terminology  of 
differential  equations,  and  to  show  the  student  what  is  meant  by  a  solution  of  a  differential 
equation.  Also,  the  use  of  differential  equations  in  the  mathematical  modeling  of  real-world 
phenomena  is  outlined. 


Problems  1-12  are  routine  verifications  by  direct  substitution  of  the  suggested  Solutions  into  the 
given  differential  equations.  We  inelude  here  just  some  typical  examples  of  such  verifications. 


3.  If  y,=cos2x  and  y2  =  sin 2x ,  then  y¡  =  -2 sin 2x  and  y'2  =  2 eos 2x  so 

y"  =  -4cos2x  =  -4  y,  and  y"  =  -4sin2x  =  -4  y2. 

Thus  yí'+4y,  =  0  and  y"  +  4y2  =  0. 

4.  If  y,  =  e3x  and  y2=e~3x,  then  y,  =  3e3x  and  y2=-3e~3x  so 

y'¡  =  9e3x  =  9  y,  and  y"  =  9e~3x  =  9  y2. 

5.  If  y  =  e"-e'í,  then  y'  =  ex  +  e'x  so  y' -y  =  (ex  +e~x)-(ex -e~x)  =  2e^.  Thus 

y'  =  y  +  2e~x. 

6.  If  y,=e"2r  and  y2-xe"lx ,  then  y¡  =  -2e"lx,  y"  =  4e~lx,  y'2  =  e~lx  -2xe~lx ,  and 
y"  =  -4e~2x  +4xe~2x.  Henee 

y,"  +  4y,'  +  4y1  =  (4e~2í)  +  4(-2íT2j:)  +  4(e'2*)  =  0 
and 

y"  +  4y'+4y2  =  ( -4e~2x  +  4xe~2x)  +  4(e~2x  -2xe~2x)  +  4(xe~2x)  =  0. 
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8.  If  yx  =  cosx-cos2x  and  y2  =  sinx-cos2x,  then  y[  =  -sinx+2sin2x, 

y"  =  -  eos  x  +  4  eos  2x,  and  y'2=  eos  x  +  2  sin  2x,  y"  =  -  sin  x  +  4  eos  2x.  Henee 

y"+y¡  -  (-cosx+4cos2x)  +  (cosjc-cos2x)  =  3cos2x 

and 

y'í  +  y2  ~  (-sinx  +  4cos2x)  +  (sinx-cos2x)  =  3cos2x. 

11.  If  y  =  yx  =  x~2  then  /  =  - 2x~3  and  y"  =  6x“4,  so 

x2y”  +  5x y' +  4y  =  x2  (6x"4)  +  5x(-2x'3)  +  4(x-2)  =  0. 

If  y  =  y2  =  x~2lnx  then  y'  =  x~3  -2x~3lnx  and  y"  =  -5x'4  +  6x"4  lnx,  so 

x2y"  +  5x  y'  +  4y  =  x2(-5x~4  +6x"4lnx)  +  5x(x‘3-2x'3Inx)  +  4(x"2lnx) 
=  (~5x-2  +5x~2)  +  (6x”2 -IOx-2  +  4x"2)lnx  =  0. 


13.  Substitution  of  y  -  erx  into  3_y'  =  2y  gives  the  equation  3rerx  =  2  en  that  simplifies 
to  3r  =  2.  Thus  r  =  2/3. 


14.  Substitution  of  y  =  en  into  4 y"  =  y  gives  the  equation  4r2  en  =  eK  that  simplifies  to 
4r2  =  1.  Thus  r  =  ±  1/2. 


15.  Substitution  of  y  =  erx  into  y"  +  y'  —  2y  =  0  gives  the  equation  r2e“  +  ren  -2erx  =  0 
that  simplifies  to  r2  +  r -2  =  (r  +  2 )(r - 1)  =  0.  Thus  r  =  - 2  or  r-  1 . 


16.  Substitution  of  y  -  erx  into  3  y"  +  3  y'  -  4 y  =  0  gives  the  equation 

3r~erx  +3r  erx  —  4erx  =0  that  simplifies  to  3r2+3r-4  =  0.  The  quadratic  formula  then 
gives  the  Solutions  r  =  ^-3±^/57V 6. 


The  verifications  of  the  suggested  Solutions  in  Problems  17-26  are  similar  to  those  in  Problems 
1-12.  We  illustrate  the  determination  of  the  valué  of  C  only  in  some  typical  cases.  However, 
we  illustrate  typical  solution  curves  for  each  of  these  problems. 
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If  y(x)  =  Ce*  - 1  then  j-'(O)  —  5  gives  C—  1  —  5,  so  C  =  6.  The  figure  is  on  the 
lefit  below. 


- - 1 - 

7/ 7 

(0,5)  ¡  - 

/  / 

y  y 

_ 

xVv 
\  \ 

rv\ 

\  \  \  - 

\  \  \ 

If  y{x)  =  Ce'*  +  x- 1  then  ><0)=10  gives  C-l  =  10,  so  C  =  11.  Thefigureis 
on  the  right  above. 

C  =  7.  The  figure  is  on  the  left  at  the  top  of  the  next  page. 
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25.  If  y(x)  =  tan(x2  +  C)  then  y(0)  =  1  gives  the  equation  tan  C  =  1 .  Henee  one  valué 
of  C  is  C  =  n/A  (as  is  this  valué  plus  any  integral  múltiple  of  n). 


26.  Substitution  of  x—  n  and  y  =  0  into  y  =  (x  +  C)cosx  yields  the  equation 
0  =  (tt  +  C)( — 1),  so  C  =  -n. 


27.  y'  =  x  +  y 

28.  The  slope  of  the  line  through  (x,y)  and  (x/2,0)  is  y'  =  (y-0)/(x-x/2)  =  2  y/x, 
so  the  di fferential  equation  is  x  y'  =  2  y. 
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29.  If  m  =  y'  is  the  slope  of  the  tangent  line  and  rrí  is  the  slope  of  the  normal  line  at 
(x,y),  then  the  relation  mm'  =  - 1  yields  m'  =  l/y'  =  (y-l)/(x  -0).  Solutionfor 
y  then  gives  the  differential  equation  (1  -  y)  y'  =  x. 

30.  Here  m  =  y'  and  m'  =  Dx(x2+k )  =  2x,  so  the  orthogonality  relation  mm'  =  —  1  gives 
the  differential  equation  2 x  y'  =  - 1 . 

31.  The  slope  of  the  line  through  (x,y)  and  (~y,x)  is  y'  =  (x  -  y)  /(-y  -  x),  so  the 
differential  equation  is  (x  +  y) y'  =  y  -  x. 


In  Problems  32-36  we  get  the  desired  differential  equation  when  we  replace  the  "time  rate  of 
change"  of  the  dependent  variable  with  its  derivative,  the  word  "is"  with  the  =  sign,  the  phrase 
"proportional  to"  with  k,  and  finally  transíate  the  remainder  of  the  given  sentence  into  symbols. 

32.  dP/dt  =  kjp 

33.  dv/dt  =  kv2 

34.  dv/dt  =  k( 250 -v) 

35.  dN/dt  =  k(P-N) 

36.  dN/dt  =  kN(P-N) 

37.  The  second  derivative  of  any  linear  fimction  is  zero,  so  we  spot  the  two  Solutions 
y(x)  s  1  or  y(x)  =  x  of  the  differential  equation  y"  =  0. 

38.  A  function  whose  derivative  equals  itself,  and  henee  a  solution  of  the  differential 
equation  y'  =  y  is  y(x)  =  ex . 

39.  We  reason  that  if  y  =  kx2,  then  each  term  in  the  differential  equation  is  a  múltiple  of  x2. 
The  choice  k  =  1  balances  the  equation,  and  provides  the  solution  _y(x)  =  x2. 

40.  If  y  is  a  constant,  then  y'  =  0  so  the  differential  equation  reduces  to  y2  =  1 .  This  gives 
the  two  constant- valued  Solutions  y(x)  =  1  and  y(x)  =  -1. 

41.  We  reason  that  if  y  =  kex,  then  each  term  in  the  differential  equation  is  a  múltiple  of  ex. 
The  choice  k=  y  balances  the  equation,  and  provides  the  solution  y{x)  =  jex. 
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42.  Two  functions,  each  equaling  the  negative  of  its  own  second  derivative,  are  the  two 
Solutions  y(x)  =  cosx  and  y(x)  =  sinx  of  the  differential  equation  y"  =  -y. 

43.  (a)  We  need  only  substitute  x(t)  -1/(C-  kt )  in  both  sides  of  the  differential 

equation  x'  =  kx2  for  a  routine  verifícation. 

(b)  The  zero-valued  function  x(t)  =  0  obviously  satisfies  the  initial  valué  problem 
x'  -kx2,  x(0)  =  0. 

44.  (a)  The  figure  on  the  lefit  below  shows  typical  graphs  of  Solutions  of  the  differential 

equation  x'  =  }x2. 


(b)  The  figure  on  the  right  above  shows  typical  graphs  of  Solutions  of  the  differential 

equation  x'  =  -  j  x2.  We  see  that  —  whereas  the  graphs  with  k  =  j  appear  to  "diverge 
to  infinity"  —  each  solution  with  k  —  -\  appears  to  approach  0  as  / ->  oo.  Indeed,  we 
see  from  the  Problem  43(a)  solution  x(/)  =  1  /(C  -  jt)  that  x(/)  ->  oo  as  t  — >  2 C. 
However,  with  k  =  - {  it  is  clear  from  the  resulting  solution  x(t)  =  1  /(C  +  \t)  that 
x(t)  remains  bounded  on  any  finite  interval,  but  x(t)  ->  0  as  t  ->  +oo. 


45. 


Substitution  of  P' =  1  and  P  =  10  into  the  differential  equation  P'  =  kP 2  gives  k  =  , 

so  Problem  43  (a)  yields  a  solution  of  the  form  P(t)  =  1  /(C  -ti  1 00).  The  initial 
condition  .P(O)  =  2  now  yields  C  =  j,  so  we  get  the  solution 


P(t)  = 


1 

]_ _ t_ 

2  100 


100 
50 -t 
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We  how  fmd  readily  that  P  =  100  when  t  =  49,  andthat  P  =  1000  when  t  =  49.9. 

It  appears  that  P  grows  without  bound  (and  thus  "explodes")  as  /  approaches  50. 

Substitution  of  v'  =  -l  and  v  =  5  into  the  differential  equation  v'-kv2  gives 
k  =  —  so  Problem  43(a)  yields  a  solution  of  the  form  v(/)  =  1  /(C  +  t/  25).  The  initial 
condi tion  v(0)  =  10  now  yields  C  so  we  get  the  solution 


v(0  = 


_J _  =  50 

_L  +  _L  ~  5  +  2/ 
10  25 


We  now  fmd  readily  that  v  =  l  when  t  =  22.5,  andthat  v  =  0.1  when  t  =  247.5. 

It  appears  that  v  approaches  0  as  /  increases  without  bound.  Thus  the  boat  gradually 
slows,  but  never  comes  to  a  "full  stop"  in  a  fínite  period  of  time. 

(a)  y(10)  =  10  yields  10  =  1/(C-10),  so  C  =  101/10. 

(b)  There  is  no  such  valué  of  C,  but  the  constant  function  y(x)  =  0  satisfies  the 
conditions  y'  =  y2  and  y(0)  =  0. 

(c)  It  is  obvious  visually  (in  Fig.  1 .1 .8  of  the  text)  that  one  and  only  one  solution 
curve  passes  through  each  point  (a,b)  of  the  xy-plane,  so  it  follows  that  there  exists  a 

unique  solution  to  the  initial  valué  problem  y’  =  y2,  y(a)  =  b. 


(b)  Obviously  the  functions  u(x)  =  -  x4  and  v(x)  =  +  x4  both  satisfy  the  differential 
equation  xy'  -4 y.  But  their  derivatives  u'(x)  =  - 4x3  and  v'(x)  =  +  4x3  match  at 
x  =  0,  where  both  are  zero.  Henee  the  given  piecewise-defined  function  _y(x)  is 
differentiable,  and  therefore  satisfíes  the  differential  equation  because  u(x)  and  v(x) 
do  so  (for  x  <  0  and  x  >  0,  respectively). 


(c)  If  a  >  0  (for  instance),  choose  C+  fixed  so  that  C+  a4  -  b.  Then  the  function 


yW  = 


if  x  <  0, 
if  x  >  0 


satisfíes  the  given  differential  equation  for  every  real  number  valué  of  C_ . 
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INTEGRALS  AS  GENERAL  AND  PARTICULAR  SOLUTIONS 

This  section  introduces  general  Solutions  and  particular  Solutions  in  the  very  simplest  situation 

—  a  differential  equation  of  the  form  y'=f  (x)  —  where  only  direct  integration  and  evaluation 

of  the  constant  of  integration  are  involved.  Students  should  review  carefully  the  elementary 

concepts  of  velocity  and  acceleration,  as  well  as  the  fps  and  mks  unit  systems. 

1.  Integration  of  y'- 2x  +  l  yields  y(x)  =  J(2x  +  1  )dx  =  x2+x  +  C.  Then  substitution 
of  x  =  0,  y- 3  gives  3  =  0  +  0  +  C  =  C,  so  y(x)  =  x2+x  +  3. 

2.  Integration  of  /  =  (x-2)2  yields  y(x)  =  j(x-2)2dx  =  }(x-2 )3  +  C.  Then 
substitution  of  x  =  2,  y- 1  gives  1  =  0  +  C  =  C,  so  y(x)  =  }(x-2)3. 

3.  Integration  of  y'  =  yfx  yields  y(x)  =  jVxár  =  jx3/2+C.  Then  substitution  of 
x  =  4,  y-  0  gives  O^Jf  +  C,  so  y{x)  =  }(x3/2-8). 

4.  Integration  of  y' =  x~2  yields  y(x)  =  |x'2  dx  -  -1/x  +  C.  Then  substitution  of 
x  =  1,  _y  =  5  gives  5  =  -l  +  C,  so  y{x)  =  -l/x  +  6. 

5.  Integration  of  /  =  (x  +  2)~l/2  yields  y(x)  =  J(x  +  2 )~U1  dx  =  2>/x  +  2  +  C.  Then 
substitution  of  x  =  2,  y  =  - 1  gives  -l  =  2-2  +  C,  so  y{x)  =  2-Jx~+2  -5. 

6.  Integration  of  y'  =  x(x2 +9)1/2  yields  y{x)  =  jx(x2  +  9)U2dx  =  \(x2  +9)3/2  +  C. 
Then  substitution  of  x  =  -4,  y  =  0  gives  0  =  3-(5)3  +  C,  so 

y(x)  =  }[(x2  +9)3/2  - 125], 

7.  Integration  of  y'  =  10/(x2  + 1)  yields  y{x)  =  JlO/(x2  +  \)dx  =  10tan_lx  +  C.  Then 
substitution  of  x  =  0,  y  =  0  gives  0  =  10-0  +  C,  so  y(x)  =  lOtan^'x. 

8.  Integration  of  y'  =  cos2x  yields  y(x)  -  Jcos2 xdx  =  |sin2x  +  C.  Then  substitution 
of  x  =  0,  y- 1  gives  1  =  0  +  C,  so  y(x)  =  |sin2x  +  l. 

9.  Integration  of  y'  =  1/  yf\  -x2  yields  y(x)  =  Jl/Vl-x2  c£c  =  sin"'x  +  C.  Then 
substitution  of  x  =  0,  y  =  0  gives  0  =  0  +  C,  so  y(x)  =  sin'‘x. 


Section  1.2 


9 


10.  Integration  of  y'  =  xe~x  yields 

y(x)  =  jxe~xdx  =  jue"du  =  ( u-l)e "  -  -(x  +  1  )e~x +C 

(when  we  substitute  u  =  -x  and  apply  Formula  #46  inside  the  back  cover  of  the 
textbook).  Then  substitution  of  x  =  0,  y  =  1  gives  1  =  - 1  +  C,  so 
y(x)  =  -(x  +  l)e_;t  +  2. 

11.  If  a(t)  =  50  then  v(t)  =  J50J/  =  50í  +  v0  =  50t  +  10.  Henee 

x(t)  =  j(50t  +  \0)dt  =  25 12  +  10t  +  x0  =  25¿2  +  10/  +  20. 

12.  If  a(J)  =  -20  then  v(í)  =  J(-20 )dt  =  -20 t  +  v0  =  -20/-15.  Henee 

x(/)  =  J(-20/-15)c#  =  -10í2-15t  +  x0  =  -10t2-15/  +  5. 

13.  If  a(t)  =  3 1  then  v(t)  =  |3 tdt  =  \t2  +  v0  =  f/2+5.  Henee 

x(0  =  J({/2+5)í#=  ^/3+5t  +  x0  =  i/3+5t. 

14.  If  a(t)  =  2t  +  \  then  v(/)  =  ^{2t  +  \)dt  =  í2+/  +  v0  =  t2  +  t-l.  Henee 

x(t )  =  J(/2  +t-l)dt  -  \t2  +\t-lt  +  x0  =  \t2  +  \t-lt  +  A. 

15.  If  a(t)  =  4(/  +  3)2.  then  v(/)  =  \A{t  +  5fdt  =  |(/  +  3)3  +  C  =  f (/  -t-  3)3  —  37  (taking 
C  =  -37  so  that  v(0)  =  -1).  Henee 

x(t)  =  J[f(/  +  3)3-37]¿/  =  y(t  +  3)4  -37/  +  C  =  }(t  +  3)4 -371-26. 

16.  If  a(t)  =  \l yft  +  4  then  v(/)  =  Jl /  +  4  dt  =  2^JT+4  +  C  =  2>//  +  4  —  5  (taking 

C  =  — 5  so  that  v(0)  =  -1).  Henee 

x(/)  =  J(2>//  +  4-5)<//  =  |(/  +  4)-1/2_5/  +  c  =  |(/  +  4)3/2-5t-f 
(taking  C  =  -  29/3  so  that  x(0)  =  1 ). 


10 


Chapter  1 


17. 


If  a{t )  -  (t  +  1)3  then  v(t)  =  J(í  +  1)~3  dt  =  -j(7  +  1)2+C  =  -^(t  +  l)  2 +-7 
(taking  C  =  j  so  that  v(0)  =  0).  Henee 

x(/)  ^r(í  +  1)  "  +  yj  úfr  =  -=r(t  +  1)  +  \t  4-  C  —  y^(/+l)  1  +  /  —  ij 

(taking  C  =  -  \  so  that  x(0)  =  0 ). 


18.  If  a(t )  =  50sin5Mhen  v(t)  =  J*50sin5í£fr  =  -10cos5t  +  C  =  -10cos5t  (taking 
C  =  0  so  that  v(0)  =  -10).  Henee 

x(/)  =  J(-10cos5f)<#  =  -2sin5í  +  C  =  -28^5/  + 10 

(taking  C  =  - 1 0  so  that  x(0)  =  8  ). 


19.  Note  that  v(/)  =  5for  0  <  t  <  5  and  that  v(/)  =  10-/  for  5<r<10.  Henee 

x(/)  =  5/ +  C,for  0</<5and  x(t)  =  10/ -jt2  +  C2  for  5<í<10.  Now  C,=0 
because  x(0)  =  0,  and  continuity  of  x(t)  requires  that  x(t)  =  5 1  and 
x(l)  =  1 0/  -  jt2  +  C2  agree  when  t  =  5.  This  implies  that  C2  =  --y-,  and  we  get  the 
following  graph. 
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20.  Note  that  v(/)  =  ífor  0  <  t  <  5  and  that  v(í)  =  5  for  5  <  r  <  10.  Henee  x(t)  =  \t2+Cx 
for  0  <  /  <  5  and  x{t)  =  5í  +  C2  for  5</<10.  Now  C,  =  0  because  x(0)  =  0,  and 
continuityof  x(t)  requires  that  x(t)  =  \t2  and  x(/)  =  5/  +  C2  agree  when  t  -  5. 

This  implies  that  C2  =  -f,  and  we  get  the  graph  on  the  left  below. 


21.  Note  that  v(í)  =  t  for  0  <  /  <  5  and  that  v(f)  =  10  - 1  for  5  <  t  <  1 0.  Henee 

x(t)  -\t2  +C,  for  0</<5  and  x{t)  =  \Qt-\t2  +C2  for  5  <  r  <  10.  Now  C,=0 
because  x(0)  =  0,  and  continuity  of  x(t)  requires  that  x(t)  =  \t2  and 

x(0  =  10 1  -jt2  +C2  agree  when  t  -5.  This  implies  that  C2  =  -25,  and  we  get  the 
graph  on  the  right  above. 

22.  For0</<3:  v(/)  =  |/  so  x(/)  =  ft2  +C,.  Now  C,  =  0  because  x(0)  =  0,  so 
x(/)  =  jt2  on  this  first  interval,  and  its  right  endpoint  valué  is  x(3)  =  1\. 

For  3  <  /  <  7  :  v(/)=5  so  x(/)  =  5/  +  C2.  Now  x(3)  =  7  \  implies  that  C2=-7j, 
so  x(t)  =  5/  -  7  j  on  this  second  interval,  where  its  right  endpoint  valué  is  x(7)  =  21 

For7</<10:  v-5  = -{(/ -7),  so  v(f)  =  -f/  +  -f-.  Henee  x(/)  =  -|/2  +-y/  +  C3, 
and  x(7)  =  27 {  implies  that  C3  =  -2 f2-.  Finally,  x(/)  =  £(-5/2  +  100í-290)  on  this 
third  interval,  and  we  get  the  graph  at  the  top  of  the  next  page. 
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23.  v  =  -9.8/  +  49,  so  the  ball  reaches  its  máximum  height  (v  =  0)  after  /  =  5  seconds.  Its 
máximum  height  then  is  y(5)  =  -4.9(5)2  +  49(5)  =  122.5  meters. 

24.  v  =  -32/  and  y  =  -16/2  +  400,  so  the  ball  hits  the  ground  (y  =  0)  when 
/  =  5  sec,  and  then  v  =  -32(5)  =-160  fit/sec. 

25.  a  =  -10m/s2  and  vo  =  lOOkm/h  »  27.78  m/s,  so  v  =  -10/ +  27.78,  and  henee 
x{t)  =  -5?  +  27.78/.  The  car  stops  when  v  =  0,  /  «  2.78,  and  thus  the  distance 
traveled  before  stopping  is  x(2.78)  «  38.59  meters. 

26.  v  =  -9.8/  +  100  and  y  =  -4.9Z2  +  100/  +  20. 

(a)  v  =  0  when  /=  100/9.8  so  the  projectile's  máximum  height  is 
>>(100/9.8)  =  — 4.9(100/9.8)2  +  100(100/9.8)  +  20  «  530  meters. 

(b)  It  passes  the  top  of  the  building  when  y(t)  =  -4.9 /2+  100/ +  20  =  20, 
and  henee  añer  /=  100/4.9  w  20.41  seconds. 

(c)  The  roots  of  the  quadratic  equation  y(t )  =  — 4.9/2  +  100/  +  20  =  0  are 
/  =  -0.20,  20.61.  Henee  the  projectile  is  in  the  air  20.61  seconds. 

27.  a  =  -9.8  m/s2  so  v  =  -9.8  /-  10  and 

y  -  —4.9  /2  -  10/+  >o- 

The  ball  hits  the  ground  when  y  =  0  and 

v  =  -9.8/- 10  =  -60, 

so  /  *  5.10  s.  Henee 

_y0  =  4.9(5. 10)2  +  10(5.10)  «  178.57  m. 
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28. 


v 


—  —32/  — 40  and  y  —  — 16/2  — 40/  + 555.  The  ball  hits  the  ground  (y  =  0) 
when  /  w  4.77  sec,  with  velocity  v  =  v(4.77)  «  -192.64  ft/sec,  animpact 
speed  of  about  131  mph. 

29.  Integration  of  dv/dt  =  0. 12  /3  +  0.6  /,  v(0)  =  0  gives  v(/)  =  0.3  / 2  +  0.04 /3.  Henee 
v(  1 0)  =  70.  Then  integration  of  dxldt  =  0.3  i2  +  0.04  /3,  x(0)  =  0  gives 

x{t)  =  0.1  r3  +  0.04  /4,  so  *(10)  =  200.  Thus  after  1 0  seconds  the  car  has  gone  200  ft  and 
is  traveling  at  70  ñ/sec. 

30.  Taking  *o  =  0  and  vo  =  60  mph  =  88  ft/sec,  we  get 

v  =  -at  +88, 

and  v  =  0  yields  /  =  88/a.  Substituting  this  valué  of  /  and  *  =  176  in 

*  =  -a/2/  2  +  88/, 

we  solve  for  a  =  22  ft/sec2.  Henee  the  car  skids  for  /  =  88/22  =  4  sec. 

31.  If  a  =  — 20  m/sec2  and  *o  =  0  then  the  car's  velocity  and  position  at  time  /  are  given 
by 

v  =  -20/  +  v0,  *  =  -10  Z2  +  v0/. 

It  stops  when  v  =  0  (so  v0  =  20/),  and  henee  when 

*  =  75  =  -10  /2  +  (20/)/  =  10  /2. 

Thus  /  =  VT5  sec  so 

v0  =  20^ 1  *  54.77  m/sec  ~  197km/hr. 

32.  Starting  with  *o  =  0  and  vo  =  50  km/h  =  5x  1 04  m/h,  we  find  by  the  method  of 
Problem  24  that  the  car's  deceleration  is  a  =  (25/3  )xl07  m/h2.  Then,  starting  with  *0  = 
0  and  vo  =  100  km/h  =  105m/h,  we  substitute  /  =  vo  la  into 

*  =  -at2  +  vo  / 

and  find  that  *  =  60  m  when  v  =  0.  Thus  doubling  the  initial  velocity  quadruples  the 
distance  the  car  skids. 

33.  If  v0  =  0  and  yo  =  20  then 

v  =  -at  and  y  =  -jat2  +  20. 
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Substitution  of  /  =  2,  y  =  0  yields  a  =  10  ft/sec2.  If  vo  —  0  and 
yo  =  200  then 


v  =  — 1  0/  and  y  =  -5/2  +  200. 

Henee  y  -  0  when  t  =  a/40  =  2VÍÓ  sec  and  v  =  -20^/Í0  ~  -63.25  ft/sec. 

34.  On  Earth:  v  =  -32 /  +  vo,  so  /  =  vo/32  at  máximum  height  (when  v  =  0). 
Substituting  this  valué  of  /  and  y  =  1 44  in 

y  =  -16/2  +  v0/, 

we  sol  ve  for  v0  =  96  ft/sec  as  the  initial  speed  with  which  the  person  can  throw  a  ball 
straight  upward. 

On  Planet  Gzyx:  From  Problem  27,  the  surface  gravitational  acceleration  on  planet 
Gzyx  is  a  =  10  ft/sec2,  so 

v  =  -10/ +  96  and  y  =  -5/2  +  96/. 

Therefore  v  =  0  yields  /  =  9.6  sec,  and  thence  ymax  =  y(9.6)  =  460.8  ft  is  the 
height  a  ball  will  reach  if  its  initial  velocity  is  96  ft/sec. 

35.  If  v0  =  0  and  yo  =  h  then  the  stone's  velocity  and  height  are  given  by 

v  =  -gt,  y  =  -0.5  gí2  +  h. 

Henee  y  =  0  when  /  =  ^2h/g  so 

v  =  -gyfíhJg  =  -yflgh  . 

36.  The  method  of  solution  is  precisely  the  same  as  that  in  Problem  30.  We  fínd  first  that,  on 
Earth,  the  woman  mustjump  straight  upward  with  initial  velocity  v0  =  12  ft/sec  to 
reach  a  máximum  height  of  2.25  ft.  Then  we  fínd  that,  on  the  Moon,  this  initial  velocity 
yields  a  máximum  height  of  about  13.58  ft. 

37.  We  use  unitsof  miles  and  hours.  If  x0  =  v0  =  0  then  the  car's  velocity  and  position 
after  /  hours  are  given  by 

v  =  at,  x  =  y/\ 

Since  v  =  60  when  /  =  5/6,  the  velocity  equation  yields  a  =  72  mi/hr2.  Henee  the 
distance  traveled  by  12:50  pm  is 

x  =  (0.5)(72)(5/6)2  =  25  miles. 
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Again  we  have 


But  now  v  60  when  x  —  35.  Substitution  of  a  —  60//  (from  the  velocity  equation) 
into  the  position  equation  yields 

35  =  (0.5)(60/t)(/2)  =  30/, 

whence  /  =  7/6  hr,  that  is,  1:10  p.m. 


Integration  of  y'  =  (9/vs)(l  -4x2)  yields 

y  =  (3/vs)(3x  -  4x3)  +  C, 

and  the  initial  condition  y(— 1/2)  =  0  gives  C  =  3/vs.  Henee  the  swimmer's  trajectory 
is 

y(x)  =  (3/vs)(3x  -  4x3  +  1). 

Substitution  of  y(l/ 2)  =  1  now  gives  vs  =  6  mph. 

Integration  of  y'  =  3(1  -  16x4)  yields 

y  =  3x  -  (48/5)x5  +  C, 

and  the  initial  condition  y(— 1/2)  =  0  gives  C  =  6/5.  Henee  the  swimmer's  trajectory 
is 

y(x)  =  (l/5)(15x-48x5  +  6), 
so  his  downstream  drift  is  y(l/2)  =  2.4  miles. 

The  bomb  equations  are  a  =  -32,  v  =  -32,  and  sB  =  s  =  -16/2  +  800,  with  /  =  0  at  the 
instant  the  bomb  is  dropped.  The  projectile  is  fired  at  time  /  =  2,  so  its  corresponding 
equations  are  a  =  -32,  v  =  -32(/-2)  +  v0,  and 

sP  =  s  =  -16(/-2)2  +v0(/-2) 

for  /  >  2  (the  arbitrary  constant  vanishing  because  j/,(2)  =  0).  Now  the  condition 
sb  (0  =  -1 6/2  +  800  =  400  gives  /  =  5,  and  then  the  requirement  that  sp (5)  =  400  also 
yields  v0  =  544  /  3  «  1 8 1 .33  ft/s  for  the  projectile's  needed  initial  velocity. 

Let  x(/)  be  the  (positive)  altitude  (in  miles)  of  the  spacecraft  at  time  /  (hours),  with 
/  =  0  corresponding  to  the  time  at  which  the  its  retrorockets  are  fired;  let  v(/)  =  x'(/)  be 
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the  velocity  of  the  spacecrañ  at  time  /.  Then  v0  =  -1000  and  x0  =  x(0)  is  unknown. 
But  the  (constant)  acceleration  is  a  =  +20000,  so 

v(/)  -  20000/ -1000  and  x(/)  =  10000 /2  - 1000/ +x0. 

Now  v(/)  =  20000/ -1000  =  0  (soft  touchdown)  when  t  -  ^  hr  (that  is,  after  exactly 
3  minutes  of  descent.  Finally,  the  condition 

0  =  x(¿)  =  10000(i)2-1000(^)  +  x0 

yields  x0  =  25  miles  for  the  altitude  at  which  the  retrorockets  should  be  fíred. 


The  velocity  and  position  functions  for  the  spacecrañ  are  vs  (/)  =  0.0098/  and 
xs.(/)  -  0.0049 /2,  and  the  corresponding  functions  for  the  projectile  are 
vp  (0  =  "¡o c  =  3  x  1 07  and  xp  (/)  =  3  x  1 07  /.  The  condition  that  xs  =  xp  when  the 
spacecrañ  overtakes  the  projectile  gives  0.0049/2  =  3x10 1 1,  whence 


/  = 


3xl07 


6.12245x1 09  sec 


0.0049 

6. 12245x1 09 
(3600)(24)(365.25) 


194  years. 


Since  the  projectile  is  traveling  at  -¡^  the  speed  of  light,  it  has  then  traveled  a  distance  of 
about  19.4  light  years,  which  is  about  1.8367  x  1017  meters. 

Let  a  >  0  denote  the  constant  deceleration  of  the  car  when  braking,  and  take  x0  =  0  for 
the  cars  position  at  time  /  =  0  when  the  brakes  are  applied.  In  the  pólice  experiment 
with  v0  =  25  ft/s,  the  distance  the  car  travels  in  /  seconds  is  given  by 


/  \  1  2  88  —  - 

x(/)  =  — at  H - 25/ 

2  60 


(with  the  factor  f§  used  to  convert  the  velocity  units  from  mi/hr  to  ft/s).  When  we  solve 
simultaneously  the  equations  x(/)  =  45  and  x'(/)  =  0  we  find  that  a  =  « 14.94  ft/s2. 

With  this  valué  of  the  deceleration  and  the  (as  yet)  unknown  velocity  v0  of  the  car 
involved  in  the  accident,  it  position  function  is 


x(0  = 


1  1210  2 
2  81 


+  v0/. 
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The  simultaneous  equations  x(t)  =  210  and  x'(t)  =  0  finally  yield  v0  =  -^V42  »  79.21 
ft/s,  almost  exactly  54  miles  per  hour. 


SECTION  1.3 

SLOPE  FIELOS  AND  SOLUTION  CURVES 

The  instructor  may  choose  to  delay  covering  Section  1.3  until  later  in  Chapter  1 .  However, 
before  proceeding  to  Chapter  2,  it  is  important  that  students  come  to  grips  at  some  point  with  the 
question  of  the  existence  of  a  unique  solution  of  a  differential  equation  —  and  realize  that  it 
makes  no  sense  to  look  for  the  solution  without  knowing  in  advance  that  it  exists.  It  may  help 
some  students  to  simplify  the  statement  of  the  existence-uniqueness  theorem  as  folio ws: 

Suppose  that  the  fimction  f(x,y )  and  the  partial  derivative  df/dy  are  both 
continuous  in  some  neighborhood  of  the  point  ( a ,  b).  Then  the  initial  valué 
problem 

4-  =  A*>y),  yia)  =  b 

dx 

has  a  unique  solution  in  some  neighborhood  of  the  point  a. 

Slope  fields  and  geometrical  solution  curves  are  introduced  in  this  section  as  a  concrete  aid  in 
visualizing  Solutions  and  existence-uniqueness  questions.  Instead,  we  provide  some  details  of 
the  construction  of  the  figure  for  the  Problem  1  answer,  and  then  inelude  without  further 
comment  the  similarly  constructed  figures  for  Problems  2  through  9. 

1.  The  folio wing  sequence  of  Mathematica  commands  generates  the  slope  field  and  the 
solution  curves  through  the  given  points.  Begin  with  the  differential  equation 
dytdx-  /(x,jy)where 

f[x_,  y_]  :=  -y  -  Sin [x] 

Then  set  up  the  viewing  window 
a  =  -3;  b  =  3;  c  =  -3/  d  =  3; 

The  components  (u,v)  of  unit  vectors  corresponding  to  the  short  slope  field  line 
segments  are  given  by 

u[x_,  y_]  :=  1/Sqrt[l  +  f[x,  y]  *2] 

v[x_,  y_]  :=  f[x,  y]/Sqrt[l  +  f[x,  y]A2] 

The  slope  field  is  then  constructed  by  the  commands 

Needs  [  "Graphics '  Pío tField '  "  ] 

dfield  =  PlotVectorField[ {u[x,  y],  v[x,  y]},  {x,  a,  b} ,  {y,  c,  d}  , 

HeadWidth  ->  0,  HeadLength  ->  0,  PlotPoints  ->  19, 

PlotRange  ->  {{a,  b},  {c,  d}},  Axes  ->  True,  Frame  ->  True, 

FrameLabel  ->  { Mx" ,  "y’1},  AspectRatio  ->  1]; 
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The  original  curve  shown  in  Fig.  1.3.12  of  the  text  (and  its  initial  point  not  shown  there) 
are  plotted  by  the  commands 

xO  =  -1.9;  yO  =  0; 

pointO  =  Graphics  [  { PointSize [0.025]  ,  Point [{xO,  yO}]}]; 
soln  =  NDSolve  [  { Derivative  [  1  ]  [y]  [x]  ==  f[x,  y[x]]  ,  y[xO]  ==  yO}, 
y[x]  ,  {x,  a,  b} ]  ; 

soln [ [1,1,2] ]  ; 

curveO  =  Plot  [soln  [  [1 , 1 , 2]  ]  ,  {x,  a,  b}  , 

PlotStyle  ->  {Thickness [0 . 0065] ,  RGBColor[0,  0,  1]}]; 

The  Mathematica  NDSolve  command  carries  out  an  approximate  numerical  solution  of 
the  given  differential  equation.  Numerical  solution  techniques  are  discussed  in  Sections 
2.4-2. 6  of  the  textbook. 

The  coordinates  of  the  12  points  are  marked  in  Fig.  1 .3.12  in  the  textbook.  For  instance 
the  7th  point  is  (-2.5,  1).  It  and  the  corresponding  solution  curve  are  plotted  by  the 
commands 

xO  =  -2.5;  yO  =  1 ; 

point7  =  Graphics  [  {PointSize  [0 . 025]  ,  Point [{xO,  yO}]}]; 
soln  =  NDSolve  [  {Derivative  [1]  [y]  [x]  ==  f[x,  y[x]],  y[x0]  ==  y0), 
y [x] ,  {x,  a,  b) ] ; 

soln [[1,1/2]]  ; 

curve7  =  Plot  [ soln  [  [1 ,1 , 2]  ]  ,  {x,  a,  b}  , 

PlotStyle  ->  {Thickness  [0 . 0065]  ,  RGBColor[0,  0,  1]}]; 

Finally,  the  desired  figure  is  assembled  by  the  Mathematica  command 

Show!  dfield,  pointO  , curveO , 

pointl , curve 1 ,  point2 , curve2 ,  point3 , curve3 , 
point4 , curve4 ,  point5 , curve5 ,  point6,curve6, 
point7 , curve7 ,  point8 , curve8 ,  point9 , curve9 , 
pointlO , curvelO  ,  pointll , curvell ,  pointl2 , curvel2] ; 
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8. 


9. 


x 


11.  Because  both  f(x,y)  -  2 x2y2  and  df  /  dy  =  4 x2y  are  continuous  everywhere,  the 
existence-uniqueness  theorem  of  Section  1 .3  in  the  textbook  guarantees  the  existence  of  a 
unique  solution  in  some  neighborhood  of  x  =  1 . 

12.  Both  f(x,y )  =  x  ln_y  and  df  I  dy  =  x/y  are  continuous  in  a  neighborhood  of 
(1,1),  so  the  theorem  guarantees  the  existence  of  a  unique  solution  in  some 
neighborhood  of  x  =  1 . 

13.  Both  f(x,y )  =  _yl/3  and  df  I  dy  -  (l/3)_y'2/3  are  continuous  near  (0,1),  so  the 
theorem  guarantees  the  existence  of  a  unique  solution  in  some  neighborhood  of  x  =  0. 
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14. 


f(x,y)  =  ym  is  continuous  in  a  neighborhood  of  (0,0),  but  df  /  dy  =  (1/3 )y  2/3  is 

not,  so  the  theorem  guarantees  existence  but  not  uniqueness  in  some  neighborhood  of 
x  =  0. 

15.  f(x,y )  =  {x— y)112  is  not  continuous  at  (2,2)  because  it  is  not  even  defíned  if  _y  >  x. 
Henee  the  theorem  guarantees  neither  existence  ñor  uniqueness  in  any  neighborhood  of 
the  point  x  =  2. 

16.  f(x,y)  =  (x  y)1'2  and  df  / dy  -  -(l/2)(x—  y)~m  are  continuous  in  a  neighborhood 
of  (2,  1),  so  the  theorem  guarantees  both  existence  and  uniqueness  of  a  solution  in  some 
neighborhood  of  x  =  2. 

17.  Both  f(x,y )  =  (x  -  1/y  and  df/dy  =  -(x  -  1  )/y2  are  continuous  near  (0,  1),  so  the 
theorem  guarantees  both  existence  and  uniqueness  of  a  solution  in  some  neighborhood  of 
x  =  0. 

18.  Neither  f(x,y )  =  (x-1  )/y  ñor  df  I  dy  =  -(x-1  )/y2  is  continuous  near  (1,  0),  so  the 
existence-uniqueness  theorem  guarantees  nothing. 

19.  Both  f(x,y)  =  ln(l  +  y2)  and  df  I  dy  =  2y/(\  +  y2)  are  continuous  near  (0,  0),  so 
the  theorem  guarantees  the  existence  of  a  unique  solution  near  x  =  0. 

20.  Both  f{x,y)  =  x2  -  y2  and  df  /dy  =  -2y  are  continuous  near  (0,  1),  so  the  theorem 
guarantees  both  existence  and  uniqueness  of  a  solution  in  some  neighborhood  of  x  =  0. 

21.  The  curve  in  the  figure  on  the  left  below  can  be  constructed  using  the  commands 
illustrated  in  Problem  1  above.  Tracing  this  solution  curve,  we  see  that  y(- 4)  «  3. 

An  exact  solution  of  the  differential  equation  yields  the  more  accurate  approximation 
y(-4)  «  3.0183. 
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Tracing  the  curve  in  the  figure  on  the  right  at  the  bottom  of  the  preceding  page  ,  we  see 
that  X~4)  ~  -3.  An  exact  solution  of  the  differential  equation  yields  the  more  accurate 
approximation  _y(— 4)  «  -3.0017. 


Tracing  the  curve  in  figure  on  the  left  below,  we  see  that  y( 2)  «  1.  A  more  accurate 
approximation  is  y(2 )  «  1 .0044. 
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Tracing  the  curve  in  the  figure  on  the  right  above,  we  see  that  y(2)  «1.5.  A  more 
accurate  approximation  is  y(2)  «  1 .4633. 

The  figure  below  indicates  a  limiting  velocity  of  20  fi/sec  —  about  the  same  as  jumping 
off  a  6|-foot  wall,  and  henee  quite  survivable.  Tracing  the  curve  suggests  that  v(í)  =  19 
ft/sec  when  /  is  a  bit  less  than  2  seconds.  An'exact  solution  gives  t  «1.8723  then. 
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26.  The  figure  below  suggests  that  there  are  40  deer  añer  about  60  months;  a  more  accurate 
valué  is  t «  61 .61 .  And  it's  pretty  clear  that  the  limiting  population  is  75  deer. 


t 


27.  If  b  <  0  then  the  initial  valué  problem  y'  =  2y[y,  y(0)  =  b  has  no  solution,  because  the 

square  root  of  a  negative  number  would  be  involved.  If  b  >  0  we  get  a  unique  solution 
curve  through  (0,b)  defined  for  all  x  by  following  a  parabola  —  in  the  figure  on  the  leíit 
below  —  down  (and  leftward)  to  the  x-axis  and  then  following  the  x-axis  to  the  left.  But 
starting  at  (0,0)  we  can  follow  the  positive  x-axis  to  the  point  (c,0)  and  then  branching 

off  on  the  parabola  y  =  (x  —  c )2.  This  gives  infinitely  many  different  Solutions  if  ¿  =  0. 


28.  The  figure  on  the  right  above  makes  it  clear  initial  valué  problem  xy'  =  y,  y(a )  =  b  has 
a  unique  solution  off  the  y-axis  where  a  *  0;  infinitely  many  Solutions  through  the 
origin  where  a  -  b  =  0;  no  solution  if  a  =  0  but  b^O  (so  the  point  (a,b)  lies  on  the 
positive  or  negative  y-axis). 
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29. 


Looking  at  the  figure  on  the  lefi  below,  we  see  that  we  can  start  at  the  point  (a,  b)  and 
follow  a  branch  of  a  cubic  up  or  down  to  the  x-axis,  then  follow  the  x-axis  an  arbitrary 
distance  before  branching  off  (down  or  up)  on  another  cubic.  This  gives  infinitely  many 
Solutions  of  the  initial  valué  problem  y'  =  3  yin ,  y  (a)  =  b  that  are  defined  for  all  x. 
However,  if  b  *  0  there  is  only  a  single  cubic  y  =  (x  —  c )3  passing  through  (a,b) ,  so 
the  solution  is  unique  near  x  =  a. 


-P¡  P¡ 

X 


30.  The  function  y(x)  =  cos(x-c),  with  /(x)  =  -sin(x-c),  satisfies  the  differential 

equation  y'  =  -yfl  -  y2  on  the  interval  c  <x  <c  +  n  where  sin(x  -  c)  >  0,  so  it  follows 
that 

— ■ y/l-y2  =  -a/i  -cos2(x-c)  =  -^/sin  2(x-c)  =  -sin(x-c)  =  y. 

If  |¿|  >  1  then  the  initial  valué  problem  y'  =  -yj\  -  y2 ,  y(a )  =  b  has  no  solution  because 
the  square  root  of  a  negative  number  would  be  involved.  If  |¿|  <  1  then  there  is  only  one 
curve  of  the  form  y  =  cos(x  -  c)  through  the  point  (o,  b );  this  give  a  unique  solution. 

But  if  b  -  ±1  then  we  can  combine  a  left  ray  of  the  line  y  =  +1,  a  cosine  curve  from  the 
fine  y  -  + 1  to  the  fine  y  =  -1 ,  and  then  a  right  ray  of  the  fine  y  =  -1 .  Looking  at  the 
figure  on  the  right  above,  we  see  that  this  gives  infinitely  many  Solutions  (defined  for 
all  x)  through  any  point  of  the  form  (a,±l). 

31.  The  function  y(x)  =  sin(x  -  c),  with  /(x)  =  cos(x  -  c),  satisfies  the  differential 
equation  y'  =  y¡\  -  y1  on  the  interval  c-ntl  <  x  <  c  +  tcI2  where  cos(x  -  c)  >  0,  so  it 
follows  that 

yfl  -y2  =  -^/l  -sin2(x-c)  =  >/cos2(x-c)  =  -sin(x-c)  =  y. 
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If  \b\  >  1  then  the  initial  valué  problem  /  =  <Jl-y2,  y(a)  =  b  has  no  solution  because 
the  square  root  of  a  negative  number  would  be  involved.  If  |¿>¡  <  1  then  there  is  only  one 
curve  of  the  form  y  =  sin(x  —  c)  through  the  point  (a,  ¿);  this  give  a  unique  solution. 

But  if  b  =  ±1  then  we  can  combine  a  left  ray  of  the  line  y  —  —  1,  a  sine  curve  from  the 
line  y  =  -1  to  the  line  y  =  +1 ,  and  then  a  right  ray  of  the  line  y  =  + 1 .  Looking  at  the 

figure  on  the  left  below,  we  see  that  this  gives  infinitely  many  Solutions  (defmed  for  all  x) 
through  any  point  of  the  form  (n,±l). 


Looking  at  the  figure  on  the  right  above,  we  see  that  we  can  piece  together  a  "left  half '  of 
a  quartic  for  x  negative,  an  interval  along  the  x-axis,  and  a  "right  half'  of  a  quartic  curve 

for  x  positive.  This  makes  it  clear  he  initial  valué  problem  y'  =  4 xjy,  y(a )  =  b  has 
infinitely  many  Solutions  (defmed  for  all  x)  if  b  >  0;  there  is  no  solution  if  b  <  0 
because  this  would  involve  the  square  root  of  a  negative  number. 

Looking  at  the  figure  provided  in  the  answers  section  of  the  textbook,  it  suffices  to 
observe  that,  among  the  pictured  curves  y  =  x/(cx  - 1)  for  all  possible  valúes  of  c, 

•  there  is  a  unique  one  of  these  curves  through  any  point  not  on  either  coordínate  axis; 

®  there  is  no  such  curve  through  any  point  on  the  y-axis  other  than  the  origin;  and 

•  there  are  infinitely  many  such  curves  through  the  origin  (0,0). 

But  in  addition  we  have  the  constant-valued  solution  y(x)  =  0  that  "covers"  the  x-axis. 

It  follows  that  the  given  differential  equation  has  near  (a,  b) 

•  a  unique  solution  if  a*  0 ; 

©  no  solution  if  a  =  0  but  b  *  0 ; 

®  infinitely  many  different  Solutions  if  a  =  b  =  0. 
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SECTION  1.4 


SEPARABLE  EQUATIONS  AND  APPLICATIONS 

Of  course  it  should  be  emphasized  to  students  that  the  possibility  of  separating  the  variables  is 
íhe  first  one  you  look  for.  The  general  concept  of  natural  growth  and  decay  is  important  for  all 
differential  equations  students,  but  the  particular  applications  in  this  section  are  optional. 
Torricelli's  law  in  the  form  of  Equation  (24)  in  the  text  leads  to  some  nice  concrete  examples  and 
problems. 


2. 


3. 


4. 


5. 


7. 


8. 


9. 


I 


—  =  -  Í2 xcbc;  ln y  =  -x2  +  c;  y(x)  =  e  *2+c  =  Cé~xl 

i;  J 


If'-Í 


2.x  dx; 


1  9  1 

-  =  -X  -C;  y(x)  =  — . — 

x+C 


y 


J~—  =  Jsinxric;  ln  y  =  -cosx  +  c;  y(x)  -  e-cosx+c  =  Ce 

dy  _  f  .  jn^,  _  41n(l  +  x)  +  lnC;  y(x)  =  C(l  +  x)4 
J  1  +  x 


y 


==  =  J-2^;  sin  1  y  -  Jx +C;  y(x)  =  sin^yfx  +  c) 


dy 

>/i ~y 


=  J3  yfxcbc,  2  yjy  =  2x3/2+2C;  y(x)  =  (x3/2+C)2 
=  j4x1/3  dx;  \yin  =  3x4/3+fC;  y(x)  =  (2x4/3+C) 

«/  3^ 

jcos  ydy  =  |2xí&;  sin  y  =  x2+C;  y(x)  =  sin"'(x2+C) 


dy_ 

y 


"  2  dx 

~  J  l-*2 


-  +  -3 —  I  dx  (partial  fractions) 


1+x  1— x 


lny  =  ln(l +  x) -ln(l -x) +  lnC;  .y(x)  =  C 


1  +  x 
1  -  x 
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10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


J 


dy 


(i  +  yy 


dx 


(1  +  x)2  ’  1  +  y  1  +  x 


1  _c  =  _  l  +  C(l  +  x) 


1  +  x 


i  +  y  = 


dy 

~3 


1  +  X 


y(X)  =  - — - 1  =  - . C(1+X> 

l  +  C(l  +  x)  1  +  C(1  +  X>  l  +  C(l  +  x) 


J  =  \xdx\  yln(^2  +  l)  =  \x2+\\nC;  y2  + 1  =  Cex 

j  =  Jcosxcft;  }ln(y'+l)  =  sinx  +  C 

J(l  +  V^)^  =  +  y  +  ^y2'2  =  x  +  f  x3/2+C 


x  dx; 


=  (c-x2) 


1/2 


2/  2  2 


-7)^  =  I 


n  _2 

^X  X2 


2  1 

j  +  3/ 


ln|x|  +  — +  C 


=  f  -ln(cosx)  =  iln(l  +  x2)  +lnC 

J  COSJ  J  1  +  X  v  ’ 

secj  =  CS/l  +  x2';  j/(x)  =  sec"'  ^cV  1  +  x2  j 

7'  =  1  +  x  +  j/  +  x_y  =  (l  +  x)(l  +  j/) 
j"  =  |(l  +  x)£¿t;  lnjl  +  j/j  =  x  +  {x2+C 


18.  xV  =  l-x2+/-xV  =  (l-x2)(l  +  /) 


f  dy 

J  1  +  y2 


1 


-1 


dx;  tan  1  y  =  -  —  -x  +  C;  >>(x) 
x 


tan  |  C - x 

x 


19. 


jVífo;  ln  y  =  e*+lnC;  y(x)  =  Cexp(e* ) 


j/(0)  =  2e  implies  C  =  2  so  j(x)  =  2exp(ejr). 
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20-  I 


21. 


22. 


23. 


26. 


dy 


i+y 


|3x2¿£c;  tan  '.y  =  x3  +  C;  j/(x)  =  tan(x3  +  C) 


j/(0)  =  l  implies  C  =  tan'l  =  ;r/4  so  j(x)  =  tan(x3  +  7r/4). 


lydy  = 


xdx 


v 2  =  7x2-16  +  C 


- .  ^ 

dx2  -16 

3/(5)  =  2  implies  C  =  1  so  ^2  =  1  +  Vx2  -16  . 

J—  =  J(^4x3 -l)£&;  ln^  =  x4-x  +  lnC;  ^(x)  =  Cexp(x4-x) 
3<1)  =  -  3  implies  C  =  -  3  so  j/(x)  =  -  3exp(x4  -  x) . 

í  — —  =  f  dx;  |ln(2>’-l)  =  x  +  ylnC;  2y  - 1  =  Ce2x 
J  2y-l  J 

3/(l)  =  l  implies  C  =  e~ 2  so  _y(x)  =  -¿•(l  +  e2*-2). 

lnj  =  ln(sinx)  +  lnC;  y(x)  =  Csinx 


24. 

dy_  _  í 

cosxdx 

J  J 

sinx 

y(  f)=f 

implies  ( 

25. 

"dy_  = 

Y 1  "i 

— +  2x 

•> 

y 

Vx  J 

;  Iny  =  lnx  +  x2+lnC;  >»(x)  =  Cxexp(x2) 
3/(1)  =  1  implies  C  =  e~]  so  j(x)  =  xexp(x2 -1). 


dy 


(2x  +  3x2);  =  x2+x3  +  C;  j(x)  = 


x~  +  x"  +  C 


>■(1)  =  - 1  implies  C  =  - 1  so  y(x) 


1 


l-x2-x3 ' 

27.  jVrfy  =  Jó  e2jí  dx,  ey  =  3  e2jc+C;  y(x)  =ln(3e2j  +  C) 
>■(0)  =  0  implies  C-  —  2  so  y(x)  =  \n(2elx  -2}. 
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28. 


29. 


Jsec 2ydy  =  J*^=;  tan  y  =  Vx+C;  y(x)  =  tan'1  (Vx  +  c) 
>’(4)  =  f  implies  C  =  -l  so  y( x)  =  tan”1  (Vx  -l). 


(a)  Separation  of  variables  gives  the  general  solution 

1 


f  1  ' 


i  y; 


dy 


c 

x  dx; 

J 


1 


=  - x  +  C ;  y(x)  = 

7  x-C 


(b)  Inspection  yields  the  singular  solution  _y(x)  =  0  that  corresponds  to  no  valué  of 
the  constant  C. 

(c)  In  the  figure  below  we  see  that  there  is  a  unique  solution  curve  through  every 
point  in  the  aplane. 


x 


30. 


When  we  take  square  roots  on  both  sides  of  the  differential  equation  and  sepárate 
variables,  we  get 


r 

«/ 


dy 

2^ 


Jy  =  x-C;  y(x)  =  (x-C)2. 


This  general  solution  provides  the  parabolas  illustrated  in  Fig.  1.4.5  in  the  textbook. 
Observe  that  y(x)  is  always  nonnegative,  consistent  with  both  the  square  root  and  the 
original  differential  equation.  We  spot  also  the  singular  solution  y(x)  =  0  that 
corresponds  to  no  valué  of  the  constant  C. 
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(a)  Looking  at  Fig.  1 .4.5,  we  see  immediately  that  the  differential  equation 
(y')2  =  4y  has  no  solution  curve  through  the  point  (a,  b)  if  b<  0. 

(b)  But  if  b  >  0  we  obviously  can  combine  branches  of  parabolas  with  segments 
along  the  x-axis  to  form  infinitely  many  solution  curves  through  (a,b) . 

(c)  Finally,  if  b  >  0  then  on  a  interval  containing  (a,  b)  there  are  exactly  two 
solution  curves  through  this  point,  corresponding  to  the  two  indicated  parabolas  through 
(a,  b) ,  one  ascending  and  one  descending  from  left  to  right. 


Problem  3 1  Figure 


The  formal  separation-of- variables  process  is  the  same  as  in  Problem  30  where,  indeed, 
we  started  by  taking  square  roots  in  (y')2  =  4 y  to  get  the  differential  equation 

y'  =  2 yfy.  But  whereas  y'  can  be  either  positive  or  negative  in  the  original  equation,  the 
latter  equation  requires  that  y'  be  nonnegative.  This  means  that  only  the  right  halfoí 

each  parabola  y  =  (x  -  C)2  qualifies  as  a  solution  curve.  Inspecting  the  figure  above,  we 
therefore  see  that  through  the  point  (a,  b)  there  passes 


(a)  No  solution  curve  if  b  <  0, 

(b)  A  unique  solution  curve  if  b>  0, 

(c)  Infinitely  many  solution  curves  if  b  =  0,  because  in  this  case  we  can  pick  any 
c>  a  and  define  the  solution  j>(x)  =  0  if  x  <  c,  y(x)  =  (x  —  c)2  if  x  >  c. 
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Problem  32  Figure  (a) 


32.  Separation  of  variables  gives 

=  sec-'l^l  +  C 

if  |y|  >1,  so  the  general  solution  has  the  form  y(x)  =  ±sec(x  -C).  But  the  original 

differential  equation  y'  =  y^Jy2  - 1  implies  that  y'  >  0  if  y  >  1,  while  y'  <  0  if 
y  <  —  1 .  Consequently,  only  the  rzg/z/  halves  of  translated  branches  of  the  curve 
y  —  sec  x  (figure  above)  qualify  as  general  solution  curves.  This  explains  the  plotted 
general  solution  curves  we  see  in  the  figure  at  the  top  of  the  next  page.  In  addition,  we 
spot  the  two  singular  Solutions  y{x)  =  1  and  y(x)  =  -1 .  It  follows  upon  inspection  of 

this  figure  that  the  initial  valué  problem  y'  =  y^j  y2  - 1,  y  (a)  =  b  has  a  unique  solution  if 
|¿»|  >  1  and  has  no  solution  if  \b\  <  1 .  But  if  b  =  1  (and  similarly  if  b  =  -1)  then  we  can 
pick  any  c>  a  and  define  the  solution  y(x)  =  1  if  x  <  c,  y(x)  =  |sec(x  -  c)|  if 
c  <  x  <  c  +  f .  So  we  see  that  if  _¿_=±1^ then  the  initial  valué  problem 

y'  =  y  y]  y2  - 1 ,  y(a)  =  b  has  infinitely  many  Solutions. 


33.  The  population  growth  rate  is  k  =  ln(30000/25000)/10  a  0.01823,  so  the  population 
of  the  city  í  years  after  1 960  is  given  by  P(t)  =  25000c  001823'.  The  expected  year 
2000  population  is  then  P(40)  =  25000  e° 01823x40  ~  51840. 
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Problem  32  Figure  (b) 


34.  The  population  growth  rate  is  k  =  ln(6)/10  «  0.17918,  so  the  population  after  t 
hours  is  given  by  P(t )  =  P0  e017918'.  To  find  how  long  it  takes  for  the  population  to 
double,  we  therefore  need  only  solve  the  equation  2  P  =  P0eo  xmil  for 

t  =  (ln 2) / 0. 179 1 8  «  3.87  hours. 

35.  As  in  the  textbook  discussion  of  radioactive  decay,  the  number  of  14C  atoms  after  t 
years  is  given  by  N(t)  =  N0e~0000m6'.  Henee  we  need  only  solve  the  equation 
±N0  =  N0  e‘0  0001216'  for  t  =  (ln  6)/ 0.0001216  ~  14735  years  to  find  the  age  of  the 
skull. 

36.  As  in  Problem  35,  the  number  of  l4C  atoms  after  t  years  is  given  by 
N(t)  =  5.0  x  1010  e”00001216  '.  Henee  we  need  only  solve  the  equation 

4.6 x  1010  =  5.0xl010e-°0001216'  for  the  age  /  =  (ln(5.0/4.6))/0.0001216  «  686  years 
of  the  relie.  Thus  it  appears  not  to  be  a  genuine  relie  of  the  time  of  Christ  2000  years 
ago. 

37.  The  amount  in  the  account  after  t  years  is  given  by  A(t)  =  5000  e0  08'.  Henee  the 

amount  in  the  account  after  18  years  is  given  by  ^4(1 8)  =  5000 e° 08x18  21,103.48 

dollars. 

38.  When  the  book  has  been  overdue  for  t  years,  the  fine  owed  is  given  in  dollars  by 
A(t)  =  0.30  e005'.  Henee  the  amount  owed  after  100  years  is  given  by 

4(100)  =  0.30 e° 05x100  *  44.52  dollars. 
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To  fínd  the  decay  rate  of  íhis  drug  in  the  dog's  blood  stream,  we  solve  the  equation 
2  =  e  (half-life  5  hours)  for  k  =  (ln2)/5  «  0.13863.  Thus  the  amount  in  the  dog's 
bloodstream  after  t  hours  is  given  by  A(t)  =  4<T0  13863'.  We  therefore  solve  the 

equation  A(  1)  =  4  e~°- 13863  -  50x45  =  2250  for  4  *  2585  mg,  the  amount  to 
anesthetize  the  dog  properly. 

To  find  the  decay  rate  of  radioactive  cobalt,  we  solve  the  equation  \  =  e~521k  (half-life 
5.27  years)  for  k  =  (ln2)/ 5.27  «  0.13153.  Thus  the  amount  of  radioactive  cobalt  left 
after  t  years  is  given  by  A(t)  =  4e‘0l3153/.  We  therefore  solve  the  equation 

A(0  =  013,531  =  0.014  f°r  t  =  (lnl00)/0.13153  «35.01  and  find  that  it  will  be 

about  35  years  until  the  región  is  again  inhabitable. 

Taking  í  =  0  when  the  body  was  formed  and  t  =  T  now,  the  amount  Q(t)  of  238U  in 
the  body  at  time  t  (in  years)  is  given  by  Q(t)  =  Q0e~k‘,  where  k  =  (ln  2)/(4.51xl09). 
The  given  information  tells  us  that 


0(7) 

Qo-Q(T) 


=  0.9. 


After  substituting  Q(T)  =  Q0e  kT,  we  solve  readily  for  ekT  =  19/9,  so 

T  =  (l/A:)ln(19/9)  ~  4.86xl09.  Thus  the  body  was  formed  approximately  4.86  billion 
years  ago. 


Taking  t  =  0  when  the  rock  contained  only  potassium  and  t  =  T  now,  the  amount 
Q{t)  of  potassium  in  the  rock  at  time  í  (in  years)  is  given  by  Q(t)  =  Qoe~kl,  where 
k  =  (ln  2)/(1.28xl09).  The  given  information  tells  us  that  the  amount  A (t)  of  argón  at 
time  t  is 


A(t)  =  Wo-0(  0] 


and  also  that  A(T)  =  Q(T).  Thus 

Qo-Q(T)  =  9Q(T). 

After  substituting  Q(T)  =  Q0e~kT  we  readily  solve  for 

T  =  (Inl0/ln2)(1.28xl09)  *  4.25xl09. 

Thus  the  age  of  the  rock  is  about  1.25  billion  years. 

Because  A  =  0  the  differential  equation  reduces  to  T  =  kT,  so  T{t)  =  25e~kl.  The 
fact  that  T{ 20)  =  15  yields  k  -  (l/20)ln(5/3),  and  finally  we  solve 
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for  t  -  (ln  5 )/k  »  63  min. 


5  =  25e~kt 

44.  The  amount  of  sugar  remaining  undissolved  after  t  minutes  is  given  by  A(t)  =  A0e~h ; 
we  find  the  valué  of  k  by  solving  the  equation  A(  1)  =  A0e~k  =  0.75 A^  for 

k  -  -  ln  0.75  »  0.28768.  To  find  how  long  it  takes  for  half  the  sugar  to  dissolve,  we  solve 
the  equation  A(t)  =  A0e~la=jA0  for  t  =  (ln2)/0.28768  «2.41  minutes. 

45.  (a)  The  light  intensity  at  a  depth  of  x  meters  is  given  by  I(x)  =  I0e~h4x .  We  solve 

the  equation  7(x)  =  I0e~hAx  =  \I0  for  x  =  (ln 2)1 1.4  »  0.495  meters. 

(b)  At  depth  10  meters  the  intensity  is  7(1 0)  =  /0e~14*10  ~  (8.32  xlO“7)/0 . 

(c)  We  solve  the  equation  Z(x)  =  I0e~l Ax  =  0.01/0  for  x  =  (ln  100)/ 1.4  «  3.29 
meters. 

46.  (a)  The  pressure  at  an  altitude  of  x  miles  is  given  by  p(x)  =  29.92  e~°  2*.  Henee  the 

pressure  at  altitude  10000  ft  is  p(l 0000/ 5280)  w  20.49  inches,  and  the  pressure  at 
altitude  30000  ft  is  /?(30000/5280)  «  9.60  inches. 

(b)  To  find  the  altitude  where  p  =  15  in.,  we  solve  the  equation  29.92  e~02x  =  15  for 
x  =  (ln  29.92  / 1 5)  /  0.2  *  3 .452  miles  « 1 8, 200  ft. 

47.  If  N{t)  denotes  the  number  of  people  (in  thousands)  who  have  heard  the  rumor  after  t 
days,  then  the  initial  valué  problem  is 

N'  =  ¿(100 -A/),  7/(0)  =  0 

and  we  are  given  that  7/(7)  =  10.  When  we  sepárate  variables  ( dN  /(1 00  -  N)  =  k  dt ) 
and  intégrate,  we  get  ln(l  00  -N)  =  -kt  +  C,  and  the  initial  condition  7/(0)  =  0  gives 

C  =  ln  100.  Then  100-7/ =  100c'4',  so  7/(0  =  100(l -e~kl).  We  substitute  t  =  7, 

N=  10  and  solve  for  the  valué  k  =  ln(100/90)/7  «  0.01505.  Finally,  50  thousand 
people  have  heard  the  rumor  after  /  =  (ln 2)/ A:  «  46.05  days. 

48.  Let  7Zg(0  and  7V5(/)  be  the  numbers  of  238U  and  23:>U  atoms,  respectively,  at  time  t  (in 
billions  of  years  after  the  creation  of  the  universe).  Then  7/8(/)  =  N0e~kl  and 

N5(t)  =  N0e~“  ,  where  N0  is  the  initial  number  of  atoms  of  each  isotope.  Also, 

/:  =  (ln 2) / 4.5 1  and  c  =  (ln2)/0.71  from  the  given  half-lives.  We  divide  the  equations 
for  7Z8  and  7/5  and  find  that  when  t  has  the  valué  corresponding  to  "now". 
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=  137.7. 


e(c-k)i  _  Ng 

n5 

Finally  we  solve  this  last  equation  for  t  =  (lnl37.7)/(c- £)  «  5.99.  Thuswegetan 
estímate  of  about  6  billion  years  for  the  age  of  the  universe. 

49.  The  cake's  temperature  will  be  1 00°  after  66  min  40  sec;  this  problem  is  just  like  Example 
6  in  the  text. 

50.  (a)  A(t)  =  \0ek‘.  Also  30  =  A(^)  =  l0em'2,  soso 

emn  =3;  k  =  ^ln3  =  ln(32/15). 

Therefore  A(t)  =  \Q(ek)'  =  10 •  32,/15. 

(b)  After  5  years  we  have  A(5)  =  10  •  32/3  ~  20.80  pu. 

(c)  ^(/)  =  100  when  A(t)  =  10 - 32í/15;  /  =  —  w  15.72  years. 

’  2  ln(3) 


52.  If  L(t)  denotes  the  number  of  human  language  families  at  time  /  (in  years),  then 
L{t )  =  ekl  for  some  constant  k.  The  condition  that  1(6000)  =  e6000k  =  i  5  gives 
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k  = - ln— .  If  "now"  corresponds  to  time  t  =  T,  then  we  are  given  that 

6000  2  =6 

L(T)  =  ekT  =  3300, so  T  —  -|-ln3300  =  — —  a  119887.18.  This  result  suggests 

k  ln(3/2) 

that  the  original  human  language  was  spoken  about  120  thousand  years  ago. 

53.  If  L(t )  denotes  the  number  of  Native  America  language  families  at  time  t  (in  years), 
then  L(t )  =  ekl  for  some  constant  k.  The  condition  that  1(6000)  =  e6mk  =1.5  gives 

1  3 

k  = - ln— .  If  "now"  corresponds  to  time  t  =  T,  then  we  are  given  that 

6000  2 

L(T)  =  ekT  =  150, so  T  =  -)-lnl50  =  60001^150  ^  74146.48.  This  result  suggests  that  the 

k  ln(3/2) 

ancestors  of  today's  Native  Americans  first  arrived  in  the  western  hemisphere  about  74 
thousand  years  ago. 

54.  With  A(y)  constant,  Equation  (19)  in  the  text  takes  the  form 

We  readily  solve  this  equation  for  2  /y  -  kt  +  C.  The  condition  y(0)  =  9  yields 

C  -  6,  and  then  y(l)  =  4  yields  k  =  2.  Thus  the  depth  at  time  t  (inhours)is 
y(f)  =  (3  -  tf,  and  henee  it  takes  3  hours  for  the  tank  to  empty. 

55.  With  A  =  n( 3)2  and  a  =  n{\l\2)2 ,  andtaking  g  =  32  ft/sec2,  Equation  (20) 
reduces  to  162/  =  -yfy  ■  The  solution  such  that  y  =  9  when  t  =  0  is  given  by 
324  Jy  =  -t  +  912.  Henee  y  =  0  when  í  =  972  sec  =  16min  12  sec. 

56.  The  radius  of  the  cross-section  of  the  cone  at  height  y  is  proportional  to  y,  so  A(y)  is 
proportional  to  y2.  Therefore  Equation  (20)  takes  the  form 

y2 y'  =  -kjy  , 


and  a  general  solution  is  given  by 

2ym  =  -5  kt  +  C. 

The  initial  condition  y(0)  =  16  yields  C  =  2048,  and  then  y(l)  =  9  implies  that 
5 k  -  1562.  Henee  y  =  0  when 

/  =  C/5k  =  2048/1562  «  1.31  hr. 
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57.  The  solution  of  y'  =  —k^jy  isgivenby 


2  yfy  =  -kt  +  C. 

The  initial  condition  y(0)  =  h  (the  height  of  the  cylinder)  yields  C  =  2  yfh  .  Then 
substitution  of  t  =  T,  y  =  0  gives  k=(2yjh  )/T.  It  follows  that 

y  =  /?( 1  -  t/T)2. 

If  r  denotes  the  radius  of  the  cylinder,  then 

V(y)  =  rvry  =  nr2h(l-t/T)2  =  V0(l-t/T)2. 

58.  Since  x  =  y3/4,  the  cross-sectional  area  is  A(y)  =  nx1  =  ny212 .  Henee  the 

general  equation  A(y) y'  -  - a^2gy  reduces  to  the  differential  equation  yy'  =  -k 
with  general  solution 

(l/2)y2  =  -kí  +  C. 

The  initial  condition  y(0)  =  12  gives  C  =  72,  and  then  y(l)  =  6  yields  k  =  54. 
Upon  separating  variables  and  integrating,  we  find  that  the  the  depth  at  time  t  is 

y(0  -  Vl44-108/y(r). 

Henee  the  tank  is  empty  after  t  =  144/108  hr,  that  is,  at  1:20  p.m. 

59.  (a)  Since  x2  =  by,  the  cross-sectional  area  is  A(y)  =  nx2  =  nby.  Henee  the 
equation  A(y)y’  =  -  a^Jlgy  reduces  to  the  differential  equation 

yU2y'  =  -k  =  -{alnb)y¡2g 

with  the  general  solution 

(2/3)y3/2  =  -kt  +  C. 

The  initial  condition  y(0)  =  4  gives  C  =  16/3,  and  then  y(l)  =  1  yields  k  =  14/3. 
It  follows  that  the  depth  at  time  t  is 

y(0  =  (8  -  7/)2/3. 

(b)  The  tank  is  empty  after  t  =  8/7  hr,  that  is,  at  1:08:34  p.m. 

(c)  We  see  above  that  k  =  (a/nb)y¡2g  =  14/3.  Substitution  of  a  =  nr~-  b  =  1, 
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g  =  (32)(3600)2  ft/hr2  yields  r  =  (1/60)  V7/12  ñ  ~  0.15  in  for  the  radius  of  the 
bottom-hole. 


60.  With  g  =  32  ft/sec2  and  a  =  ?r(l/12)2,  Equation  (24)  simplifíes  to 


A(y) 


dy_ 

dt 


If  z  denotes  the  distance  from  the  center  of  the  cvlinder  down  to  the  fluid  surface,  then 

9  1/9 

y  =  3-z  and  A  (y)  =  10(9 -z)  .  Henee  the  equation  above  becomes 

10(9-z2)1/2—  =  — (3-z)l/2, 
dt  18 

180(3  +  z)V2dz  =  ndt, 

and  integration  yields 

120(3 +  z)1/2  =  nt+C. 

Now  z  =  0  when  t  =  0,  so  C  =  120(3)3/2.  The  tank  is  empty  when  z  =  3  (that  is, 
when  y  -  0)  and  thus  after 

t  =  (120/?r)(63/2-33/2)  «  362.90  sec. 

ít  therefore  takes  about  6  min  3  sec  for  the  fluid  to  drain  completely. 

61.  A(y)  =  n  (&y-y2)  as  in  Example  7  in  the  text,  but  now  a  =  zr  / 1 44  in  Equation  (24), 
so  the  initial  valué  problem  is 

18(8 y-y2)y'  =  -Jj ,  y(  0)  =  8. 


We  seek  the  valué  of  t  when  y  =  0.  The  answer  is  t «  869  sec  =  14  min  29  sec. 

62.  The  cross-sectional  area  function  for  the  tank  is  A  =  x(l-y2)  and  the  area  of  the 
bottom-hole  is  a  =  so  Eq.  (24)  in  the  text  gives  the  initial  valué  problem 

*(l-.y2)^  =  -10-4^2x9.8y,  y(0)  =  1. 

dt 


Simplification  gives 

(y-'l2-yv  2)h  =  -1.4x1 0-4  VÍ0 
v  dt 

so  integration  yields 
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2y/2-f//2  =  -1.4xl0~4VÍ0t  +  C. 

The  initial  condition  y(0)  =  1  implies  that  C  =  2  -  2/5  =  8/5,  so  .y  =  0  añer 

/  =  (8  /  5)  /(1 .4  x  1 0’4  ^/To)  ~  3614  seconds.  Thus  the  tank  is  empty  at  about  14 
seconds  after  2  pm. 

63.  (a)  As  in  Example  8,  the  initial  valué  problem  is 

7t(%y  -  y2)^  =  J(0)  =  4 


where  k  —  0.6r2yf2g  —  4.8r2.  Integrating  and  applying  the  initial  condition  just  in 
the  Example  8  solution  in  the  text,  we  find  that 


—y3'2 --y5'2  =  -kt  +  ^*. 

3  ^  5  ^  15 

When  we  substitute  y  =  2  (ft)  and  t  =  1800  (sec,  that  is,  30  min),  we  find  that 
k  ~  0.009469.  Finally,  y  =  0  when 
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3154  sec  =  53  min  34  sec. 


Thus  the  tank  is  empty  at  1 :53:34  pm. 

(b)  The  radius  of  the  bottom-hole  is 

r  -  yfkl 4.8  *  0.04442  ft  «  0.53  in,  thus  about  a  half  inch. 

64.  The  given  rate  of  fall  of  the  water  level  is  dy/dt  =  -4  in/hr  =  -(1/10800)  ft/sec.  With 
A  =  nx2  and  a  =  nr2 ,  Equation  (24)  is 

(;rx2)(l/ 10800)  =  -{k r2)^2gy  =  -%Ttr2yJy. 

Henee  the  curve  is  of  the  form  y  =  kx4,  and  in  order  that  it  pass  through  (1,4)  we 
must  have  k  =  4.  Comparing  -^fy  =  2x2  with  the  equation  above,  we  see  that 

(8r2)(  10800)  =  1/2, 

so  the  radius  of  the  bottom  hole  is  r  =  1/(240^)  ft  »  1/35  in. ' 
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65.  Let  t  =  O  at  the  time  of  death.  Then  the  solution  of  the  initial  valué  problem 


66. 


T  =  k(_ 70  -  T),  T( 0)  =  98.6 

is 

T(t)  =  70  +  28.6e~fa. 

If  t  =  a  at  12  noon,  then  we  know  that 

/ 

T(t)  =  70  +  28.6e"*°  =  80, 

T(a  +  X)  =  70  +  28.6e~*(a+l)  =  75. 

Henee 

28.6  e~ia  =  10  and  28.6íT*V*  =  5. 

It  follows  that  e~k  =  1/2,  so  k  =  ln  2.  Finally  the  fírst  of  the  previous  two  equations 
yields 

a  =  (ln  2.86)/(ln  2)  »  1.516  hr  *  1  hr  31  min, 
so  the  death  occurred  at  10:29  a.m. 

Let  /  =  0  when  it  began  to  snow,  and  í  =  to  at  7:00  a.m.  Let  x  denote  distance  along 
theroad,  with  x  =  0  where  the  snowplow  begins  at  7:00  a.m.  If  y  =  ct  is  the  snow 
depth  at  time  t,  w  is  the  width  of  the  road,  and  v  =  dx/dt  is  the  plow's  velocity,  then 
"plowing  at  a  constant  rate"  means  that  the  product  wyv  is  constant.  Henee  our 
differential  equation  is  of  the  form 

—  * 

dt  t' 

The  solution  with  x  =  0  when  t  =  to  is 

t  =  he1*. 

We  are  given  that  x  =  2  when  t  =  to  +  1  and  x  =  4  when  t  =  t0  +  3,  so  it  follows 
that 

/o  +  1  =  to  e2k  and  to  +  3  =  to  e4k. 

Elimination  of  to  yields  the  equation 

e4*  _  3e2*  +  2  =  ( e2k  -  l)(e2*  -  2)  =  0, 
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so  it  follows  (since  k  >  0)  that  e2k  =  2.  Henee  to  +  1  =  2 t0,  so  t0  =  1 .  Thus  it  began 
to  snow  at  6  a.m. 

67.  We  still  have  t  =  to  but  now  the  given  information  yields  the  conditions 
to  +  1  =  to  e4k  and  to  +  2  =  ¿o 
at  8  a.m.  and  9  a.m.,  respective^.  Elimination  of  to  gives  the  equation 
2e4k  -elk  -\  =  0, 

which  we  solve  numericaliy  for  k  =  0.08276.  Using  this  valué,  we  finally  solve  one  of 
the  preceding  pair  of  equations  for  to  =  2.5483  hr  ~  2  hr  33  min.  Thus  it  began  to 
snow  at  4:27  a.m. 


68.  (a)  Note  first  that  if  0  denotes  the  angle  between  the  tangent  line  and  the  horizontal, 

then  a  =  \-d  so  cot  a  =  cot(f  -  0)  =  tan  6  -  y\x).  It  follows  that 

sino:  1  1 

sino:  =  ,  =  -  =  =  =  - . j= . =  =. 

V sin2  a  +  eos2  a  vi  +  cot2  a  yjl  +  y'(x)2 

Therefore  the  mechanical  condition  (sin a)/v  =  constant  (positive)  with  v  -  yj2gy 
translates  to 

1  7 
f—  =  constant,  so  y[l  +  (y)']  =  2 a 

v^Vi +(yf 

for  some  positive  constant  a.  We  readily  solve  the  latter  equation  for  the  differential 
equation 

,  =  <fy_  =  Í^ZZ 

y  dx  ]¡  y 

(b)  The  substitution  y  =  2a  sin2 1,  dy  =  4 a  sin  t  eos  t  dt  now  gives 


4a  sin/  eos  tdt  = 


2a  -2a  sin2 1  ,  eos t  , 
dx  -  - dx. 


2a  sin2/ 
dx  =  4a  sin2 1  dt. 


sin/ 


Integration  now  gives 

x  =  J4asin2/r//  -  2aj(l-cos2/)  dt 


-  2a(t -\sin2t)  +  C  =  a(2/ -sin2/)  +  C, 

and  we  recall  that  y  =  2a  sin2 1  =  a(l  -  eos 2 /).  The  requirement  that  x  =  0  when  t  =  0 
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implies  that  C  =  0.  Finally,  the  substitution  6  =  2t  (nothing  to  do  with  the  previously 
mentioned  angle  6  of  inclination  from  the  horizontal)  yields  the  desired  parametric 
equations 

x  =  a(6-ún6),  y-a(  l-cos0) 


of  the  cycloid  that  is  generated  by  a  point  on  the  rim  of  a  circular  wheel  of  radius  a  as  it 
rolls  along  the  x-axis.  [See  Example  5  in  Section  10.4  of  Edwards  and  Penney,  Calculus, 
6th  edition  (Upper  Saddle  River,  NJ:  Prentice  Hall,  2002).] 


69.  Substitution  of  v  =  dy/dx  in  the  differential  equation  for  y  =  y{x)  gives 


a- 


dv 

r - 

dx 


Vl  +  v2, 


and  separation  of  variables  then  yields 


dv 


f  dx 


4¡ 


- 


+  V 


J  a  ’ 


sinh-1  v  =  —  +  C, ; 


dy 

dx 


sinh^— +  C, 


J 


The  fact  that  y'(0)  =  0  implies  that  Cj  =  0,  so  it  follows  that 


dy_ 

dx 


y{x)  -  acosh 


\aj 


+  C. 


Of  course  the  (vertical)  position  of  the  x-axis  can  be  adjusted  so  that  C  =  0,  and  the  units 
in  which  T  and  p  are  measured  may  be  adjusted  so  that  a  =  1 .  In  essence,  then  the 
shape  of  the  hanging  cable  is  the  hyperbolic  cosine  graph  y  =  coshx. 


SECTION  1.5 

LINEAR  FIRST-ORDER  EQUATIONS 

1.  p  =  exp^  JlJxj  =  ex;  Dx(y-ex}  =  2ex;  y -ex  =  2ex  +C;  y(x)  =  2  +  Ce 
>'(0)  =  0  implies  C  =  -  2  so  y(x)  =  2-2e~x 

2.  p  =  exp(  J(-2)<*)  =  e~2-t;  Dx[y-e'lx)  =  3;  y -e~2x  =3x  +  C;  y(x)  =  (3x  +  C)e2x 

y( 0)  =  0  implies  C  =  0  so  y(x)  =  3xe2t 

3.  p  =  expQjrZxj  =  e3x;  Dx(y-e3x)  =  2x;  y-e3jr=x2+C;  y(x)  =  (x'  +C)e 
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4.  p  =  expQ(-2x)¿¿xj  =  e~xl  \  Dx(y-e~^  =  1;  ye'*  =x  +  C;  XX  =  (x  +  C)ex 

5.  p  =  exp^|(2/  x)dx^  =  e2'nx  =  x2;  Dx(y-x2)  =  3x2;  y-x2  =  x3  +  C 

XX  =  x  +  C/x2;  j(l)  =  5  implies  C  =  4  so  XX  =  *  +  4/x2 

6.  p  =  exp(j(5/x)dx)J  =  e5'nx  =  x5;  Dx(y-x5)  =  7x6;  yx5=x2  +  C 

y(x)  =  x2  +  C/x5;  y( 2)  =  5  implies  C  =  32  so  y(x)  =  x2 +  32/ x5 

7.  p  =  exp(J(l/2x)¿&)  =  e(lnjt)/2  =  Vx;  Dx(y  yfc)  =  5;  yJ~x=5x  +  C 

XX  =  5-Jx+C/Jx 

8.  /?  =  exp(  j,(l/3x)<¿x)  =  e(lnjr)/3  =  >/x;  Dx(y&¿)  =  4&;  y  •  ^  =  3x4/3  +  C 

XX  =  3x  +  Cx~l/3 

9.  p  =  expQ(-l/ x)dx'j  =  e~lnx  -  1/x;  Dx(y- l/x)  =  l/x;  j-l/x  =  lnx  +  C 

XX  =  xlnx  +  Cx;  XI)  =  7  implies  C  =  7  so  XX  =  xlnx  +  7x 

10.  p  =  expQ(-3/2x)<ixj  =  e(~3lnJc)/2  -x~3/2; 

Dx{y-x~V2)  =  9xU2  /  2;  > -x'3/2  =  3x3/2  +C;  XX  =  3x3  +  Cx3/2 

11.  p  =  exp(  j(l/x-3)<¿x)  =  e'njt"3jr  =xe~3jr;  Dx(y-xe~3x)  =  0;  j-xe"3jt=C 

X»  =  C  x“'e3jt;  XI)  =  0  implies  C  =  0  so  XX  =  0  (constant) 

12.  P  =  exp(J’(3/x)¿¿x)  =  e3l"t  =x3;  Dx(y-x3)  =  2x7;  _y-x3=Xx8+C 

XX  =  jx5+Cx'3;  X2)  =  l  implies  C  =  56  so  XX  =  jx5  +56x'3 

13.  p  =  expQlí¿rj  =  eJf;  A  (y  ■ex'j  =  e2jc;  .yX  =  \e2x  +C 

XX  =  jex+Ce~x;  X0)  =  1  implies  C  =  |  so  XX  =  jex+±e~x 

14.  p  =  exp(  J(— 3/ x)í¿x)  =  e~3lnjr  =  x~3;  Dx(y  x'3)  =  x~';  yx~3  =  \nx  +  C 
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X*)  =  x3ln x  +  Cí3;  y(l)  =  10  implies  C  =  10  so  y(x)  =  x3lnx  +  10x3 

15.  p  =  exp|  J2x¿¿c)  =  ex2;  Dx[y-ex  j  =  xex  ;  y-ex  +  C 

y(x)  =  j  +  Ce~x';  y(0)  =  -2  implies  C  =  - f  so  y(x)  =  y- fe-*2 

16.  p  =  exp(  Jcosxtic)  =  esinx;  Dx (y -esinx)  =  esiní  cosx;  y -esin*  - esinJt  +  C 
y(x)  =  1  +  Ce'sinj:;  y(7r)  =  2  implies  C  =  1  so  y(x)  =  l+<Tsinj; 


17.  p  =  exp^  Jl  /(I  +  x)  =  eln(1+x)  =  1  +  x;  Dx[y -(l  +  x))  =  cosx;  y-(l  +  x)  =  sinx  +  C 

.  .  C  +  sinx  -  .  .  1  +  sinx 

y(x)  =  — - - ;  y(0)  =  l  implies  C  =  1  so  y(x) 


1  +  x 


1  +  x 


18.  p  -  exp|  J(-2/x)<ix)  =  e  2'"x  =  x-2;  A^y-x  2)  =  cosx;  y-x2=sinx  +  C 

y(x)  =  x2(sinx  +  C) 


19.  p  =  exp  (  jcot  x  <¿rj  =  <?ln(sin =  sin  x;  A,  (y  -sin  x)  =  sin  x  cosx 
y-sinx  =  {sin2x  +  Ci  y(x)  =  ^-sinx  +  Ccscx 


20.  p  =  expQ(-l-x)£¿c^  =  e  *  x  n\  Dx{y-e~x~x  /2j  =  (l  +  x)e_jc‘j:  12 

y  ■  e~*-x2 12  =  - /2  +  C;  y(x)  =  - 1  +  C ew 12 
y(0)  =  0  implies  C  =  1  so  y(x)  =  -\+e~x~x  12 

21.  p  =  expQ(-3/x)í¿xj  =  e~3lnJt  =  x~3;  A,(y-x~3)  =  cosx;  y-x~3=sinx  +  C 

y(x)  =  x3sinx  +  Cx3;  y(2;r)  =  0  implies  C  =  0  so  y(x)  =  x3sinx 

22.  p  =  exp(^ J(-2x)í¿c^  =  e_JC  ;  Dx^y-e~x  j  =  3x2;  y-e~x  =x3+C 

Xx)  =  (x3+C)e_Jt2;  y(0)  =  5  implies  C  =  5  so  y(x)  =  (x3  +  5)e_j: 

23.  p  =  expQ(2 -2lx)dx^  =  e2*’31"1  =  x~3e2x;  Dx(y -x~3e2x)  =  4e2x 
y-x~3e2x  =2e2x  +  C;  y(x)  =  2x3  +C  x3e~2x 
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P  =  exp(  ¡3x/(x2  +  4 )dx)  =  e3,n(J[2+4)/2  =  (x2  +  4)3/2;  Dx  (y  ■  ( x 2  +4)3/2)  =  x(x2  +4)1/2 

y-(x2  +4)3/2  =  }(x2  +4)3/2  +C;  yO)  =  y  +  C(x2 +4)"3/2 
>'(0)  =  1  implies  C  =  f  so  >>(x)  =  j[l  +  16(x2 +4)“3/2] 

First  we  calcúlate 


3x3  dx 
x2  +  \ 


3x  - 


3x 

x2  +  1 


dx  =  — £x2 


-  ln(x2  + 1)] . 


It  follows  that  p  =  (x2  + 1)  3/2  exp(3x2  /  2)  and  thence  that 

A  (^ '  (x2  + 1)"3/2  exp(3x2  /  2))  =  6x(x2+4)-5/2, 
y-(x2  +  l)'3/2exp(3x2/2)  =  -  2(x2  +  4)"3/2  +  C, 
y(x)  =  -  2  exp(3x2  /  2)  +  C  (x2  + 1)3/2  exp(-3x2  /  2). 

Final ly,  _y(0)  =  1  implies  that  C  =  3  so  the  desired  particular  solution  is 

y(x)  =  -2exp(3x2/2)  +  3(x2  + 1)3/2  exp(-3x2 /2). 


With  x'  =  dxldy,  the  differential  equation  is  y3x'  +  4y2x  =  l.  Thenwith  y  as  the 
independent  variable  we  calcúlate 


p(y)  =  exp(J(4  !y)dy)  =  e 41"'  =  /;  Dv(x-y4)  =  j 


*-y4=^y2+C;  x(y) 


1  c 

-  _J - — 

2y2  / 


With  x'  =  dx/dy,  the  differential  equation  is  x'-x  =  yey .  Thenwith  y  as  the 
independent  variable  we  calcúlate 


p(y)  =  exp(|(-l)Jj)  =  e~y ;  Dy(x-e~y)  =  y 
x-e'y  =  \y2  +  C-,  x{y)  =  (xy2+C)ey 


With  x*  =  dx  /  dy ,  the  differential  equation  is  (l  +  y2)x'-2yx  =  1.  Thenwith  y  as  the 
independent  variable  we  calcúlate 
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P(y)  =  exp(  J(-2>'/(l  +  y2)dy^  =  e~'a(y^[)  =  (1  +  /)-' 
Dy(x ■(!  +  /)-')  =  (1  +  y2y2 


An  integral  table  (or  trigonometric  substitution)  now  yields 


29. 


dy 


1  T 


+  tan  1  y  +  C 


l+y2  J  (i +y2f  2U+y 

*(y)  -  i[y  +  (l  +  /)(tan’I>'  +  C)] 

p  =  exp(  ^-2x)dx^  =  e~xl-,  Dx[y-e~^  =  e~*-,  y  ■  e~x'  =  C  +  ^e~‘*  dt 
y(x)  =  ex*  {c +  \\[ñ zxí(x)} 

30.  After  división  of  the  given  equation  b y  2x,  multiplication  b y  the  integrating  factor 


P  ~  x  yields 


x  V2y' -\x~2ny  =  x  1/2  eos  x, 
Dx{x~vly)  =  x~l/2cosx, 

x~xny  =  C+|  rui  cosí  dt. 


The  initial  condition  y(l)  =  0  impliesthat  C  =  0,  so  the  desired  particular  solution  is 

y(x)  =  xU2  rm  cost  dt. 


31. 

(a) 

y.  =  Ce-i'%P) 

=  -Pyc> so  y'c  +  Pyc  =  o. 

(b) 

-\pdx  ^  f  Pdx  _  _ 

+  e  Qe]  =  -Pyp  +  Q 

32. 

(a) 

If  y  =  /4cosx  +  5sinx  then 

y'  +  y  =  ( ^4  +  v9)  eos  x  + (5-/4)  sin  x  =  2sinx 

provided  that  A=- 1  and  B  =  1 .  These  coefficient  valúes  give  the  particular  solution 
yp(x)  =  sin  x  -  eos  x. 
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(b)  The  general  solution  of  the  equation  y'  +  y  =  0  is  y(x)  =  Ce  x  so  addition  to  the 
particular  solution  found  in  part  (a)  gives  y(x)  =  Ce~x  +  sin  x  -  eos  x. 

(c)  The  initial  condition  y(0)  =  1  implies  that  C  =  2,  so  the  desired  particular 
solution  is  y(x)  -  2e~x  +  sin  x  -  eos  x. 

33.  The  amount  x(t)  of  salt  (in  kg)  añer  t  seconds  satisfies  the  differential  equation 
x'  =  -  x/200,  so  x(t)  =  lOOe-'7200.  Henee  we  need  only  solve  the  equation 

10  =  100e~'/2°°  for  /  =  461  sec  =  7  min  41  sec  (approximately). 

34.  Let  x(t)  denote  the  amount  of  pollutants  in  the  lake  after  t  days,  measured  in  millions  of 
cubic  feet  (mft3).  The  volume  of  the  lake  is  8000  mft3,  and  the  initial  amount  x(0)  of 
pollutants  is  x0  =  (0.25%)(8000)  =  20  mft3.  We  want  to  know  when 

x(t)  =  (0.10%)(8000)  =  8  mft3.  We  set  up  the  differential  equation  in  infinitesimal  form 
by  writing 

dx  =  [in]  -  [out] 
which  simplifies  to 

dx 
dt 

Using  the  integrating  factor 

for  which  x(0)  =  20.  Finally,  we  find  that  x  =  8  when  r  =  161n4  ~  22.2  days. 

35.  The  only  difference  from  the  Example  4  solution  in  the  textbook  is  that  V  =  1640  km3 
and  r  =  410  km3/yr  for  Lake  Ontario,  so  the  time  required  is 

V 

t  =  — ln4  =  41n4  «  5.5452  years. 
r 

36.  (a)  The  volume  ofbrine  in  the  tank  after  t  minis  V(t)  =  60  -t  gal,  so  the  initial 
valué  problem  is 


=  (0.0005)(500)  ¿í - — -500  dt, 

8000 

1  x  dx  11 

~  4~16’  °r  ~dt  +  16X  ~  4 ’ 

p  -  e'n6,  we  readily  derive  the  solution  x(t)  =  4  +  16e''/16 


The  solution  is 


dx  _  ^  3x 
dt  60-/’ 


x(0)  =  0. 


x(/)  -  (60-/)- 


(60 -Q3 
3600 


(b)  The  máximum  amount  ever  in  the  tank  is  40  /  y¡3  ~  23 .09  Ib.  This  occurs  after 
/  =  60-20^3  *25/36  min. 
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37. 


The  volunte  of  brine  in  the  tank  after  /  min  is  V(t)  =  100  +  2/  gal,  so  the  initial  valué 
problem  is 


dx  _  3x 

~dt  ~  ~  100  +  2/  ’ 

The  integrating  factor  /?(/)  =  (100  +  2/)3/2 


jc(0)  =  50. 
leads  to  the  solution 


x(í)  =  (100  +  2/)- 


50000 

(100  +  2/)3/3  ' 


suchthat  x(0)  =  50.  The  tank  is  full  after  /  =  150  min,  atwhichtime 
x(150)  =  393.75  1b. 

38.  (a)  dx/dt  =  —x! 20  and  x(0)  =  50so  x(/)  =  50e”'/20. 

(b)  The  solution  of  the  linear  differential  equation 

dy  _  5x  5_y  _  5  _(/20  1 

~dt  ~  100  ~ 200  ~  26  ~40y 


with  j(0)  =  50  is 

y(t)  =  150e~'/40  -100e~//2°. 
(c)  The  máximum  valué  of  y  occurs  when 


/(/)  =  -l-le-"40  +  5e-l,2°  =~^e-'l40(3-4e-'lw)  =  0. 


We  fmd  that  _ymax  =  56.25  Ib  when  /  =  40  ln(4/3)  ~  11.51  min. 
39.  (a)  The  initial  valué  problem 


dx  _  x 

~dt  ~  _To’ 


x(0)  =  100 


for  Tank  1  has  solution  x(/)  =  lOOe  ,/l0.  Then  the  initial  valué  problem 


+  =  JL.y.  =  We~"°-X  yi0)  =  0 
dt  10  •  10  10 


for  Tank  2  has  solution  y(l)  =  10 te 


-mo 
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(b)  The  máximum  valué  of  y  occurs  when 
/(O  =  10  e~'no -te-'no  =  0 

and  thus  when  t  =  10.  Wefindthat  ymax  =  _y(10j  =  100e_1  «  36.79  gal. 

40.  (b)  Assuming  inductively  that  xn  =  tne~"2 /(n\ 2")  ,  the  equation  for  x„+i  is 

dxn+t  =  J_  _  ]_  =  t"  e-"2  1 

dt  2 X"  2Xn+l  n !  2"+1  2X',+r 

We  easily  so lve  this  first-order  equation  with  xn+l(0)  =  0  and  find  that 

rxe-,n 

X"+1  ~  (n  + 1)!  2"+l  ’ 

thereby  completing  the  proof  by  induction. 

41.  (a)  A '(t)  =  0.06^  +  0.125  =  0.06A  + 3.6  e  0  05' 

(b)  The  solution  with  ,4(0)  =  0  is 

¿t(/)  =  360(e°'06  ‘  -  e005  '), 
so  /á(40)  «  1308.283  thousand  dollars. 

42.  The  mass  of  the  hailstone  at  time  t  is  tn  —  (4/3)tt r2  =  (4  /  3}7rk2 T1 .  Then  the  equation 
d(mv)/dt  =  mg  simplifiesto 

/v'+  3v  =  gt. 

The  solution  satisfying  the  initial  condition  v(0)  =  0  is  v(t)  =  g//4,  so  v'(/)  =  g/4. 

43.  The  solution  of  the  initial  valué  problem  y'  =  x  -  y,  y(-5 )  =  y0  is 

y(x)  =  x-\  +  (y0+6)e-x~5. 

Substituting  x  =  5,  we  therefore  solve  the  equation  4  +  (y0+6)e~w  =  y , 
with  y {  =  3.998,  3.999,  4,  4.001,  4.002  for  the  desired  initial  valúes 
yo  =  -50.0529,  -28.0265,  -6.0000,  16.0265,  38.0529,  respectively. 
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44.  The  solution  of  the  initial  valué  problem  y’  =  x  +  y,  y(—5)  -  y0  is 


y(x)  =  -x-l  +  (y0-4)ex+5. 

Substituting  x  =  5,  we  therefore  solve  the  equation  -6  +  (y0  —  4)e10  =  y¡ 

with  y  i  =  -10,  -5,  0,  5, 10  for  the  desired  initial  valúes 

y0  =  3.99982,  4.00005,  4.00027,  4.00050,  4.00073,  respectively. 

45.  With  the  pollutant  measured  in  millions  of  liters  and  the  reservoir  water  in  millions  of 
cubic  meters,  the  inflow-outflow  rate  is  r  =  },  the  pollutant  concentration  in  the  inflow 

is  c0  =  10,  and  the  volume  of  the  reservoir  is  V  =  2.  Substituting  these  valúes  in  the 
equation  x'  =  rc0  -  (r  /  V)x,  we  get  the  equation 

¿fr  _  2 _ í_x 

dt  ~  10* 

for  the  amount  x(í)  of  pollutant  in  the  lake  after  í  months.  With  the  aid  of  the 
integrating  factor  p  =  e'no,  we  readily  find  that  the  solution  with  x(0)  =  0  is 

x(/)  =  20(l  -e“'/10). 

Then  we  find  that  x  =  10  when  t  =  101n2  «  6.93  months,  and  observe  finally  that,  as 
expected,  x(t)  — >  20  as  t  ->•  <x>. 

46.  With  the  pollutant  measured  in  millions  of  liters  and  the  reservoir  water  in  millions  of 
cubic  meters,  the  inflow-outflow  rate  is  r  =  },  the  pollutant  concentration  in  the  inflow 
is  ca  =  10(1  +  cosí),  and  the  volume  of  the  reservoir  is  V  =  2.  Substituting  these  valúes 
in  the  equation  x'  =  rc0  -  ( r/V)x ,  we  get  the  equation 

—  =  2(1  + cosí)-— x,  that  is,  — +— x  =  2(1  + cosí) 

dt  10  dt  10 

for  the  amount  x(í)  of  pollutant  in  the  lake  after  í  months.  With  the  aid  of  the 

integrating  factor  p  =  e,n0,  we  get 

x-e"w  =  |(2e'/10  +  2eino  cosí)  <ií 

P,no  (  1 

=  20e'/lo  +  2 - r - r-  — cosí  +  siní  +C. 

(iV)2+i2lio  J 

When  we  impose  the  condition  x(0)  =  0,  we  get  the  desired  particular  solution 
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20 

x(0  =  — (l01-102,-°+cost  +  10sint). 

In  order  to  determine  when  x  =  10,  we  need  to  solve  numerically.  For  instance,  we  can 
use  the  Mathematica  commands 

x  =  (20/101) (101  -  102  Exp [-t/10]  +  Cos [t]  +  10  Sin[t]); 
FindRoot [  x  ==  10,  (t,7)  ] 

{t  ->  6.474591767017537} 

and  fmd  that  this  occurs  after  about  6.47  months.  Finally,  as  we  observe  that 

x(t)  approaches  the  fiinction  20  +  -^-  (cos  t  + 1 0  sin  t)  that  does,  indeed,  oscillate  about 
the  equilibrium  solution  x(t)  =  20. 


SECTION  1.6 

SUBSTITUTION  METHODS  AMD  EXACT  EQUATIONS 

It  is  traditional  for  every  elementary  differential  equations  text  to  inelude  the  particular  types  of 
equations  that  are  found  in  this  section.  However,  no  one  of  them  is  vitally  important  solely  in 
its  own  right.  Their  main  purpose  (at  this  point  in  the  course)  is  to  familiarize  students  with  the 
technique  of  transforming  a  differential  equation  b y  substitution.  The  subsection  on  airplane 
flight  trajectories  (together  with  Problems  56—59)  is  included  as  an  application,  but  is  optional 
material  and  may  be  omitted  if  the  instructor  desires. 

The  differential  equations  in  Problems  1-15  are  homogeneous,  so  we  make  the  substitutions 


v  =  Z 

X 


y  =  vx. 


dy  dv 

—  -  v  +  x — . 
dx  dx 


For  each  problem  we  give  the  differential  equation  in  x,  v(x),and  v'  =  dv/dx  that  results, 
together  with  the  principal  steps  in  its  solution. 


1. 


(v  +  l)v'--(v2 3+2v-l);  jfW  =  -  |2  xdx;  ln(v2 +2v-l)  =  -21nx  +  lnC 


+  2v-l 

x2(v2+2v-l)  =  C;  y2+2xy-x2  =  C 


2.  2xvv'  =  l;  j*2v  Jv  =  j  v2=ln  x  +  C;  y2  =  x2(lnx  +  C) 

3.  xv’  =  2yfv;  ---y-  =  j — ;  *Jv  =  lnx  +  C;  y  =  x(lnx  +  C)2 


52 


Chapter  1 


4.  x(v-l)v'  =  -(v2  +  l);  [—  2  f2dX'  2tan  1  v-ln(v2 +1)  =  21nx +  C 

*/  V  1  l  |/  X 

2tan_1  (y/x)  ~\n(y2 I  x2  +  1)  =  21n  x  +  C 


5.  x(v  +  l)v'  =  -2v2;  J(I+-L]dv  =  -J^; 


lnjy-lnx - =  —  21nx  +  C;  ln(x;/)  =  Ch — 

J'  y 


lnv-—  =  -21nx  +  C 
v 


x(2v  +  l)v' = -2v2;  II—  +  \\dv 

v  1  *  *  V  y¿ 


Í(v+M“‘ 


•  2  ln  x  +  C 


21n>>-21nx - =  -21nx  +  C;  2^1n^  =  x  +  Cy 

y 


XV2  V 


'  =  1;  |3v2  dv  =  v3  =  31nx  +  C;  j»3  =  x3(31nx  +  C) 


8.  xv'  =  e’;  -je  V¿?v  =  -J— ;  e_v  =  -lnx  +  C;  -v  =  ln(C-lnx) 

y  =  -x  ln(C-lnx) 


9.  xv 


'  =  v2;  -  í*  f— ;  —  =  -lnx  +  C;  x  =  >>(C-lnx) 

J  v  J  x  v 

■  JÍTTtPc  ln(2*'2+l)  =  4lnx  +  lnC 


10.  xvv'  =  2v2  + 1 


2v  + 1 

2y2 /x2  +1  =  Cx4;  x2+2/  =  Cx6 


“• 

lnv-ln(v2  +  l)  =  lnx  +  lnC;  v  =  Cx(v2+lj;  y  =  C(x2  +  >>2) 


dx 

x 


12.  xvv 


f  ~T7^=  =  f— ;  ^ 

J  Vv2+  4  j  X 
v2+4  =  (lnx  +  C)’;  4x2+y2  =  x2  (lnx  +  C)’ 


v2  +4  =  lnx  +  C 
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13.  X  v'  =  Vv~  4- 


;  ln(v  +  Vv2  +  l)  =  lnx  +  lnC 


v  +  Vv4  + 1  =  C  x;  y  +  Jx2+y 2  =  Cr 


xvv  =  vi  +  v* 


lnx  = 


,  +  v2  -(1  +  v2) 


V¡/  (^1  -  yfÜ'j 


1  +  V2) 


-  ln  w  +  ln  C 


with  w  =  \-yfü .  Back-substitution  and  simplification  finally  yields  the  implicit 
solution  x - Jx^+y2  =  C. 


x(v  +  l)v'  =  -2(v2  +2v);  ln(v2+2v)  = 


-  4  ln  x  +  ln  C 


v2+2v  =  C/x4;  x2y2  +  2x3_y=  C 
The  substitution  v  =  x  +  y  +  1  leads  to 


dv  _  I  2u  du 

J  1  +  yfv  J  1  +  u 

=  2u-2\n{\  +  u)  +  C 
=  2  yfx  +  ~y  + 1  —  2  ln(l  +  -J x  ■ 


(v  =  y1) 


17.  v  =  4x  +  y;  v'  =  v2  +  4;  x  =  J  -j 


dv  1  v  C 
—  —tan  — l — 
-+4  2  22 


v  =  2tan(2 x-C);  y  -  2tan(2x-C)-4x 


v  =  x  +  y;  vv'  =  v  +  1;  x  =  j  - 


1 - dv  =  v  -  ln(v  + 1)  -  C 

v  +  1 


y  =  ln(x  +  y  +  1 )  +  C. 
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Problems  19-25  are  Bemoulli  equations.  For  each,  we  indícate  the  appropriate  substitution  as 
specified  in  Equation  (10)  of  this  section,  the  resulting  linear  differential  equation  in  v,  its 
integrating  factor  p,  and  finally  the  resulting  solution  of  the  original  Bemoulli  equation. 


19. 

v  = 

=  /-2; 

v'-4v/x  : 

=  -10/x2 

;  P  = 

1/x4; 

y2  =  x/(Cx 5  +2) 

20. 

V  = 

v'  +  6xv  = 

18x;  p 

m 

II 

y3  - 

=  3  +  Ce~3x2 

21. 

v  = 

=  t"2; 

v'  +  2v  = 

-2;  p  = 

=  e21; 

y2  - 

\/{Ce~2x  -l) 

22. 

v  = 

=  t-3; 

v'-6v/x 

=  -15/x2 

;  p  = 

x-6; 

y3  =  7x/(7Cx7  +  15 

23. 

V  = 

v'-2  v/x 

=  -1; 

p  =  x~2 

;  y 

=  |r  +  Cx2j 

24. 

V  = 

=  y~2; 

v'  +  2v  = 

e~2x  /  x; 

_  Jlx  , 

p  =  e  ; 

;  y2 

=  e2x  /(C  +  ln  x) 

25.  v  =  y3;  v'  +  3v/x  =  3 /VT+x4";  p  =  x 3;  y3  =  +  3>/l  +  x4  j  /  (2x3  ) 

26.  The  substitution  v  =  y3  yields  the  linear  equation  v'  +  v  =  e~x  with  integrating 
factor  p  =  ex.  Solution:  y3  =  e~x(x  +  C) 

27.  The  substitution  v  =  y3  yields  the  linear  equation  rv'-v  =  3x4  with  integrating 
factor  p  =  1/x.  Solution:  y  =  (x4+  Cx)l/3 

28.  The  substitution  v  =  <?  yields  the  linear  equation  xv'-2v  =  2x3e2x  with  integrating 
factor  p  =  1/x2.  Solution:  y  -  ln (Cx2  +  x2e2x) 

29.  The  substitution  v  =  sin  y  yields  the  homogeneous  equation  2xvv'  =  4x2  +  v2. 
Solution:  sin2y  =  4x2-Cx 

30.  First  we  multiply  each  side  of  the  given  equation  by  ey.  Then  the  substitution  v  =  e1’ 
gives  the  homogeneous  equation  (x  +  v)v'  =  x  — v  ofProblem  1  above. 

Solution:  x2  -2x  é1  -  e2y  =  C 

Each  of  the  differential  equations  in  Problems  31—42  is  of  the  form  M  dx  +  N  dy  =  0,  and  the 

exactness  condition  dM  /dy  =  dN/dx  is  routine  to  verify.  For  each  problem  we  give  the 

principal  steps  in  the  calculation  corresponding  to  the  method  of  Example  9  in  this  section. 

31.  F  =  j(2x  +  3  y)dx  =  x2+3xy  +  g(y);  Fy  =  3x  +  g\y)  =  3x  +  2  y  =  N 

g'(y )  =  2  y;  g{y)  =  y2;  x2 +3  xy  +  y2  =  C 
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32.  F  =  J(4  x-y)dx  =  2x2-xy  +  g(y);  Fy  =  ~x  +  g'(y )  =  6>--x  =  TV 

g'(y)  =  6j;  g(»  =  3/;  -)jc2  -  xj  +  3y2  =  C 

33.  F  =  J(3x2  +  2y2)dx  =  x3+xy2+g(y);  Fy  =  4  xy  +  g'(y)  =  4xy  +6y2  =  N 

g'(y )  =  6  y2;  g(y)  =  2/;  r3+2xy2+2y  =  C 

34.  F  =  j(2xy2  +3x2)dx  =  x3  +  x2/+g(j/);  F^  =  2x2y  +  g'{y)  =  2x2j  +  4/  =  jV 

g'(y)  =  4  y3;  g(.y)  =  y4;  x3  +  x2y2+y4  =  C 

35.  F  =  J(x3  +  _y/x)<ir  =  jx4  +  ylnx  +  g(y);  Fy  =  In  x  +  g\y)  =  _y2+lnx=  N 

g'(y)  =  y2;  g(y)  =  jy3;  }x3  +  jy2  +ylnx  =  c 

36.  F  =  +  =  X  +  exy  +  g(y);  Fy  =  xexy+g'(y)  =  2  y  +  xexy  =  N 

g'(y )  =  g(x)  =  /;  x  +  e^  +  j2  =  C 

37.  F  =  j(cosx  +  \ny)dx  =  sinx  +  xln^  +  g(y);  Fy  =  x/y  +  g'OO  =  x/y+ey=  N 
g'(y )  =  eJ';  g(j)  =  F;  sinx  +  xlnj>  +  F  =  C 

38.  F  =  [(x  +  tan-1  j)¿¿c  =  jx2  +  xtan~‘ y  +  gO);  F  =  -  -  ,  +  g'(y)  =  x  +  y-  =  N 

1  +  y  1  +  y 

g'(y)  =  T+yr;  ^)  =  jMl  +  y2);  }x2+xtan-'y  +  jln(l  +  y2)  =  C 

39.  F  =  j(3x2y3  +y4)dx  =  x3y3  +  xy4  +g(y); 

Fy  =  3x3_y2  +  4xy3  +  g’(y)  =  3x3j>2  +  y4  +  4xg3  =  N 
g\y)  =  yA\  g(y)  =  j/;  x3/  +  xy4  +}/  =  c 

40.  F  =  J(e*sin>'  +  tan}’)£¿i¡:  =  ex  sin  y  +  x  tan  y  +  g(j/); 

Fv  =  ex  eos  y  +  x  sec2  y  +  g'(y)  =  ex  eos  y  +  x  sec2  y  =  N 
g\y)  =  0;  g(y)  =  0;  F  sin  _y  +  x  tan  ^  =  C 
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f 

F  = 

r  2x 

3/1 

dx  - 

x2  ^ 

-^r+gO); 

l  T 

X  J 

y 

X 

1 

II 

c 

x2 

7+' 

X 

X 

y 

2  2y  1 

r+*3+vr 

N 

g'(y)  = 

1 

VT 

g(y)  = 

2y[yi 

= 

J/  X 

r 

F  = 

-5,2y 

)dx  = 

x  _y-2/3  +  x  3/2  j/ 

+  gO); 

J 

2 

) 

Fy  =  - 

2  . 
-T 

-5/3+x 

+ 

g\y ) 

=  x-3/2  xy' 

3 

-5/3  =  A/ 

g’(y )  = 

0; 

g(y) 

=  0; 

-2/3  -3/2 

XJ  +x  j/ 

=  c 

43.  The  substitution  y'  =  p,  y"  =  p'  in  xy"  =  y'  yields 

xp'  =  p,  (separable) 

’  dx 
x 

y  =  P  =  ex, 

y(x)  =  -t-Cx2  +  B  =  Ax1  +  B. 


íí-p 


ln p  -  lnx  +  lnC, 


44.  The  substitution  y'  =  p,  y"  =  p  p'  =  p(dp/dy)  in  yy"  +  (y')2  =  0  yields 


ypp'  +  p 2  =  o 


I 


dp 

P 


dy_ 

y 


=>  yp'  -  -  p,  (separable) 
=>  ln  p  =  -lny  +  lnC, 


P  =  C/y 


X  = 


-dy  =  r 

p  J 


dy 


x(y)  =  ^  +B  =  Ay2  +  B. 


45.  The  substitution  y'  =  p,  y"  =  p  p'  =  p(dp  /  c/y)  in  y"  +  4y  =  0  yields 


/?/?'  +  4y  =  0,  (separable) 

¡pdp  =  -  J4 ydy  =>  \p2  =  -2 y2+C, 

p2  =  -4y2  +  2C  =  4(jC-y2), 
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— sin-1  — +  Z), 
2  k 


y(x)  =  &sin[2x-2D]  =  A(sin2xcos2Z)-cos2xsin2.D), 
y(x)  =  v4cos2x  +  5sin2x. 


46.  The  substitution  y'  -  p,  y"  =  p'  in  xy"  +  y'  =  4x  yields 

XP'  +  p  =  4x,  (linear  in  p) 

Dx[x-  p]  =  4x  =>  x-p  =  2  x2  +  A, 


2x  +  - 


P  =  — 

dx  x 

y(x)  =  x2+;41nx  +  i?. 


47.  The  substitution  y'  =  p,  y"  -  p'  in  y"  =  (y')2  yields 

p'  =  p2,  (separable) 

f— ^  =  f xdx  =>  -  —  =  x  +  B, 

J  P  J  P 

dy  _  1 

dx  x  +  B ’ 

y(x)  =  A-]n\x  +  A\. 

48.  The  substitution  y'  =  p,  y"  =  p'  in  x2y"  +  3xy'  =  2  yields 

,  3  2 

x~p'  +  3xp  =  2  =>  — p  =  —r,  (linear  in  p) 

p  x 

Dx[x3p]  =  2x  =3  x3-p  =  x2+C, 
dy_  =  J_+ 
dx  xx3’ 

A 

y(x)  =  lnx  +  — j-+£. 
x 

49.  The  substitution  y'  =  p,  y"  =  pp'  =  p{dpt  dy )  in  y;/"  +  (y')2  =  yy'  yields 


ypp'  +  p-  =  yp  =>  yp'+p  =  y 
Dy[y-p ]  =  y, 

1  2  U  y2+C 

^ +2C  =■  ■ 


(linear  in  /?), 
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x  -  —dy  - 

J  P 

y2  +C  =  Bex 


2  ydy 
y2  +C 


ln(/+C)-ln£, 


y(x)  =  ±(á  +  Bex^ 


The  substitution  y'  =  p,  y"  =  p’  in  y"  =  (x  +  y')2  gives  p'  =  (x  +  pf ,  and  then  the 
substitutioji  v  -  x  +  p,  p'  =  v'  - 1  yields 

,  .  2  dv  2 

V  -1  =  V"  =>  —  =  1  +  V  , 

dx 

\  ^V,  =  f dx  =>  tan-1  v  =  x  +  A, 

J  1  +  v2  J 

v  =  x  +  -  =  tan(x  +  yí)  =>  —  =  tan  (x  +  A)-x, 

dx 

y(x)  =  ln|sec(x  +  +  B. 


The  substitution  y'  =  p,  y”  =  p  p'  =  p{dp!  dy)  in  y"  =  2_y(_y')3  yields 


pp  =  2yp3 


|2  ydy 


y2+c. 


i  i  , 

x  =  —  dy  =  — y  -Cx  +  D, 

J  P  3 

y3  +  3x  +  Ay  +  B  =  0 

The  substitution  y'  =  p,  y"  =  p  p'  =  p(dp  /  dy)  in  y3 y"  =  1  yields 


y3pp'  =  1 


J Pdp  =  J- 


1  A 

- -  H - , 

2  y2  2 


2  Ay2  - 1  i  , 

p  =  ~  z —  =>  x  =  —  dy 

y  J  P 


Ax  +  B 


Ay2  -  (Ax  +  B)2  =  1. 


The  substitution  y'  =  p,  y"  =  p  p'  =  p(dp  /  dy)  in  y”  —  2  y  y'  yields 

pp'  =  2  yp  =>  jdp  =  j2ydy  =>  p  =  y2  +  A2, 

fl  ,  dy  1  .,y  „ 

*  =  ~dy  =  — — -r  =  -tan  —  +  C, 

J  P  J  y  +  A  A  A 
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tan  —  A(x  —  C)  =>  -^  =  tan (Ax-AC), 

y(x)  =  ^tan(^x  + 5). 


54.  The  substitution  y'  =  p,  y"  =  p  p'  =  p(dp/dy )  in  y  y"  =  3  (y')2  yields 

ypp'  =  3p2  =»  = 


Inp  =  31ny  +  lnC  =>  p  =  Cy3, 


Ay2(B-x )  =  1. 


55.  The  substitution  v  —  ax  +  by  +  c,  y  =  (v-ax-c)/b  in  y'  =  F(ax  +  by  +  c )  yields  the 
separable  differential  equation  (dv/dx-a)/b  =  F(v),  that  is,  dv/dx  -  a  +  bF(v). 


56.  If  v  =  y1  ”  then  y  =  vl/(1  n)  so  y'  =  v"/(1  "V/(l -n) .  Henee  the  given  Bemoulli 
equation  transforms  to 


«/(!-«)  7 

- - —  +P(jc)vi/(1-">  =  0(x)v"/(1-")- 

1  — «  dx 


Multiplication  by  (1  -  ri)  /  v"/(1  n) 
v'  +  (l-«)Pv  =  (1-«)C>\ 


then  yields  the  linear  differential  equation 


57.  If  v  =  lny  then  y  -  ev  so  y'  =  eV.  Henee  the  given  equation  transforms  to 
evv'  +  P(x)ev  -  Q(x)vev.  Cancellation  of the  factor  ey  then  yields  the  linear 
differential  equation  v'-Q(x)v  =  P(x). 


58. 


59. 


The  substitution  v  =  ln  y,  y  =  ev,  y'  =  <?v  v'  yields  the  linear  equation  x  v'  +  2  v  =  4x2 
with  integrating  factor  p  =  x2.  Solution:  y  =  exp(x2  +  C/x2) 

The  substitution  x  =  u  —  1 ,  y  =  v  —  2  yields  the  homogeneous  equation 

i 

dv  u-v 


du  u  +  v 

The  substitution  v  =  pu  leads  to 


y  p  U  +  p  ,cj  ~Fj 


p'u*  p- 


r  j-  » 
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ln  u  =  -  . -f  — .  =  |~ln(/?2  +2p-l)-lnCl. 

}{p2+2p-\)  2L  \v  *  )  J 

We  thus  obtain  the  implicit  solution 

u2(p2  +  2p-\)  =  C 

«2f^-  +  2--ll  =  v2  +  2uv  -  u2 
Ku  U  J 

(y  +  2f  +  2(x  + l)(y  +  2)  -  (x  + 1)2 
y 2  +  2xy  -  x2  +  2  x  +  6y  =  C. 

60.  The  substitution  x  =  u- 3,  y  =  v-  2  yields  the  homogeneous  equation 

dv  _  -u  +  2v 
du  4  u-  3v 

The  substitution  v  =  pu  leads  to 

In  »  =  [  P-M»  ■  —  fí  — - il-W 

J(3p  +  lXp-l)  4JU-1  3p+U 

=  ^[ln(/>-l)-51n(3p  +  l)  +  lnC]. 

We  thus  obtain  the  implicit  solution 

4  =  Cjp- 1)  =  Cjvlu- 1)  =  Cu\v-u ) 

U  ~  (3/>  +  l)5  ~  (3v/u  +  l)5  “  (3v  +  «)5 

(3v  +  w)5  =  C(v-w) 

(x  +  3y  +  3)5  =  C(y-x-  5). 

61.  The  substitution  v  =  x-y  yields  the  separable  equation  v'  =  1  -  sin  v.  Withtheaid 
of  the  identity 

1  1  +  sinv  2 

-  =  - - —  =  sec  v  +  sec  v  tan  v 

1  -sinv  eos  v 

we  obtain  the  solution 

x  =  tan(x  -  y)  +  sec(x  -  y)  +  C. 


=  C 
=  C 
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62. 


The  substitution  y  =  vx  in  the  given  homogeneous  differential  equation  yields  the 
separable  equation  x(2v3  - 1) v'  =  -(v4  +  v)  that  we  solve  as  follows: 


”  2v3  - 1 
«  v4  +  v 


dv  —  — 


r 


dx 

x 


ff^L-L  +  n 

Jvv-v  +  1  v  v  +  lj 


dv  =  — 


(partial  fractions) 


ln(v2 -v  +  l)-lnv  +  ln(v  +  l)  =  -Inx  +  lnC 
x(v2  —  v  +  l)(v  +  l)  =  Cv 
(y2  -xy  +  x2)(x  +  y)  =  C  xy 
x3  +y3  =  Cxy 


63.  If  we  substitute  y  =  y,  + 1  /  v,  y'  =  y[-v'/v2  (primes  denoting  differentiation  with 
respect  to  x)  into  the  Riccati  equation  y'  =  Ay1  +By  +  C  and  use  the  fact  that 
y[  =  Ay2  +  Byx  +  C ,  then  we  immediately  get  the  linear  differential  equation 
v'  +  (B  +  2Ay¡)v  -  -A. 


In  Problems  64  and  65  we  outline  the  application  of  the  method  of  Problem  63  to  the  given 

Riccati  equation. 

64.  The  substitution  y  =  x  + 1  /  v  yields  the  linear  equation  v'  -  2x  v  =  1  with  integrating 

2 

factor  p  =  e  .  In  Problem  29  of  Section  1 .5  we  saw  that  the  general  solution  of  this 
linear  equation  is  v(x)  =  ex"  [^C  +  ^erf(x)j  in  terms  of  the  error  function  erf(x) 
introduced  there  Henee  the  general  solution  of  our  Riccati  equation  is  given  by 
>-(x)  =  x  +  e~*2  ^C  +  ^ferf(x)J  . 

65.  The  substitution  y  =  x  +  l/v  yields  the  trivial  linear  equation  v'  =  - 1  with  immediate 
solution  v(x)  =  C  -  x.  Henee  the  general  solution  of  our  Riccati  equation  is  given  by 
y(x)  =  x  +  l/(C-x). 

66.  The  substitution  y'  =  C  in  the  Clairaut  equation  immediately  yields  the  general  solution 
y  =  Cx  +  g(C). 

67.  Clearly  the  line  y  =  Cx  -  C2/ 4  and  the  tangent  line  at  (C/2,  C2/4)  to  the  parabola 
y  =  x2  both  have  slope  C. 
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68.  ln|v  + Vl  +  v2  j  =  -k\nx  +  k\na  =  ln(: x/a)  * 


v  +  Vl  +  v2  =  ( x/a ) 
-|2 


-i 


(x/a) 


=  l  +  v¿ 


[x/a)  U  -2v[x/a)  k  +v 2 


v  =  — 
2 


-1 


-2  k 


-1 


f- 


-i 


1  +  v2 


1 

-k  ,  si  1 

(  X) 

2 

y 

“UJ 

69.  With  a  =  100  and  k  -  1/10,  Equation  (19)  in  the  text  is 

y  =  50[(jc/100)9/1°  -  (x/100)11/10]. 
The  equation  y'(x )  =  0  then  yields 

(x/100)1/10  =  (9/1 1)1/2, 

so  it  follows  that 

Tmax  =  50[(9/l  1)9/2  -  (9/1  l)u/2]  «  3.68  mi. 


70. 


71. 


With  k  =  w/v0  =  10/500  =  1/10,  Eq.  (16)  in  the  text  gives 


lnív  + Vl  +  v2)  =  — — lnx  +  C 

v  /  10 

where  v  =  y/x.  Substitution of  x  =  200, y  =  150,  v  =  3/4  yields  C  =  ln(2-2001/10), 
thence 


ln 


y 


+  Ji  + 


y 


=  -^lnx  +  ln(2-2001/10). 


which  —  añer  exponentiation  and  then  multiplication  of  the  resulting  equation  by  x  - 
simplifies  as  desired  to  y  +  y[x*  +  y2  =  2(200x9)  .  If  x  =  0  then  this  equation 

yields  y  =  0,  thereby  verifying  that  the  airplane  reaches  the  airport  at  the  origin. 


(a)  With  a  =  1 00  and  k  =  w/vQ=  2/4  =  1/ 2,  the  solution  given  by  equation  ( 1 9)  in 

the  textbook  is  y(x)  =  50[(x/100)1/2-(x/100)3/2].  The  fact  that  y(0)  =  0  means  that 
this  trajectory  goes  through  the  origin  where  the  tree  is  located. 
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(b)  With  k  =  4/4  =  1  íhe  solution  is  y(x)  =  50[  1  -  (x/l  00)2]  and  we  see  that  the 
swimmer  hits  the  bank  at  a  distance  y(0)  =  50  north  of  the  tree. 

(c)  With  k  =  6/4  =  1  the  solution  is  y(x)  =  50[(x/100)“l/2  -  (x/100)5/2].  This 
trajectory  is  asymptotic  to  the  positive  x-axis,  so  we  see  that  the  swimmer  never  reaches 
the  west  bank  of  the  river. 


72.  The  substitution  y'  =  p,  y"  =  p'  in  ry"  =  [1  +(y')2f12  yields 

Now  integral  formula  #52  in  the  back  of  our  favorite  calculus  textbook  gives 


rp 


J\~+p 

and  we  solve  readily  for 


f  =  x~a  =>  r'P  =  (l  +  P2)(x-a)2, 


P  =  — 


whence 


y  = 


( xy-af 
r 2  ~{x-a)2 


(x-a)dx 


dy  _  x-a 

dx 


7  =  x-a)2  +b. 


a/ r2  -  (x  -  ~a)2 

which  final ly  gives  (x  -  cif  +  {y  -  bf  =  r  as  desired. 


SECTION  1.7 

POPULATION  MODELS 


Section  1 .7  introduces  the  first  of  the  two  major  classes  of  mathematical  models  studied  in  the 
textbook. 


In  Problems  1-8  we  outline  the  derivation  of  the  desired  particular  solution,  and  then  sketch  some 
typical  solution  curves. 

1.  Notingthat  x  >  1  because  x(0)  =  2,  we  write 

V1  1  ' 


r  dx  f,  ; 

- =  1  di; 

x(l-x)  J 


X  X  - 1 


dx  =  Jl  dt 
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lnx-ln(x-l)  =  /  +  lnC; 


x  —  1 


Ce' 


x(0)  =  2  implies  C  =  2;  x  =  2(x-l)e' 

,  ,  2e'  2 

x(í)  =  — - -  = - 

2e  -1  2-<T' 

Typical  solution  curves  are  shown  in  the  figure  on  the  left  below. 


2. 


Notingthat  x  <  10  because  x(0)  =  1,  wewrite 
r  dx  -  " 


jl  dt; 


1  1 

—  +  - 


A 


x  10  —  x  j 
x 


10-x 


=  Ce 


x(10-x) 

lnx-ln(lO-x)  =  10/  +  lnC; 
x(0)  =  1  implies  C  =  9x  =  (10-x)<? 


dx  =  Jl0¿// 


10( 


10/ 


x(0  = 


lOe 


10/ 


10 


9  +  e10'  1  +  9<?'10' 


Typical  solution  curves  are  shown  in  the  figure  on  the  right  above. 

3.  Noting  that  x  >  1  because  x(0)  =  3,  we  write 
dx 


(l  +  x)(l-x) 


J _ 

x- 1  x  +  1 , 


dx  =  J  (—2)  di 
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ln(x-l)-ln(x  +  l)  =  -2t  +  lnC;  — — -  =  Ce  2‘ 

x  +  1 

x(0)  =  3  implies  C  =  2(x-l)  =  ( x  +  l)e~2' 


x(t)  = 


2  +e~2f 
2-e~11 


2e2'+l 
2e2'  - 1 


Typical  solution  curves  are  shown  in  the  figure  on  the  left  below. 


4.  Noting  that  jjcj  <  f  because  x(0)  =  0,  we  write 

f  dx  f  ff  1  1  )j  j 

J  (3  +  2x)(3-2x)  3  JU  +  2x  3-2xJ  3 

—  In  (3  +  2x)  -  —  In(3  -  2x)  =  6t  +  -\nC;  =  Cen‘ 

2  2  2  3  -  2x 

x(0)  =  0  implies  C  =  1;  3  +  2x  =  (3-2x)e12' 

3e12'  -3  3(«l2'-l) 

1(0  2e12'  +2  ~  2(e12'  + 1) 

Typical  solution  curves  are  shown  in  the  figure  on  the  right  above. 

5.  Noting  that  x  >  5  because  x(0)  =  8,  we  write 

— =  J(-3  )df,  ÍÍ-— l—)dx  =  Jl5  dt 

J  x(x - 5)  J  J  \x  x-5 )  J 
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lnx-ln(x  —  5)  =  15t  +  lnC;  - -  =  Ce15' 

x  -  5 

x(0)  =  8  implies  C  =  8/3;  3x  =  8(x-5)e15' 

-  -40el5f  =  40 

X W  ~  3-8e15'  “  8-3e~15'  ' 

Typical  solution  curves  are  shown  in  the  figure  on  the  left  below. 


6.  Noting  that  x  <  5  because  x(0)  =  2,  we  write 


lnx-ln(5  — x)  =  -15í  +  lnC;  - -  =  Ce  15í 

5-x 

x(0)  =  2  implies  C  =  2/3;  3x  =  2(5 -x)e-15' 

10e~15'  10 

X{t)  ~  3  +  2e-15'  ~  2  +  3e15'  ‘ 

Typical  solution  curves  are  shown  in  the  figure  on  the  right  above. 
7.  Noting  that  x  >  7  because  x(0)  =  11,  we  write 


Í_^L_  =  f(_4  )dr,  íf- - l-)dx  =  Í28  dt 

J  x(x-7)  J  JU  x-l)  J 
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lnx-ln(x-7)  =  28/  +  lnC;  — *  =  Ce28' 

x-7 

x(0)  =  11  implies  C  =  ll/4;  4x  =  ll(x-17)e28' 

_  -77  e28'  _  11 

XU  4- lie28'  ~~  ll-4e~28' 

Typical  solution  curves  are  shown  in  the  figure  on  the  left  below. 


8.  Noting  that  x>13  because  x(0)  =  17,  we  write 


tónr  I7*'  Krjrnh  -  ^ 


x(x-13) 
lnx-ln(x-13)  =  -91/  +  lnC; 
x(0)  =  17  implies  C  =  17/4; 


=  Ce 


-91 / 


x-13 
4x  =  17(x-13)e~91' 


x(0  = 


-22  le 


-91/ 


221 


4-17e-91'  17-4e 


91/  * 


Typical  solution  curves  are  shown  in  the  figure  on  the  right  above. 


9.  Substitution  of  P(0)  =  100  and  F(0)  =  20  into  P'  =  ky[P  yields  A:  =  2,  so  the 
differential  equation  is  P'  =  2  y¡P.  Separation  of  variables  and  integration, 
jdP/2y[P  =  Jcft,  gives  4p  =  t  +  C.  Then  P(0)  =  100  implies  C=10,  so 
P(t)  =  (/ +  10)2.  Henee  the  number  of  rabbits  after  one  year  is  P(12)  =  484. 
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10.  Given  P'  =  -SP  =  ~(k/4P)P  =  -ky/P,  separation  of  variables  and  integration  as  in 
Problem  9  yields  2  Vp  =  -  kt  +  C .  The  initial  condition  P( 0)  =  900  gives  C  =  60,  and 

then  the  condition  P(6)  =  441  impliesthat  k=  3.  Therefore  2 yfp  =  -  3/  +  60,  so 
P  =  0  after  t  =  20  weeks. 

11.  (a)  Startingwith  dPtdt  =  /:^//\  dP/dt  =  kyfp,  we  sepárate  the  variables  and 

intégrate  to  get  P(t)  =  (kt/2  +  Cf.  Clearly  P( 0)  =  Po  implies  C  =  yjp^. 

(b)  If  P(t)  =  (ktt. 2  +  10)2,  then  P(6)  =  169  impliesthat  k  =  1.  Henee 
P(r)  =  (t/2  +  10)2,  sothereare  256  fishafter  12  months. 

12.  Solution  of  the  equation  P'  =  kP 2  by  separation  of  variables  and  integration, 

gives  P(t)  =  1  /(C-kt).  Now  P(0)  =  12  impliesthat  C=  1/12,  sonow  P{t)  = 

12/(1-12 kt).  Then  P(10)  =  24  impliesthat  k=  1/240,  sofinally  P(t)  =  240/(20  —  t). 
Henee  P  =  48  when  t  =  15,  that  is,  in  the  year  2003.  And  obviously  P  —>  oo  as  t  — >  20. 

13.  (a)  If  the  birth  and  death  rates  both  are  proportional  to  P2  and  p>  5,  then  Eq.  (1)  in 

this  section  gives  P'  =  kP2  with  k  positive.  Separating  variables  and  integrating  as  in 
Problem  12,  we  fmd  that  P(t)  =  \l(C-kt).  The  initial  condition  P(0)  =  P0  then  gives 
C  =  1/P0,so  P(/)  =  1/(1  /P0-kt)  =  P0 /(I - kP0t). 

(b)  If  P0  =  6  then  P(t)  =  6/(1  -6kt).  Now  the  fact  that  P(1 0)  =  9  implies  that 
k=  180,  so  P(l)  =  6 /(I  —  / / 3 0)  =  180/(30-0-  Henee it is clear that 
P  — >■  oo  as  t  — >30  (doomsday). 

14.  Now  dP/dt  =  -kP2  with  k>  0,  and  separation  of  variables  yields  P(t )  =  1  /(kt  +  C). 
Clearly  C  =  1/Po  as  in  Problem  13,  so  P(t)  =  P0/(l  +  kPtf)  .  Therefore  it  is  clear 
thatP(0  — >  0  as  /  — >  oo ,  so  the  population  dies  out  in  the  long  run. 

15.  Ifwewrite  P'  =  bP(alb-P)  weseethat  M^a/b.  Henee 

^0^0  _  (¿*^0)^0  =  —  —  M 

D0  bP¡  b 

Note  also  (for  Problems  1 6  and  1 7)  that  a  =  B0/  P0  and  b  =  DQ/  P02  =  k. 
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16.  The  relations  in  Problem  15  give  k=  1/2400  and  M=  160.  The  solution  is 

P(t)  -  19200/(120  +  40e  ,/l5).  Wefindthat  P  =  0.95M  after  about 27.69 months. 

17.  The  relations  in  Problem  15  give  k=  1/2400  and  M=  180.  The  solution  is 

P(t)  =  43200/(240  —  60  e~3,/so).  Wefindthat  P  =  1.05M  after  about  44.22  months. 

18.  Ifwewrite  P'  =  aP(P-b/a )  weseethat  M  =  b/a.  Henee 

M  =  (^o)^o  =  b  = 

B0  aP02  a 

Note  also  (for  Problems  1 9  and  20)  that  b  =  D0/P0  and  a  =  B0/P2  =  k. 

19.  The  relations  in  Problem  18  give  k-  1/1000  and  M=  90.  The  solution  is 

P(t)  =  9000/(100- 10e9//IO°).  Wefindthat  P=\0M  after  about  24.41  months. 

20.  The  relations  in  Problem  1 8  give  k=  1/1 100  and  M=  120.  The  solution  is 

P( 0  =  13200/(110  +  10e6,/55).  Wefindthat  P- 0.1  M  after  about  42. 12  months. 

2 1 .  Starting  with  the  differential  equation  dPI  dt  =  kP (200  -  P),  we  sepárate  variables  and 
intégrate,  noting  that  P  <  200  because  P0  =  100 : 


P(200-P) 


1  1 

P  200 -P 


dP  =  J200 kdt\ 


ln -  =  200/tt  +  lnC  =>  — - — 

200 -P  200 -P 


Now  P(0)  =  100  gives  C  =  \,  and  P'(0)  =  1  impliesthat  1  =  k  -100(200-100),  so 
we  find  that  k  =  1/1 0000.  Substitution  of  these  numerical  valúes  gives 

B_  _  ^ 200// 10000  _  g//50 
200 -P 


and  we  solve  readily  for  P(t)  =  200/(l  +  e  ,/5°).  Finally,  P(60)  =  200/(l  +  e'615)  *  153.7 
million. 


22.  We  work  in  thousands  of  persons,  so  M  =  100  for  the  total  fixed  population.  We 

substitute  M  =  100,  P'( 0)  =  1,  and  Po  =  50  in  the  logistic  equation,  and  thereby  obtain 

1  =  ¿(50)(100-50),  so  k  =  0.0004. 
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If  t  denotes  the  nuraber  of  days  until  80  thousand  people  have  heard  the  rumor,  then  Eq.  (7) 
in  the  text  gives 


80 


50x100 

50  +  (100-  50)e~004'  ’ 


and  we  solve  this  equation  for  t  ~  34.66.  Thus  the  rumor  will  have  spread  to  80%  of  the 
population  in  a  little  less  than  35  days. 

23.  (a)  x'  =  0.8x  -  0.004x2  =  0.004x(200  -  x),  so  the  máximum  amount  that  will  dissolve 

is  M  -  200  g. 

(b)  With  M  -  200,  Pq  =  50,  and  k  =  0.004,  Equation  (4)  in  the  text  yields  the 
solution 

10000 

X{  50  + 150  e-008' 


Substituting  x=  100  on  the  left,  we  solve  for  t  =  1.25  ln  3  «  1.37  sec. 

24.  The  differential  equation’  for  N(t)  is  N'(t )  =  kN(\5-N).  When  we  substitute  N( 0)  =  5 
(thousands)  and  N'( 0)  =  0.5  (thousands/day)  wefindthat  k  =  0.01.  With  N  in  place  of 
P,  this  is  the  logistic  equation  in  Eq.  (3)  of  the  text,  so  its  solution  is  given  by  Equation  (7): 

N(t)  =  - -  =  - — - 

5  +  10  exp[— (0.0 1)(1 5)í]  1  +  2  e"015' 


Upon  substituting  N  =  10  on  the  left,  we  solve  for  t  =  (ln4)/(0.15)  ~  9.24  days. 

25.  Proceeding  as  in  Example  3  in  the  text,  we  solve  the  equations 


25.00k(M- 25.00)  =  3/8,  47.54k(M- 47.54)  =  1/2 


for  M  -  100  and  k  =  0.0002.  Then  Equation  (4)  gives  the  population  function 


P(t)  = 


2500 

25  +  75e-002'  ‘ 


Wefindthat  P  =  75  when  t  =  501n9  «  110,  that  is,  in  2035  A.  D. 

26.  The  differential  equation  for  P(t)  is 

P'(t)  =  0.001  f--8P. 

When  we  substitute  P(0)  =  100  and  P'{  0)  =  8  wefindthat  S  =  0.02,  so 
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0.001P2  -0.02P  =  0.001P(P-20). 


We  sepárate  variables  and  intégrate,  noting  that  P  >  20  because  P0  =  1 00  : 


P(P -20) 


Jo.OOld/ 


_1 _ _1_ 

P- 20  P 


=  Jo. 02  dt ; 


ln^  =  ±,+lnC  ^  = 

P  50  P 


Now  P(0)  =  100  gives  C  -  4/5,  henee 


5(P-20)  =  4Pe'/50  =>  P(í)  = 


5-4e' 


It  follows  readily  that  P  =  200  when  t  =  501n(9/8)  «  5.89months. 


We  are  given  that 


F  =  W^-O-OIP, 


When  we  substitute  P(0)  =  200  and  P'(0)  =  2  wefindthat  k  =  0.0001,  so 


0.0001P2-0.01P  =  0.0001  P(P- 100). 


We  sepárate  variables  and  intégrate,  noting  that  P  >  100  because  P0  =  200 : 


P(P-100) 


=  Jo.oooií* 


P-100  P 


Jo. 01  dt; 


.  P-100  1  .  _  P-100  _  ,/100 

ln - =  - /  +  lnC  =>  -  =  Ce  m . 

P  100  P 


Now  P(0)  =  100  gives  C  =  1/2,  henee 


2(P-100)  =  Pe' 


(a)  P  =  1000  when  /  =  1 00  ln(9/5)  «  58.78. 


(b)  P->  oo  as  /  ->  1 00  ln  2  *  69.3 1 . 
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Our  alligator  population  satisfies  the  equation 


—  =  O.OOOlx2  —  O.OIjc  =  0.0001  x(x- 100). 
dt 

With  x  in  place  of  P,  this  is  the  same  differential  equation  as  in  Problem  27,  but  now  we 
use  absolute  valúes  to  allow  both  possibilities  x  <  1 00  and  x  >  1 00 : 


dx 


x(x  — 100) 


Jo.0001  dt 


1  n 


ln 


x-100  1 

-  rr  - 1 


100 


+  1  nC 


x-100  x) 
x-lOOÍ 


dP  =  Jo.Oldt; 


Ce 


//100 


(*) 


(a)  If  x(0)  =  25  then  x<100  and  |x-100|  =  100-x,  so  (*)  gives  C  =  3  and  henee 


100-x  —  3xe 


í/100 


,  ,  100 
X(t)  \  +  3e,/m 


We  therefore  see  that  x(t)  — >  0  as  t  ->  oo. 

(b)  But  if  x(0)  =  150  then  x>100  and  |x-100|  =  x -100,  so(*)  gives  C  =  l/3 
and  henee 

3(x  -100)  =  xe'/10°  =>  x(t)  =  3Q°,00  • 

3-e 

Now  x(t)->+°°  as  t  ->  (1001n3)-,  so  doomsday  occurs  after  about  109.86  months. 

Here  we  have  the  logistic  equation 

—  =  0.03135  P- 0.0001489  P1  =  0.0001489  P(210.544- P) 
dt 

where  k  =  0.0001489  and  P  =  210.544.  With  P0  =  3.9  also,  Eq.  (7)  in  the  text  gives 

(210.544)(3.9)  _  821.122 

P{t)  ~  (3.9)  +  (2 1 0.544 _ 3_9)e-(OOOOI489)(2IOM4)'  3.9  +  206.644^° °3135' ' 

(a)  This  solution  gives  P(140) » 127.008,  fairly  cióse  to  the  actual  1930  U.S.  census 
population  of  123.2  million. 

(b)  The  limiting  population  as  t  -» oo  is  821.122/3.9  =  210.544  million. 

(c)  Since  the  actual  U.S.  population  in  200  was  about  28 1  million  —  already  exceeding 
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the  máximum  population  predicted  by  the  logistic  equation  —  we  see  that  that  this  model 
did  not  continué  to  hold  throughout  the  20th  century. 

The  equation  is  separable,  so  we  have 


~=  f  fi0e~a‘dt,  so  lnP  =  -^e-a‘ +C. 
J  r  J  a 


The  initial  condition  P(0)  =  P0  gives  C  =  lnP0  +  y?0  /a,  so 


P(t)  =  P0exp 


a 


('-«■"i 


If  we  substitute  P( 0)  —  106  and  P'(0)  —  3xl05  into  the  differential  equation 


P\t)  =  PQe~alP, 


wefindthat  fio  =  0.3.  Henee  the  solution  given  in  Problem  30  is 

P(  0  = 

The  fact  that  P(6 )  =  2 P0  now  yields  the  equation 

/(a)  =  (0.3)(1  -  e-6")  -  or  ln  2  =  0 
for  a.  We  apply  Newton's  iterative  formula 


a. 


w+! 


fifiO 

/'(«„) 


with  f'(a)  =  1.8e  6a-ln2  and  initial  guess  a0  =  1,  and  fmd  that  a  «  0.3915. 
Therefore  the  limiting  cell  population  as  t  — >  oo  is 

P0exp(fi0/a)  =  106exp(0.3/0.3915)  «  2.15xl06. 

Thus  the  tumor  does  not  grow  much  further  after  6  months. 

We  sepárate  the  variables  in  the  logistic  equation  and  use  absolute  valúes  to  allow  for  both 
possibilities  P0<M  and  P0>  M  : 


dP 


P(M-P) 


1  \ 
M-Pj 


dP 


\kM  dt ; 
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Ini — — — 7  =  kMt  +  lnC  =>  ,  —  ,  =  Ce*".  (*) 

|M-P|  |  M-P\ 

If  P0<M  then  P  <M  and  \M - P\  =  M  - P ,  so  substitution  of  t  =  0,  P  -  P0  in  (*) 
gives  C  -  P0  /(M  -  P0).  It  folio ws  that 

P_  _  Pp  ekMl 

M-P  M-P0 

But  if  P0>  M  then  P>  M  and  \M  -  P\  -  P  -  M ,  so  substitution  of  t  =  0,  P  =  P0  in 
(*)  gives  C  =  P0  /(P0  -  M ),  and  it  follows  that 

P_  _  gkM  i 

P-M  P0-M 

We  see  that  the  preceding  two  equations  are  equivalent,  and  either  yields 


(M-P0)P  =  (M-P)PoekM'  =>  P(t)  =  - - rrr-, 

V  0  o  w  (M-P0)  +  P0ew' 

which  gives  the  desired  result  upon  división  of  numerator  and  denominator  by  e*4' . 

33.  (a)  We  sepárate  the  variables  in  the  extinction-explosion  equation  and  use  absolute 

valúes  to  allow  for  both  possibilities  P0<M  and  P0>  M  : 


If  P0<M  then  P  <  M  and  \P  -  M |  =  M  -  P  ,  so  substitution  of  t  =  0,  P  =  P0  in  (*) 
gives  C  =  (M  -  P0)/  P0.  It  follows  that 

M  —  P  _  Mj-Pq  ^j¡ mi 
P  ~  P0 

But  if  P0>  M  then  P  >  M  and  \P-M\  =  P-M  ,  so  substitution  of  t  =  0,  P  -  P0  in 
(*)  gives  C  =  (P0-M)/ P0,  and  it  follows  that 

_  P0  -  M  jm, 

P  Po 

We  see  that  the  preceding  two  equations  are  equivalent,  and  either  yields 


Section  1.7 


75 


(. P~M)P0  =  (P0-M)PekMl 


=>  m  = 


m 

PQ+(M-P0)eMt' 


(b)  If  P0  <M  then  the  coefficient  M  —  P0  is  positive  and  the  denominator  increases 
without  bound,  so  P(t)  ->  0  as  /->co.  But  if  P0  >  M,  then  the  denominator 
P0  -  (P0  -M)ekMl  approaches  zero  —  so  P(t)  -»  +oo  —  as  t  approaches  the  valué 
(1  /  kM)  ln([/^  /(P0  -  M)\  >  0  írom  the  left. 


34.  Differentiation  of  both  sides  of  the  logistic  equation  P'-kP-(M  -P)  yields 

p„  =  dF'dP 
dP  dt 

=  [k  ■  (M  - P)  +  kP ■(-!)]■  kP(M-P) 

=  k[M-2P]-kP(M-P )  =  2  k2P{M-{P){M-P) 

asdesired.  'Oie conclusions that  P">0  if  0 <P<\M,  that  P"  =  0  if  P  =  \M ,  and 
that  P"  <  0  if  \M  <P  <M  are  then  immediate.  Thus  it  folio  ws  that  each  of  the 
curves  for  which  P0<M  has  an  inflection  point  where  it  crosses  the  horizontal  line 
P  =  \M. 

35.  Any  way  you  look  at  it,  you  should  see  that,  the  larger  the  parameter  k>  0  is,  the  faster  the 
logistic  population  P(t)  approaches  its  limiting  population  M. 

36.  With  x  =  e5m/l,  P0  =  5.308,  P{  =23.192,  and  P2  =  76.212,  Eqs.  (7)  in  the  texttake  the 
form 

_ PoK _ =  p  p 

P0  +  (M-P0)x  15  P0  +  (M-P0)x 2  2 

from  which  we  get 

P0+(M-P0)x  =  P0M  /  Px ,  P0  +  (M-P0)x2  =  P0M/P2 

x  =  p£¥~Z\  *  =  WLzV  (i) 

PX{M -P0)  P2(M  -P0)  U 

ÜiM-Ptf  =  P0(M-P2) 

P2(M  -P0)2  P2(M-P0 ) 

P0P2(M-Pt)2  =  P2(M-P0)(M-P2) 

P0P2M2-2P0P\P2M  +  PqP?P2  =  P2M2 -P2(P0  +  P2)M +  P0P2P2 
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We  cancel  the  final  terms  on  the  two  sides  of  this  last  equation  and  solve  for 


M  =  WMzMzMl  ('ü') 

pp-p 2  ■  K> 

r0r2  r\ 

Substitution  of  the  given  valúes  P0  =  5.308,  Pi  =  23.192,  and  P2  =  76.212  nowgives 
M-  188.121.  The  first  equation  in  (i)  and  x  =  exp (~kMtx)  yield 


k  = 


1  lnP0(M-P,) 
Mtx  PX(M-P0) 


(iii) 


Now  substitution  of  t\  =  50  and  our  numerical  valúes  of  M,  P0,PX,  P2  gives 
k  =,0.000167716.  Finally,  substitution  of  these  valúes  of  k  and  M  (and  Pq)  in  the 
logistic  solution  (4)  gives  the  logistic  model  of  Eq.  (8)  in  the  text. 


In  Problems  37  and  38  we  give  just  the  valúes  of  k  and  M  calculated  using  Eqs.  (ii)  and  (iii)  in 
Problem  36  above,  the  resulting  logistic  solution,  and  the  predicted  year  2000  population. 


37.  k  =  0.0000668717  and  M  =  338.027,  so  P(t) 
predicting  P  =  192.525  in  the  year  2000. 


_ 25761.7 

76.212  +  261. 815e 


-0.0226045/  ’ 


38.  k  =  0.000146679  and  M  =  208.250,  so  P(t ) 
predicting  P  =  248.856  in  the  year  2000. 


_ 4829.73 

23. 192  +  185. 058e 


-0.03054581  ’ 
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39.  We  readily  sepárate  the  variables  and  intégrate: 


JclP 

—  =  J(¿  +bcos2nt)dt 


lnP  =  kt H - sin2^-/  +  lnC. 

2  n 


The  colored  curve  in 


(  h  > 

Clearly  C  =  P0,  sowefmdthat  P(t)  =  exp  kí  +  — sin2^í 

V  2  n  j 

the  figure  above  shows  the  graph  that  results  with  the  typical  numerical  valúes 
Pq  =100,  k  —  0.03,  and  b  =  0.06.  It  oscillates  about  the  black  curve  which  represents 
natural  growth  with  P0  and  k  =  0.03.  We  see  that  the  two  agree  at  the  end  of  each  full 
year. 


SECTION  1.8 

AGCELERATSOM-VELOCSTY  MODELS 

This  section  consists  of  three  essentially  independent  subsections  that  can  be  studied  separately: 
resistance  proportional  to  velocity,  resistance  proportional  to  velocity-squared,  and  inverse-square 
gravitational  acceleration. 


1.  Equation: 
Solution: 


Answer: 


v'  =  ¿(250  -  v),  v(0)  =  0,  v(10)  =  100 

í  =  ~  \kdt>  ln(250-v)  =  -fc  +  lnC, 

J  250 -v  J 

v(0)  =  0  implies  C  =  250;  v(/)  =  250(\-e~k‘) 

v(10)  =100  implies  k = ^^(250/1 50) «  0.051 1; 
v  =  200  when  t  =  -(ln50/250)/¿  «  31.5  sec 


2.  Equation:  v'  =  -kv,  v(0)  =  v0;  x'  =  v,  jc(0)  =  x0 

Solution:  x'(t)  =  v(t)  =  v0e~k'\  x  (/)  =  -  (v0  /  k)e~k'  +  C 

C  =  x0+(v0/k)e~kl;  x(t)  =  x0+(v0/¿)(  l-e-*') 
Answer:  limx(t)  =  lim[x0 +  (v0/¿)(l =  x0+(v0/¿) 


3.  Equation: 
Solution: 


v’  =  -kv,  v(0)  =  40;  v(10)  =  20  x'  =  v,  x(0)  =  0 
v(t)  =  40  e**  with  k  =  (l/10)ln  2 
x(t)  =  (40/¿)(l  -e^') 
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Answer:  x(oo )  =  lim(40/A:)(l-e  *')  =  40/ A:  =  400/ln2  ~  577  ft 


Equation: 

Solution: 


Equation: 

Solution: 


Answer: 

Equation: 

Solution: 


Equation: 

(a) 


v'  =  -kv2,  v(0)  =  v0;  x'  =  v,  x(0)  =  x0 


-  =  \kdf,  -  =  kt  +  C;  C 

J  V  J  V 


1 


x’(t)  =  v(0  =  - . v° . -  ;  x(t)  =  yln(l  +  v0Aí)  +  x0 

1  +  v0kt  k 

x(t)  — >  oo  as  x(t)  —>  oo 

v'  =  -kv,  v(0)  =  40;  v(10)  =  20  x'  -  v,  x(0)  =  0 
40 


v  = 


1  +  40  kt 


(as  in  Problem  3) 


v(10)  =  20  implies  40A  =  1/10,  so  v(t)  = 


400 
10  +  í 


x(f)  =  400  ln[(10  +  0/10j 
x(60)  =  400  ln  7  «  778  ft 

v'  =  -kv3n,  v(0)  =  v0;  x'  =  v,  x(0)  =  x0 


-J+-í 

x'(0  -  v(0  = 


kdt  1  kt  1 

T7  =  7+C;  77 


4v„ 


( '2  +  ktJv, 


x(t)  = 


477 


C  =  x0+^£;  x(/)  =  x0  +  7£ 

k  k 

x(oo)  =  x0  +  2  77  /  ^ 


1 


k{2  +  A:/ 77) 


2  +  A:/77 


+  C 


v'  =  10  — 0.1  v,  x(0)  =  v(0)  =  0 

~0Adv  =  f(_o.i)df;  ln(lO-O.lv)  =  -f/10  +  lnC 
J  10-0. lv  J 

v(0)  =  0  implies  C  =  10;  ln[(10-0.1  v)/10]  =  -r/10 


v(/)  =  100(1 -e-"10);  v(oo)  =  100  ft/sec  (limiting  velocity) 
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(b)  x(t)  =  100/  — 1000(1  -  e“,/I0) 

v  =  90  ft/sec  when  t  =  23.0259  sec  and  x  =  1402.59  ñ 

v'  =  10- 0.001  v2,  x(0)  =  v(0)  =  0 

f  0.01  dv  edt  |  v  t 

J  1  -0.0001  v2  J10  100  10 

v(0)  =  0  implies  C  =  0  so  v(/)  =  100tanh(t/10) 

i/ io  _  -mo 

v(oo)  =  lim  100tanh(//10)  =  100  lim  — ^ ^  =  100 ft/sec 

/~>oo  /->oo  g  £  ,/IU 

(b)  x{t)  =  1000  ln(cosh/710) 

v  =  90  ñ/sec  when  t  =  14.7222  sec  and  x  =  830.366  ñ 

9.  The  solution  of  the  initial  valué  problem 

1000  v'  =  5000  -  100  v,  v(0)  =  0 
is 

v(t)  =  50(1  -e“//10). 

Henee,  as  t  ->  oo,  we  see  that  v(t)  approaches  vmax  =  50  ft/sec  ~  34  mph. 

10.  Before  opening  parachute: 

v'  =  -32 -0.15 v,  v(0)  =  0,  >^(0)  =  10000 

v(0  =  213.333(e"015/  -1),  v(20)  =  -202.712  ñ/sec 

y(t)  =  1 1 422.2  - 1 422.22 e~°A5ly  -  2 1 3 .333 X20)  =  7084.75  ñ 

Añer  opening  parachute: 

v'  =  -32-1.5V,  v(0)  = -202.712,  j(0)  =  7084.75 

v(/)  -  - 21. 3333 -181. 379c-1 5' 

y(t)  =  6964.83  +  120.919c-1 5'  -21.3333t, 

y  =  0  when  t  =  326.476 

Thus  she  opens  her  parachute  after  20  sec  at  a  height  of  7085  feet,  and  the  total 
time  of  descent  is  20  +  326.476  =  346.476  sec,  about  5  minutes  and  46.5  seconds.  Her 
impact  speed  is  21.33  ft/sec,  about  15  mph. 


8.  Equation: 
(a) 
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11.  If  the  paratrooper's  terminal  velocity  was  lOOmph  =  440/3  ft/sec,  then  Equation  (7)  in 
the  text  yields  p  =  12/55.  Then  we  find  by  sol ving  Equation  (9)  numerically  with 

yo  =  1200  and  vo  =  0  that  y  =  0  when  t  ~  12.5  sec.  Thus  the  newspaper  account  is 
inaccurate. 

12.  With  m  =  640/32  =  20  slugs,  W  =  640  Ib,  B  =  (8)(62.5)  =  500  Ib,  and  FR  =  -v  Ib 
(Fr  is  upward  when  v  <  0),  the  differential  equation  is 

20  v'(t)  =  -640  +  500  -  v  =  -140  -  v  . 

Its  solution  with  v(0)  =  0  is 

v(0  =  140(e"005'  -l)5 
and  integration  with  y(0)  =  0  yields 

y(t)  =  2800(^°05'-l)-14Oí. 

Using  these  equations  we  find  that  t  =  201n(28/13)  «  15.35  sec  when  v  =  -75  ft/sec, 
and  that  y(15.35)  «  -648.31  ft.  Thus  the  máximum  safe  depth  is  just  under  650  ft. 


Given  the  hints  and  integráis  provided  in  the  text,  Problems  13—16  are  fairly  straightforward  (and 
fairly  tedious)  integration  problems. 


17.  To  solve  the  initial  valué  problem  v'  =  - 9.8-  0.001  lv2,  v(0)  =  49  wewrite 


dv 


9.8  + 0.001  lv2 


0.01 0595  dv 
1  + (0.010595  v)2 


Jo. 103827 <7/ 


tan-1  (0.01 0595 v)  =  -0.103827/  +  C;  v(0)  =  49  implies  C  =  0.478854 
v(t)  =  94.3841  tan(0.478854- 0.1 038270 


Integration  with  y(0)  =  0  gives 

y(0  =  108.468  +  909.052  ln(cos(0.478854 -0.1 03827/)) . 

We  solve  v(0)  =  0  for  /  =  4.612,  and  then  calcúlate  y(4.6 1 2)  =  108.468. 

18.  We  solve  the  initial  valué  problem  v'  =  -  9.8  + 0.001  lv2,  v(0)  =  0  muchasin 

Problem  1 7,  except  using  hyperbolic  rather  than  ordinary  trigonometric  functions.  We  fírst 
get 
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v(0  =  -94.3841  tanh(0.103827t), 


19. 


20. 


21. 


and  then  integration  with  y{ 0)  =  108.47  gives 

y(t)  =  108.47-909.052  ln(cosh(0. 103827/))  • 

We  solve  X0)  =  0  for  t  =  cosh_1(exp(108.47/909.052))/0.103.827  «4.7992,  and  then 
calcúlate  v(4.7992)  = -43.489. 


Equation: 

Solution: 


v'  =  4-(l/400)v2,  v(0)  -  0 

dv  r,  f  (1/40 )dv 


r 


r  .  r±dí 

J  J  l-(v/40)2  J  10 


4  — (l/400)v2 

tanh_I(v/40)  =  t/10  +  C;  C  =  0;  v(/)  =  40tanh(//10) 
Answer:  v(10)  «30.46  ft/sec,  v(oo)  =  40ft/sec 

Equation: 

Solution: 


v'  =  -32  -(l/800)v2,  v(0)  =  160,  >/(0)  =  0 

dv  r,  C  (1/1 60)¿/v 


32  +  (l/800)v 


u  .  _  fldl; 

J  J  1  +  (v/160)2  J  5 


tan  '(v/160)  =  -t/5  +  C;  v(0)  =  160  implies  C  =  n! 4 


v(t)  =  160  tan 
y(t)  =  800  ln 


n  t 
7~5 


/ 

0 

\ 

eos 

— 

— 

V 

U 

Sy1 

) 

+  4001n2 

We  solve  v(/)  =  0  for  t  =  3.92699  and  then  calcúlate  >'(3.92699)  =  277.26  ft. 
Equation:  v'  =  -g-pv2,  v(0)  =  v0,  _g(0)  =  0 

dv 


Solution: 


J  g  +  pv  J 


ypig  dv  C  i — 

— — -  72  =  ~  y gpdt; 

1  +  {Jpigv) 


tan"'(7p7 ~gv)  =  -Jgpt  +  C;  v(0)  =  v0  implies  C  =  tan-1  (yfpTg  v0) 

IF 


v(0  =  -  I—  tan 
]P 


tyfgP-  tan'1 


82 


Chapter  1 


1 


and  substitute  in  Eq.  (17)  for  y(t): 


We  solve  v(t)  =  0  for 


t  = 


yfgP 


tan 


=  —  ln 


eos 

'tan-1  v0 

Jp/g -tan'  v( 

Jp/g) 

eos 

(tan  ~'vjp/g] 

) 

-^■ln(sec(tan_1  voy[pTg)jj  =  ~hlJ1  + 


Pv0 

g 


y max 


pv¡ 


— ln(l  + 

2P  {  g 


By  an  integration  similar  to  the  one  in  Problem  19,  the  solution  of  the  initial  valué  problem 
v'  =  -  32  + 0.075  v2,  v(0)  =  0  is 

v(0  =  -20.666tanh(l. 549190, 

so  the  terminal  speed  is  20.666  ft/sec.  Then  a  further  integration  with  y(0)  =  0  gives 
y{t)  =  10000- 13.333  ln(cosh(1.549190). 


We  solve  y(0)  =  0  for  t  =  484.57.  Thus  the  descent  takes  about  8  min  5  sec. 

Before  opening  parachute: 

v'  =  -32  +  0.00075 v2,  v(0)  =  0,  y(0)  =  10000 

v(0  =  -  206.559  tanh(0. 15491 90  v(30)  =  -206.521  ft/sec 

y(t)  =  10000-1333.33  ln(cosh(0. 1549 190),  y(30)  =  4727.30  ft 

After  opening  parachute: 

v'  =  -32  + 0.075 v2,  v(0)  = -206.521,  y(0)  =  4727.30 

v(0  =  -  20.6559  tanh(l  .549 1 9/  +  0.005 1 9595) 
y(t)  =  4727.30  - 1 3.3333  ln(cosh(l  .54919 1  +  0.005 1 9595)) 
y  =  0  when  t  -  229.304 

Thus  she  opens  her  parachute  after  30  sec  at  a  height  of  4727  feet,  and  the  total 
time  of  descent  is  30  +  229.304  =  259.304  sec,  about  4  minutes  and  19.3  seconds. 

Let  M  denote  the  mass  of  the  Earth.  Then 

(a)  a/2 GM  Tr  =  c  implies  R  =  0.884x1 0'3  meters,  about  0.88  cm; 
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(b)  y2G(329320A/)/i?  =  c implies  R  =  2.91  xlO3  meters,  about  2.91  kilometers. 

25.  (a)  The  rocket's  apex  occurs  when  v  =  0.  We  get  the  desired  formula  when  we  set 

v  =  0  in  Eq.  (23), 

v!  - 

and  solve  for  r. 

(b)  We  substitute  v-0,  r  =  R  + 105  (100  km  =  105  m)  and  themks  valúes 

G  =  6.6726x  10  ",  M  =  5.975xl024,  R  =  6.378  x  106  inEq.  (23)  and  solve  for 
v0  -1389.21  m/s  «1.389  km/s. 

(c)  When  we  substitute  v0  -  {9 1  \Q¡)^¡2GmTr  in  the  fomxula  derived  in  part  (a),  we 
findthat  rmax  =  100^/19. 

26.  By  an  elementary  computation  (as  in  Section  1 .2)  we  fínd  that  an  initial  velocity  of  v0  =  1 6 

ft/sec  is  required  to  jump  vertically  4  feet  high  on  earth.  We  must  determine  whether  this 
initial  velocity  is  adequate  for  escape  ffom  the  asteroid.  Let  r  denote  the  ratio  of  the  radius 
of  the  asteroid  to  the  radius  R  =  3960  miles  of  the  earth,  so  that 

=  L5  =  1 
r  3960  ~  2640' 

Then  the  mass  and  radius  of  the  asteroid  are  given  by 

Ma  =  r’M  and  Ra  =  rR 

in  terms  of  the  mass  M  and  radius  R  of  the  earth.  Henee  the  escape  velocity  from  the 
asteroid's  surface  is  given  by 


in  terms  of  the  escape  velocity  v0  from  the  earth's  surface.  Henee  va  ~  36680/2640 

«13.9  ft/sec.  Since  the  escape  velocity  ffom  this  asteroid  is  thus  less  than  the  initial 
velocity  of  1 6  ft/sec  that  your  legs  can  provide,  you  can  indeed  jump  right  off  this  asteroid 
into  space. 

27.  (a)  Substitution  of  v¿=2 GM/R  —  k2/R  in  Eq.  (23)  of  the  textbook  gives 


We  sepárate  variables  and  proceed  to  intégrate: 
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j\fr  dr  =  jk  dt  =>  — r 3/2  =  kt  +  ^-R3'2 

(using  the  fací  that  r  =  R  when  /  =  0).  Wesolvefor  r(t)  =  {jkt  +  R312^213  and  note  that 
r(t)  — >  oo  as  t  — >  oo. 


(b)  If  v0  >  2 GM  /  R  then  Eq.  (23)  gives 


dr 

dt 


=  v 


2  GM 
- + 


2  GM^ 


k 


Therefore,  at  every  instant  in  its  ascent,  the  upward  velocity  of  the  projectile  in  this  part  is 
greater  than  the  velocity  at  the  same  instant  of  the  projectile  of  part  (a).  If  s  as  though  the 
projectile  of  part  (a)  is  the  fox,  and  the  projectile  of  this  part  is  a  rabbit  that  runs  faster. 
Since  the  fox  goes  to  infmity,  so  does  the  faster  rabbit. 


28.  (a)  Integration  of  gives 


and  we  solve  for 


GM 


f  \  1  A 


\r  roJ 


2  GM 


fl  1N 


\r  roj 


taking  the  negative  square  root  because  v  <  O  in  descent.  Henee 


dr 


rQ-r 


2  GM 

y[r~/2GM  |2r0cos2  O  dO 


(r  =  r0  eos2  0) 


J/2 


y¡2 GM 


(^  +  sin^  eos  6*) 


2  GM 


2  -i  ir 

r  +r0cos 


'o  J 


(b)  Substitution  of  G  =  6.6726x1 0'",  M  =  5.975  x  1 024  kg,  r  =  R  =  6.378xl06m, 
and  r0  =  R  + 1 06  yields  /  =  5 1 0.504,  that  is,  about  8 {  minutes  for  the  descent  to  the 
surface  of  the  earth.  (Recall  that  we  are  ignoring  air  resistance.) 

(c)  Substitution  of  the  same  numeral  valúes  along  with  v0  =  0  in  the  original 
differential  equation  of  part  (a)  yields  v  =  — 4 1 1 6.42  m/s  «  — 4. 1 1 6  km/s  for  the  velocity  at 
impact  with  the  earth’s  surface  where  r  =  R. 
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29. 


j(0)  =  0,  v(O)  =  v0  gives 


Integration  of  v 


dv 

dy 


GM 

( y+R )3’ 


1  2  GM  GM  1  , 

-V  = - +  _V2 

2  y  +  i?  i?  2  0 

which  simplifies  to  the  desired  formula  for  v2.  Then  substitution  of 
G  =  6.6726 xltr",  M  =  5.975 x  1024  kg,  R  =  6.378 xl06m  v  =  0,and  v0=l 
yields  an  equation  that  we  easily  solve  for  y  =  5 1427.3,  that  is,  about  5 1 .427  km. 

30.  When  we  intégrate 


dv 
v — 
dr 


GK  GM 
r  (5-r)2’ 


r(0)  =  R,  r'(0)  =  v0 


in  the  usual  way  and  solve  for  v,  weget 


v 


2GM  2GM  2  GMm  2  GM,„  7 

V  r  R  r-S  R-S 

The  earth  and  moon  attractions  balance  at  the  point  where  the  right-hand  side  in  the 
acceleration  equation  vanishes,  which  is  when 


r  = 

-Jk-JK' 

Ií  we  substitute  this  valué  of  r ,  Mm  =  7.35  x  10”  kg,  S  =  384.4  x  106 ,  and  the  usual  valúes 

of  the  other  constants  involved,  then  set  v  =  0  (to  just  reach  the  balancing  point),  we  can 
solve  the  resulting  equation  for  v0  =  1 1 , 1 09  m/s.  Note  that  this  is  only  7 1  m/s  less 
than  the  earth  escape  velocity  of  1 1,180  m/s,  so  the  moon  really  doesn’t  help  much. 


CHAPTER  1  Review  Problems 

The  main  objective  of  this  set  of  review  problems  is  practice  in  the  identification  of  the  different 
types  of  fírst-order  differential  equations  discussed  in  this  chapter.  In  each  of  Problems  1-36  we 
identify  the  type  of  the  given  equation  and  indícate  an  appropriate  method  of  solution. 

1.  If  we  write  the  equation  in  the  form  y'  —  (3/ x)y  =  x 2  we  see  that  it  is  linear  with 

integrating  factor  p  =  x~\  The  method  of  Section  1 .5  then  yields  the  general  solution 
y  =  x\C  +  ln  x). 
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2.  We  write  this  equation  in  the  separable  form  y  I y1  =  (x  +  3 )/x2.  Then  separation  of 
variables  and  integration  as  in  Section  1 .4  yields  the  general  solution 

y  =  x  /  (3  —  Cx  —  x  ln  x). 

3.  This  equation  is  homogeneous.  The  substitution  y  =  vx  of  Equation  (8)  in  Section  1 .6 
leads  to  the  general  solution  y  =  x/(C  -  ln  x). 

4.  Wenotethat  Dy  (2xy3  +  exJ  =  Dx(l>x2y2  +  siny)  =6xy2,  so  the  given  equation  is 

exact.  The  method  of  Example  9  in  Section  1 .6  yields  the  implicit  general  solution 
x2y3  +  ex  —  eos  y  =  C. 

5.  We  write  this  equation  in  the  separable  form  y' ¡y1  =  (2x-3)/x4.  Then  separation 
of  variables  and  integration  as  in  Section  1 .4  yields  the  general  solution 

y  =  Cexp[(l  -x)/x3]. 

6.  We  write  this  equation  in  the  separable  form  y' /y2  =(l-2x)/x2.  Then  separation 
of  variables  and  integration  as  in  Section  1 .4  yields  the  general  solution 

y  =  x  /  ( 1  +  Cx  +  2x  ln  x). 

7.  If  we  write  the  equation  in  the  form  y'  +  (2/x)y  =  1  /  x3  we  see  that  it  is  linear  with 

i ntegrating  factor  p  =x2.  The  method  of  Section  1.5  then  yields  the  general  solution 
y  =  x~2(C  +  ln  x). 

8.  This  equation  is  homogeneous.  The  substitution  y  =  vx  of  Equation  (8)  in  Section  1.6 
leads  to  the  general  solution  y  =  3 Cx/(C-x3). 

9.  If  we  write  the  equation  in  the  form  y'  +  (2/  x)y  =  6x^[y  we  see  that  it  is  a  Bemoulli 

equation  ■with  n  =  1/2.  The  substitution  v  =  y~V2  ofEq.  (10)  in  Section  1.6  then 
yields  the  general  solution  y  =  (x2  +  C/x)2. 

10.  We  write  this  equation  in  the  separable  form  y' /{\  +  y2)  =  1  +  x2.  Then  separation 

of  variables  and  integration  as  in  Section  1 .4  yields  the  general  solution 
y  =  tan(C  +  x  +  x3/3). 

11.  This  equation  is  homogeneous.  The  substitution  y  =  vx  of  Equation  (8)  in  Section  1.6 
leads  to  the  general  solution  y  =  x  /  (C  -  3  ln  x). 
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12. 


Wenotethat  Dy  (óxy3  +2y4 )  =  Dx(9x2y2  +8xy3)  =  lSxj^+S.y3,  so  the  given 

equation  is  exact.  The  method  of  Example  9  in  Section  1.6  yields  the  implicit  general 
solution  3 x2y3  +  2xy4  =  C. 

13.  We  write  this  equation  in  the  separable  form  y'  I  y2  =  5x4  -  4x.  Then  separation 
of  variables  and  integration  as  in  Section  1 .4  yields  the  general  solution 

y  =  1  /  (C  +  2x2  -  x5). 

14.  This  equation  is  homogeneous.  The  substitution  y  =  vx  of  Equation  (8)  in  Section  1 .6 
leads  to  the  implicit  general  solution  y2  =  x2  /  (C  +  2  ln  x). 

15.  This  is  a  linear  differential  equation  with  integrating  factor  p  =  e3x .  The  method  of 
Section  1 .5  yields  the  general  solution  y  =  (x  +  C)e  . 

16.  The  substitution  v  =  y -x,  y  =  v  +  x,  y'  =  v'  + 1  gives  the  separable  equation 

v'  + 1  =  (y-  x)2  =  v2  in  the  new  dependent  variable  v.  The  resulting  implicit  general 
solution  of  the  original  equation  isy-x-1  =  C  e^iy  -  x  +  1). 

17.  Wenotethat  Dy(ex  +  yexy}  =  Dx(ey  +xexy\  =  exy  +xyexy,  so  the  given  equation  is 

exact.  The  method  of  Example  9  in  Section  1.6  yields  the  implicit  general  solution 
ex  +  ey  +  exy  =  C. 

18.  This  equation  is  homogeneous.  The  substitution  y -vx  of  Equation  (8)  in  Section  1.6 
leads  to  the  implicit  general  solution  y2  =  Cx2(x2  -  y2). 

19.  We  write  this  equation  in  the  separable  form  y' /  y1  =  (2  -  3x5  )/x3.  Then  separation 

of  variables  and  integration  as  in  Section  1 .4  yields  the  general  solution 
y  =  x2  /  (x5  +  Cx2  +  1). 

20.  If  we  write  the  equation  in  the  form  y'  +  (3/  x)y  —  3x“5/2  we  see  that  it  is  linear  with 
integrating  factor  p  =  x3.  The  method  of  Section  1.5  then  yields  the  general  solution 
y  =  2x~m  +  Cx-3. 

21.  If  we  write  the  equation  in  the  form  y'  +  (l  /(x  +  l))y  =  1  /(x2  - 1)  we  see  that  it  is  linear 
with  integrating  factor  p  =x  +  l.  The  method  of  Section  then  1 .5  yields  the  general 
solution  y  =  [C  +  ln(x  -  1)]  /  (x  +  1). 
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22.  If  we  write  the  equation  in  the  form  y'-(6/x)y  —  12x3y2/3  we  see  that  it  is  a  Bernoulli 
equation  mth  n  =  1/3.  The  substitution  v  =  y~2/3  of  Eq.  (10)  in  Section  1.6  then 
yields  the  general  solution  y  =  (2x4  +  Cx2)3. 

23.  We  note  that  Dy{ey  +  ycosx)  =  Dx  [xey  +  sinx)  =  ey  +cosx,  so  the  given  equation 

is  exact.  The  method  of  Example  9  in  Section  1.6  yields  the  implicit  general  solution 
x  é1  +  y  sin  x  =  C. 

24.  We  write  this  equation  in  the  separable  form  y' ¡y1  -  (l  -9x2)/ x3/2.  Then  separation 

of  variables  and  integration  as  in  Section  1 .4  yields  the  general  solution 
y  =  xm  /  (6x2  +  Cxl?2  +  2). 

25.  If  we  write  the  equation  in  the  form  y'  +  (2  /(x  + 1))  y  =  3  we  see  that  it  is  linear  with 

integrating  factor  p  =  (x  + 1)2 .  The  method  of  Section  1 .5  then  yields  the  general 
solution  y  =  x  +  1  +  C  (x  +  1)“2. 

26.  We  note  that  D,(9xmym -12x,/5y3/2)  =  Dx (8xmym -\5x6,5yU2)  = 

12xl/2yl/3  -18xl/5yI/2,so  the  given  equation  is  exact.  The  method  of  Example  9  in 
Section  1 .6  yields  the  implicit  general  solution  6x3/2y4/3  -  1 0x6/5y3/2  =  C. 

27.  If  we  write  the  equation  in  the  form  y'  +  (1  /  x)y  =  -  x2y4  /  3  we  see  that  it  is  a  Bernoulli 
equation  with  n  =  4.  The  substitution  v  =  y"3  ofEq.  (10)  in  Section  1.6  then  yields 
the  general  solution  y  =  x  (C  +  ln  x)  . 

28.  If  we  write  the  equation  in  the  form  y'  +  (1  /  x)y  =  2  e2x  /  x  we  see  that  it  is  linear  with 
integrating  factor  p  -x.  The  method  of  Section  1.5  then  yields  the  general  solution 

y  =  x-'iC  +  e2*). 

29.  If  we  write  the  equation  in  the  form  y'  +  (l/(2x  +  l))y  =  (2x  +  l)l/2  we  see  that  it  is 

linear  with  integrating  factor  p  =  (2x  +  l)l/2 .  The  method  of  Section  1 .5  then  yields 
the  general  solutiony  =  (x2  +  x  +  C)(2x  +  1)~1/2. 

30.  The  substitution  v  =  x  +  y,  y  =  v-x,  y'  =  v'-\  gives  the  separable  equation 

v'  - 1  =  -Jv  in  the  new  dependent  variable  v.  The  resulting  implicit  general  solution  of 
the  original  equation  is  x  =  2(x  +  y)1/2  -  2  ln[l  +  (x  +  y)I/2]  +  C. 
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dy/(y  +  7)  =  3x2dx is  separable;  y'  +  3x2y  =  2\x2  is  linear. 

dy  /( y2  - 1)  =  x¿/xis  separable;  /  +  x  y  =  xy3  is  a  Bemoulli  equation  with  n  =  3 . 

(3x  +  2 y2 )  ¿/x  +  4xjy  dy  =  Oisexact;  y'  =  -  j(3x/>»  +  2>’/x)is  homogeneous. 

{x  +  3y)dx  +  {3x  —  y)dy  -  Oisexact;  y'  =  — — - *  is homogeneous. 

y/x-3 

dy/(y  + 1)  =  2xc¿r/(x2 +  l)is  separable;  /-(2x/(x2  +  l))j  =  2x/(x2 +l)is  linear. 

dy/[4y-y )  -  cotx¿/xis  separable;  /  +  (cotx)j>  =  (cotx)Jy  is  a  Bemoulli  equation 
with  «  =  1/2. 
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LINEAR  EQUATIONS  OF  HIGHER  ORDER 

SECTION  2.1 

INTRODUCTION:  SECOND-ORDER  LINEAR  EQUATIONS 

In  this  section  the  central  ideas  of  the  theory  of  linear  differential  equations  are  introduced  and 
illustrated  concretely  in  the  context  of  second-order  equations.  These  key  concepts  inelude 
superposition  of  Solutions  (Theorem  1),  existence  and  uniqueness  of  Solutions  (Theorem  2), 
linear  independence,  the  Wronskian  (Theorem  3),  and  general  Solutions  (Theorem  4).  This 
discussion  of  second-order  equations  serves  as  preparation  for  the  treatment  of  nth  order  linear 
equations  in  Section  2.2.  Although  the  concepts  in  this  section  may  seem  somewhat  abstract  to 
students,  the  problems  set  is  quite  tangible  and  largely  computational. 

In  each  of  Problems  1-16  the  verifícation  that  yi  and  y2  satisfy  the  given  differential  equation 
is  a  routine  matter.  As  in  Example  2,  we  then  impose  the  given  initial  conditions  on  the  general 
solution  y  =  c\y\  +  cyy2.  This  yields  two  linear  equations  that  determine  the  valúes  of  the 
constants  c¡  and  c2. 

1.  Imposition  of  the  initial  conditions  y(0)  =  0,  _y'(0)  =  5  on  the  general  solution 
.y(x)  =  ctex  +  c2e~x  yields  the  two  equations  c]+c2=0,  c,-c2=0  with  solution 
c,  =  5/ 2,  c2  =  -5/2.  Henee  the  desired  particular  solution  is  y(x)  =  5(ex  -  e~x)/2. 

2.  Imposition  of  the  initial  conditions  y(0)  =  - 1,  y'(0)  =  15  on  the  general  solution 

y(x)  =  c,e3x  +  c2e~3x  yields  the  two  equations  c,  +  c2  =  - 1,  3c,  -  3c2  =  1 5  with  solution 
c,  =  2,  c2  -  3.  Henee  the  desired  particular  solution  is  y(x)  =  2e3x  -  3e~3x. 

3.  Imposition  of  the  initial  conditions  y(0)  =  3,  _}/(())  =  8  on  the  general  solution 
y(x)  =  c,  cos2x  +  c2  sin2x  yields  the  two  equations  c,=3,  2 c2  =  8  with  solution 
c,  =3,  c2  =  4.  Henee  the  desired  particular  solution  is  y(x)  =  3  eos  2x  +  4  sin  2x. 

4.  Imposition  of  the  initial  conditions  y(0)  =  10,  y' (0)  =  -10  on  the  general  solution 
y{x)  =  c,  cos5x  + c2  sin5x  yields  the  two  equations  c,=10,  5c2=-10  with  solution 
c,  =3,  c2  =  4.  Henee  the  desired  particular  solution  is  y(x)  =  10  eos  5x  -  2  sin  5x. 
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5.  Imposition  of  the  initial  conditions  y{ 0)  =  1,  y(0)  =  0  on  the  general  solution 

y(x)  =  cxex  +  c2e2x  yields  the  two  equations  c,  +  c2  =  1,  c,  +  2c2  =  0  with  solution 
c,  =  2,  c2  =  - 1 .  Henee  the  desired  particular  solution  is  y(x)  =  2e?  -  e2x. 

6.  Imposition  of  the  initial  conditions  j/(0)  =  7,  y  (0)  =  - 1  on  the  general  solution 

y(x)  =  c¡e2x+c2e3x  yields  the  two  equations  c,  +  c2  =  7,  2c,  —  3c2=  — 1  with  solution 
c,  =  4,  c2  =  3.  Henee  the  desired  particular  solution  is  y(x)  =  4e2x  +  3e~3x. 

I.  Imposition  of  the  initial  conditions  y(  0)  =  -2,  y'(0)  =  8  on  the  general  solution 

y(x)  =  c,  +  c2e~x  yields  the  two  equations  c,  +  c2  =  -  2,  -  c2  =  8  with  solution 

c,  =  6,  c2  =  -8.  Henee  the  desired  particular  solution  is  y(x)  =  6  -  Se~x. 

8.  Imposition  of  the  initial  conditions  _y(0)  =  4,  y'(  0)  =  -  2  on  the  general  solution 

y(x)  =  c,  +  c2e3x  yields  the  two  equations  c,  +  c2  =  4,  3c2  =  -  2  with  solution 

c,  =  14/3,  c2  =2/3.  Henee  the  desired  particular  solution  is  y(x)  =  (14  -  2e3x)/3 . 

9.  Imposition  of  the  initial  conditions  y(0)  =  2,  y(0)  =  - 1  on  the  general  solution 
y(x)  =  cxe'x  +  c2x  e~x  yields  the  two  equations  c,  =  2,  -  c,  +  c2  =  - 1  with  solution 
c,  =  2,  c2  =  1 .  Henee  the  desired  particular  solution  is  y(x)  =  2e~x  +  xe~x. 

10.  Imposition  of  the  initial  conditions  j(0)  =  3,  y' ( 0)  =  13  on  the  general  solution 
y(x)  -  c,e5x+c2xe5x  yields  the  two  equations  c,=3,  5c, +c2  =  13  with  solution 
c,  =3,  c2  =  -2.  Henee  the  desired  particular  solution  is  jy(x)  =  3e5x  -  2xe5x. 

II.  Imposition  of  the  initial  conditions  y(0)  =  0,  y'(0)  =  5  on  the  general  solution 

y(x)  =  c¡excosx  +  c2exsinx  yields  the  two  equations  c,=0,  c,  +  c2  =  5  with  solution 
c,  =0,  c2=5.  Henee  the  desired  particular  solution  is  y{x)  —  5ysin  x. 

12.  Imposition  of  the  initial  conditions  y(0)  =  2,  y'(0)  =  0  on  the  general  solution 

y(x)  -  c,c'3jr  cos2x  +  c2é~lx  sin2x  yields  the  two  equations  c,  =  2,  -3c, +2c2=5  with 
solution  c,  =2,  c2  =  3.  Henee  the  desired  particular  solution  is  y(x)  = 
e~3x(2  eos  2x  +  3  sin  2x). 

13.  Imposition  of  the  initial  conditions  y(l)  =  3,  y(l)  =  1  on  the  general  solution 
_y(x)  =  c,x  +  c2x2  yields  the  two  equations  c,  +  c2  =  3,  c,  +  2c2  =  1  with  solution 
c,  =  5,  c2  =  —  2.  Henee  the  desired  particular  solution  is  y(x)  =  5x  -  2x2. 
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14.  Imposition  of  the  initial  conditions  y  (2)  =  10,  y  (2)  =  15  onthe  general  solution 
y(x)  =  c, x2  +  c2x~3  yields  the  two  equations  4c,  +  c2  /  8  =  1 0,  4c,  -  3c2  / 1 6  =  1 5  with 
solution  c,  =3,  c2=-16.  Henee  the  desired  particular  solution  is  y(x)  =  3x2  -  16/x3. 

15.  Imposition  of  the  initial  conditions  y(\)  =  l,  y'  (1)  =  2  on  the  general  solution 

y(x)  =  c,x  +  c2xlnx  yields  the  two  equations  c,  =  7,  c,  +  c2  =  2  with  solution 
c,  =  7,  c2  =  -  5.  Henee  the  desired  particular  solution  is  y(x)  =  Ix  -  5x  ln  x. 

16.  Imposition  of  the  initial  conditions  y(l)  =  2,  y(l)  =  3  on  the  general  solution 

y(x)  =  c,  cos(ln  x)  +  c2  sin(ln  x)  yields  the  two  equations  c,  =2,  c2  =  3.  Henee  the 
desired  particular  solution  is  y(x)  -  2  cos(ln  x)  +  3  sin(ln  x). 

17.  If  y  —  c/x  then  y'  +  y2  =  -c/x2+c2/x2  =  c(c-l)/x2  &  0  unless  either  c  =  0 
or  c  =  1. 

18.  If  y  =  ex3  then  yy"  =  cx3-6cx  =  6c2x4  *  6x4  unless  c2=l. 

19.  If  y  =  1  +  Vx  then  yy"  +  {y'f  =  (1  + Vx)(-x-3/2/4)  +  (x“1/2/2)2  =  -x'3/2/4  ^  0. 

20.  Linearly  dependent,  because 

fix)  -  n  =  ?z(cos  x  +  sin  x)  =  ng(x) 

21.  Linearly  independent,  because  x3=  +  x2|x|  if  x  >  0,  whereas  x3=-x2|x|  ifx<0. 

22.  Linearly  independent,  because  1  +  x  =  c(l  +  |x|)  would  require  that  c  =  1  with  x  =  0, 

but  c  =  0  with  x  =  - 1.  Thus  there  is  no  such  constant  c. 

23.  Linearly  independent,  because  j[x)  =  +g(x)  if  x  >  0,  whereas  J[x)  =  -g(x)  if  x  <  0. 

24.  Linearly  dependent,  because  g(x)  =  2  fix). 

25.  fix)  =  cxsin  x  and  g(x)  =  excos  x  are  linearly  independent,  because  fix)  =  k  g(x) 
would  imply  that  sin  x  =  k  eos  x,  whereas  sin  x  and  eos  x  are  linearly  independent. 

26.  To  see  that  fix)  and  g(x)  are  linearly  independent,  assume  that  fix)  =  c  g(x),  and  then 
substitute  both  x  =  0  and  x  =  rd 2. 

27.  Let  L[y]  =  y"  +  py'  +  qy.  Then  L[yc]  =  0  and  L[yp]  =  fi  so 

L[yc  +LP]  =  L[yc]  +  [yp]  =  0  +f  =  f 
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28.  If  y(x)  1  +  c'i  eos  x  +  C2sin  x  then  y'(x)  —  -cisin  x  +  c2cos  x,  so  the  initial  conditions 
y(0)  —  y  (0)  —  -1  yield  cx  =  ~2,c2  —  —1.  Henee  y  =  1—2  cosx  -  sinx. 

29.  There  is  no  contradiction  because  if  the  given  differential  equation  is  divided  b y  x 2  to 
get  the  form  in  Equation  (8)  in  the  text,  then  the  resulting  functions  p(x)  =  -4/x  and 
q(x)  =  6/x2  are  not  continuous  at  x  =  0. 

2  I  3 1 

30.  (a)  y2=x  and  y2-\x  \  are linearly independent because  x3  =  c  x3  would 
require  that  c  =  1  with  x  =  1,  but  c  =  -1  with  x  =  -1. 

(b)  The  fací  that  W(yuy2)  =  0  eveiywhere  does  not  contradict  Theorem  3,  because 
when  the  given  equation  is  written  in  the  required  form 

y"  -  (3/x)y  +  (3  /x2)y  =  0, 


the  coeffícient  functions  p(x)  —  -3/x  and  q(x)  —  3/x2  are  not  continuous  at  x  =  0. 


31.  W(yi,y2) - 2x  vanishes  at  x  =  0,  whereas  if  yx  and y2  were  (linearly  independent) 

Solutions  of  an  equation  y”  +  py'  +  qy  —  0  with  p  and  q  both  continuous  on  an  open 
interval  1  containing  x  =  0,  then  Theorem  3  would  imply  that  W  0  on  I. 


32.  (a)  W  =  yiy2'  -  y \'y2,  so 

AW'=  A(y\’y{  +yiy2"  -y¡"y2  -yi'y2') 

=  yiiAyi")  -yi(Ayx") 

=  yi{-By2  -  Cyi)  -  y2{-By\  -  Cyx) 
=  -B(yxy2  -y\'yi) 

and  thus  AW'  =  -BW. 

(b)  Just  sepárate  the  variables. 

(c)  Because  the  exponential  factor  is  never  zero. 


In  Problems  33-42  we  give  the  characteristic  equation,  its  roots,  and  the  corresponding  general 
solution. 

33.  r2-3r  +  2  =  0;  r=  1,2;  y{x)  =  cxex  +  c1e2x 

34.  r  +  2r-15  =  0;  r=  3,-5;  y(x)  =  cxe~5x  +c2e3x 

35.  r  +  5r  =  0;  r  =  0,  -  5;  y(x)  =  cx  +  c2e~5x 
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36. 

2  r2 

+  3  r  =  0; 

r  -  0,- 

3/2;  y(x)  = 

=  ci  +  c2e  3x72 

37. 

2  r2 

1 

>¡ 

1 

K> 

II 

O 

r=  1, 

-1/2;  y(x) 

=  C\e 

X/1  +  c2cx 

38. 

4  r2 

+  8r  +  3  =  C 

1;  r  =  - 

-1/2, -3/2; 

y(x)  - 

=  c\e~xl2  +c2e-™2 

39. 

4  r2 

+  4r +  1  =  0 

j  r  =  - 

-1/2, -1/2; 

yix)  = 

-■  (c\  +  c2x)e~xl2 

40. 

9  r2 

-12r  +  4  = 

0;  r  = 

-2/3, -2/3; 

yix) 

—  (c\  +  c2x)e2xB 

41. 

6  r2 

II 

O 

<N 

1 

1 

0;  r  = 

-4/3, 5/2; 

yix)  = 

.  „  ^-4x/3  ,  „  5x12 

=  C\e  +  C2& 

42. 

35  r 

tvj 

I 

1 

¡o 

II 

0;  r  = 

-4/7, 3/5; 

y(x)  = 

„  -4x/7  ,  „  3x/5 

c \e  +  C2e 

In  Problems  43^8  we  first  write  and  simplify  the  equation  with  the  indicated  characteristic 
roots,  and  then  write  the  corresponding  differential  equation. 

43.  (r-0)(r  +  10)  =  r2+l0r  =  0;  y"  +  l0y'  =  0 

44.  (r-10)(r  +  10)  =  r2  -100  =  0;  f-lOOy  =  0 

45.  (r  +  10)(r  +  10)  =  r2  +  20r  +  100  =  0;  /' +  20/ + 1 00j,  =  0 

46.  (r-10)O-100)  =  r2  -110r  +  1000  =  0;  y"-U0y'  +  1000>-  =  0 

47.  (r-0)(r-0)  =  r2  =  0;  y"  =  0 

48.  (r-l-y¡2)(r-l  +  yÍ2)  =  r2-2r-\  =  0;  y”-2y'-y  =  0 

49.  The  solution curve  with  _v(0)  =  l>  /( 0)  =  6  is  yix)  =  8e  *  -7 e  ~x .  Wefmdthat 

y'(x)  =  0  when  x  =  ln(7/4)  so  e~x  =  4/7  and  e~lx  =  16/49 .  It  follows  that 

yi ln(7 / 4))  =  16/7  9  so  the  high  point  on  the  curve  is  (ln(7/4)),  16/7)  «  (0.56, 2.29) s 
which  looks  consistent  with  Fig.  2.1.6. 

50.  The  two  solution  curves  with  >’(0)  =  a  and  y(0)  =  b  (as  well  as  /( 0)  =  1 )  are 

y  =  (2a  +  l)e-x  -(a  +  \)e~2x, 
y  =  (2b  +  \)e~x  ~(b  +  l)e~2x. 
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Subtraction  and  then  división  by  a  -  b  gives  2e  x  =  e~2x ;  so  it  follows  that  x  =  -ln  2. 
Now  substitution  in  either  formula  gives  y  =  -2,  so  the  common  point  of  intersection  is 
(  ~ln  2,  -2). 

51.  (a)  The  substitution  v  =  lnx  gives 

,  _  dy  _  dy  dv  _  1  dy 
dx  dv  dx  x  dv 

Then  another  differentiation  using  the  chain  rule  gives 

,,  _  d^y  _  d  í  _  d  í  J_  ¿/y  ^ 
dx 2  dx\dx)  útcyx  dv J 

_  __L  ^,  +  i.  ( dy\dv  _  1  dy  1  d2y 

x 2  dv  x  dvydvjdx  x2  dv  x2  dv 2 

Substitution  of  these  expressions  for  y'  and  y"  into  Eq.  (21)  in  the  text  then  yields 
immediately  the  desired  Eq.  (22): 

d2y  .dy 

a~  +  (b-a)-^  +  cy  =  0. 
dv  dv 


(Ib)  If  the  roots  rx  and  r2  of  the  characteristic  equation  of  Eq.  (22)  are  real  and 

distinct,  then  a  general  solution  of  the  original  Euler  equation  is 


y(x)  =  c,er‘v  +  c2e^  =  c¡(ev)r‘ 


+  c2x 2 . 


52.  The  substitution  v  =  ln  x  yields  the  converted  equation  d2y/dv2  -  y  =  0  whose 

characteristic  equation  r2  -1  =  0  has  roots  rx=  1  and  r2=- 1.  Because  e"  =  x,  the 
corresponding  general  solution  is 

y  =  c,ev  +  c2e~"  =  c,x  +  ^-. 


53.  The  substitution  v  =  ln x  yields  the  converted  equation  d2y/dv2  +dy/dv-\2y  =  0 
whose  characteristic  equation  r2  +  r  -12  =  0  has  roots  rx=- 4  and  r2=  3.  Because 
ev  =  x,the  corresponding  general  solution  is 

y  =  c^4"  +  c2e3,‘  =  cxx-4+c2x3. 


54.  The  substitution  v  =  ln  x  yields  the  converted  equation  4d2y  /  dv2  +Ady  /  dv  -3y  =  0 
whose  characteristic  equation  4r2  +4r  -  3  =  0  has  roots  r,  =  —3 / 2  and  r2=l/2. 
Because  e'  -  x,  the  corresponding  general  solution  is 
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55.  The  substitution  v  =  lnx  yields  the  converted  equation  d2y/dv 2  =  0  whose 

characteristic  equation  r2  -  0  has  repeated  roots  r,,r2=0.  Because  v  =  lnx,  the 
corresponding  general  solution  is 

y  =  c¡  +  c2v  =  c,  +  c2  ln  x. 


56.  The  substitution  v  =  ln  x  yields  the  converted  equation  d2y  /  dv2  -  4  dy  /  dv  +  4 y  =  0 

whose  characteristic  equation  r2  -  4r  +  4  =  0  has  roots  rvr2-  2.  Because  ev  -  x,  the 
corresponding  general  solution  is 

y  =  cxe2v  +c2ve2"  =  x2(c, +c2lnv). 


SECTION  2.2 

GENERAL  SOLUTIONS  OF  LINEAR  EQUATIONS 

Students  should  check  each  of  Theorems  1  through  4  in  this  section  to  see  that,  in  the  case 
n  =  2,  it  reduces  to  the  corresponding  theorem  in  Section  2.1.  Similarly,  the  computational 
problems  for  this  section  largely  parallel  those  for  the  previous  section.  By  the  end  of  Section 
2.2  students  should  understand  that,  although  we  do  not  prove  the  existence-uniqueness  theorem 
now,  it  provides  the  basis  for  everything  we  do  with  linear  differential  equations. 

The  linear  combinations  listed  in  Problems  1-6  were  discovered  "by  inspection"  —  that  is,  by 
trial  and  error. 

1.  (5/2)(2x)  +  (-8/3)(3x2)  +  (-  l)(5x  -  8x2)  =  0 

2.  (-4X5)  +  (5)(2  -  3x2)  +  (1)(10  +  15x2)  =  0 

3.  ( 1  )(0)  +  (0)(sin  x)  +  (0)(e*)  =  0 

4.  ( 1  )(1 7)  +  (—  1 7/2)(2  sin2x)  +  (—  1 7/3)(3  cos2x)  =  0,  because  sin2x  +  cos2x  =  1. 

5.  ( 1 )( 1 7)  +  (-34)(cos2x)  +  (17)(cos  2x)  =  0,  because  2  cos2x  =  1  +  eos  2x. 

6.  (-lXe*)  +  (l)(coshx)  +  (l)(sinhx)  =  0,  because  coshx  =  (ex  +  e~x)/2  and 

sinh  x  =  (ex  -  e~x)/2. 
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1  X  X2 

7.  W  =  O  1  2x  =  2  is  nonzero  everywhere. 
0  0  2 


8.  W  =  ex  2elx  3e3x  =  2ebx  isneverzero. 

ex  4e2x  9e3x 

9.  W  =  ex(cos2x  +  sin2x)  =  ex  *  0 

10.  W  =  x~7ex(x+  l)(x  +  4)  is  nonzero  for  x  >  0. 

11.  W  =  x3e2x  is  nonzero  if  x^O. 

12.  W  =  x-2[2  cos2(ln  x)  +  2  sin2(ln  x)]  =  2x~2  is  nonzero  for  x  >  0. 

In  each  of  Problejns  13-20  we  first  form  the  general  solution 

y(x)  =  c}yi(x)  +  cyy2{x)  +  c3y3(x), 

then  calcúlate  y'(x)  and  y"(x),  and  fmally  impose  the  given  initial  conditions  to  determine  the 
valúes  of  the  coeffícients  c\,  c2,  c3. 

13.  Imposition  of  the  initial  conditions  y(0)  =  1,  y'(0)  =  2,  y"(0)  =  0  on  the  general  solution 
_p(x)  =  cyx  +  c2e~x  +  c3e~2x  yields  the  three  equations 

c¡  +c2+c3=  1,  cx-c2—  2  c3  =2,  c,  +  c2  +  4c3  =  0 

with  solution  cx  =4/3,  c2=0,  c3  —  —  1  /  3 .  Henee  the  desired  particular  solution  is 
given  by  y(x)  =  (4ex  -  e~2x)/3. 

14.  Imposition  of  the  initial  conditions  y(0)  =  0,  y'(0)  =  0,  y"(0)  =  3  on  the  general  solution 
y(x)  =  cxex  +  c2elx  +  c3e3x  yields  the  three  equations 

cx+c2  +  c3  =  1,  c,  +  2c2  +  3c3  —  2,  Cj  +  4c2  +  9c3  =  0 

with  solution  c,=3/2,  c2=-3,  c3-  3/2.  Henee  the  desired  particular  solution  is 
given  byy(x)  =  (3ex  -  6elx  +  3e3x)/2. 

15.  Imposition  of  the  initial  conditions  y( 0)  =  2,  y'(O)  =  0,  y"(0)  =  0  on  the  general 
solution  y{x)  =  cxex  +  c2x  ex  +  c3x2e3jr  yields  the  three  equations 
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c,  =  2,  c,  +  c,  =  O,  c,  +  2  c2  +  2c3  =  O 

with  solution  c,  =  2,  c2  =  -  2,  c3  =  1 .  Henee  the  desired  particular  solution  is  given  by 
y{x )  =  (2  -  2x  +  x2)ex. 

16.  Imposition  of  the  initial  conditions  y(0)  =  l,  /( 0)  =  4,  >>"(0)  =  0  on  the  general  solution 
y(x)  =  c{ex  +  c2elx  +  c3xe2x  yields  the  three  equations 

c,  +  c2  =  1,  C|  +  2c,  +  c3  =  4,  Cj  +  4c2  +  4c3  =  0 

with  solution  c,  =  -12,  c2  =  13,  c3  =  - 10.  Henee  the  desired  particular  solution  is 
given  by  y{x)  =  - 1 2ex  +  Í3e2x  -  lOxe2*. 

17.  Imposition  of  the  initial  conditions  >'(0)  =  3,  y'(0)  =  -l,  jg"(0)  =  2  on  the  general 
solution  y(x)  =  ct  +  c2  eos  3x  +  c3  sin  3x  yields  the  three  equations 

c¡+c2=  3,  3c3  =  - 1,  -9c, -  2 

with  solution  c,  =  29/9,  c,  =  -  2/9,  c3  =  - 1/3.  Henee  the  desired  particular  solution  is 
given  by  y{x)  =  (29  -  2  eos  3x  -  3  sin  3x)/9. 

18.  Imposition  of  the  initial  conditions  j(0)  =  l,  y(0)  =  0,  y"(0)  =  0  on  the  general  solution 

y(x)  =  (c,  +  c,  eos  x  +  c3  sin  x)  yields  the  three  equations 

C|  +  c,  ^  1,  C|  +  c,  "i-  c3  —  0,  c |  +  2c3  =  0 

with  solution  c,  =  2,  c2  =  - 1,  c3  =  - 1 .  Henee  the  desired  particular  solution  is  given 

by  y(x)  =  cv(2  -  eos  x  -  sin  x). 

19.  Imposition  of  the  initial  conditions  _y(l)  =  6,  y'(l)  =  14,  j"(l)  =  22  on  the  general 
solution  y{x)  =  c,x  +  c,x2  +c3x3  yields  the  three  equations 

c,  +  c,  +  c3  =  6,  c,  +  2c,  +  3c3  =  1 4,  2c,  +  6c3  =  22 

with  solution  c,  =  1,  c,  =2,  c3  =  3.  Henee  the  desired  particular  solution  is  given  by 

y(x)  =  x  +  2x2  +  3x3. 

20.  Imposition  of  the  initial  conditions  y(l)  =  l,  y'(l)  =  5,  ^"(l)  =  —  11  on  the  general 
solution  y(x)  =  c,x  +  c,x‘2  +  c3x'2  In  x  yields  the  three  equations 
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C\  “í”  ^2  —  C\  2c 2  "f*  C3  —  5,  ÓC2  —  —  1 1 


with  solution  Cj  —  2,  c2  —  —  1,  c3  =  1 .  Henee  the  desired  particular  solution  is  given  by 
y(x)  =  2x  -  x-2  +  x“2ln  x. 

In  each  of  Problems  21-24  we  first  form  the  general  solution 

y(x)  =  -VcO)  +  yp(x)  =  c1yi(x)  +  c2y2W+>'p(x), 

then  calcúlate  y'(x),  and  finally  impose  the  given  initial  conditions  to  determine  the  valúes  of 
the  coefficients  c¡  and  c2. 

21.  Imposition  of  the  initial  conditions  y(  0)  =  2,  y'(  0)  =  -2  on  the  general  solution 
y(x)  -  c,cosx  +  c2sinx  +  3x  yields  the  two  equations  c,=2,  c2+3  =  -2  with 
solution  c,  =2,  c2=— 5.  Henee  the  desired  particular  solution  is  given  by 
y(x)  =  2  eos  x  -  5  sin  x  +  3x. 

22.  Imposition  of  the  initial  conditions  y(0)  =  0,  y'(0)  =  10  on  the  general  solution 

y{x)  =  cxe2x  +  c2e~2x  -  3  yields  the  two  equations  c,  +  c2  -  3  =  0,  2c,  -  2c2  =  1 0  with 

solution  c,  =  4,  c2  =  - 1 .  Henee  the  desired  particular  solution  is  given  by 

y(x)  =  4c2"  -  e-2"  -  3. 

23.  Imposition  of  the  initial  conditions  y(0)  =  3,  /(O)  =  1 1  on  the  general  solution 

y(x)  =  c,e~x  +  c2eix  -  2  yields  the  two  equations  c,  +  c2  -  2  =  3,  -  c,  +  3c2  =  1 1  with 

solution  c,  =  1,  c2  =  4.  Henee  the  desired  particular  solution  is  given  by 

y(x)  =  e~x  +  4e3x  -  2. 

24.  Imposition  of  the  initial  conditions  y(0)  =  4,  y'(0)  =  8  on  the  general  solution 

y(x)  =  cxex  eos  x  +  c2ex  eos  x  +  x  + 1  yields  the  two  equations  c,  + 1  =  4,  c,  +  c2  + 1  =  8 
with  solution  c,  =  3,  c2=  4.  Henee  the  desired  particular  solution  is  given  by 
y(x)  =  ex(3  eos  x  +  4  sin  x)  +  x  +  1 . 

25.  L  [y]  =  L  [y,  +  y2]  =  L[y,]  +  L  |>2]  =  /+  g 

26.  (a)  y{  =  2  and  y2  =  3x  (b)  y  =  y,  +  y2  =  2  +  3x 

27.  The  equations 

ci  +  c2x  +  C3X2  =  0,  c2  +  2C3X  +  0,  2c3  =  0 


100 


Chapter  2 


(the  latter  two  obtained  by  successive  differentiation  of  the  first  one)  evidently  imply  — 
by  substituting  x  =  0  —  that  c¡  =  c2  =  c3  =  0. 

28.  If  you  differentiate  the  equation  c0  +  c,x  +  c2x2  +■■■+ cnx"  =  0  repeatedly,  n  times  in 
succession,  the  result  is  the  system 

c0+c,x  +  c2x2+---  +  c„x"  =  0 
c,+2c2xh —  +  ncn  x',_l  =  0 

(rt-l)!c(l_, +«!c„x  =  0 
n\cn  =  0 

of  n+ 1  equations  in  the  n+ 1  coeffícients  c0,c,,c2,  cn.  Upon  substitution  of 
x  =  0,  the  (A;+l)st  of  these  equations  reduces  to  k\ck  =0,  so  it  follows  that  all  these 
coeffícients  must  vanish. 

29.  If  coerx  +  c\xerx  -i — +  c„xnerx  =  0,  then  división  by  ex  yields 

Cq  +  C[X  - 1-  CnXn  =  0, 

so  the  result  of  Problem  28  applies. 

30.  When  the  equation  x2/'  -  2xy'  +  2y  =  0  is  rewritten  in  standard  form 

y"  +  (-2/x)/  +  (2/x2)y  =  0, 

the  coefficient  functions  pi(x)  =  -2/x  and  p2(x)  =  2/x2  are  not  continuous  at  x  =  0. 
Thus  the  hypotheses  of  Theorem  3  are  not  satisfied. 

31.  (a)  Substitution  of  x-a  in  the  differential  equation  gives  y" {a)  =  - p y'(a)-q(a). 

(b)  If  y(0)  =  1  and  y'(0)  =  0,  then  the  equation  y"  -  2y'  -  5y  =  0  implies  that 
y"(0)  =  2y'(0)  +  5y(0)  =  5. 

32.  Let  the  functions  yi,y2,  ,yn  be  chosen  as  indicated.  Then  evaluation  at 

x  =  a  of  the  (k  -  l)st  derivative  of  the  equation  ciyi  +  c-yyz  +  —  c„yn  =  0  yields 
Ck  =  0.  Thus  C]  =  c‘2  =  =  c„  =  0,  so  the  functions  are  linearly  independent. 

33.  This  follows  from  the  fact  that 
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1  1  1 

abe-  ( b  -  a)(c  -  b)(c  -  a ). 

2  7  2  2 

abe 

34.  W(f\,fi,  —  ,f„)  =  V exp(r,x),  andneither  F  ñor  exp(r,x)  vanishes. 

36.  If  y  =  vy,  then  substitution  of  the  derivatives 

y  =  VKÍ  +  V>„  y"  =  vy*+  2v'y[  +  v"y¡ 
in  the  differential  equation  y"  +  py'  +  qy  =  Q  gives 

[vyl + 2v'y  +  v>,  ]  +  p  [vy¡  +  v>,  ]  +  q  [vy,  ]  =  0, 

V  [y + py\  +  ?>']]  +  v"yt  +  2 v'y¡  +  pv'yt  =  0. 

But  the  terms  within  brackets  vanish  because  y{  is  a  solution,  and  this  leaves  the 
equation 

yiv"  +  (2y']+pyl)v’  =  0 
that  we  can  solve  by  writing 


37.  When  we  substitute  y  =  vx3  in  the  given  differential  equation  and  simplify,  we  get  the 
separable  equation  xv"  +  v'  =  0  that  we  solve  by  writing 

v"  1 

—  =  —  =>  ln  v'  =  -  ln  x  +  ln  A, 

v'  x 

v'  =  —  =>  v(x)  =  A\nx  +  B. 

x 

With  A-  1  and  B-0  we  get  v(x)  =  Inx  and  henee  y2(x)  —  x3  lnx. 
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38.  When  we  substitute  y  =  vx3  in  the  given  differential  equation  and  simplify,  we  get  the 
separable  equation  xv"  +  Iv'  =  0  that  we  solve  by  writing 

v"  7 

—  =  —  =>  lnv'  =  -l\nx  +  \nA, 

V  x 

,  A  ,  .  A  n 

V  =  —  =>  v(x)  =  -  —  +  5. 

x  6x 

With  A --6  and  5  =  0  we  get  v(x)  =  1/x6  and  henee  y2(x)  =  l/x3. 

39.  When  we  substitute  y  =  vex'2  in  the  given  differential  equation  and  simplify,  we 
eventually  get  the  simple  equation  v"  =  0  with  general  solution  v(x)  =  Ax  +  5. 

With  A  =  1  and  5  =  0  we  get  v(x)  =  x  and  henee  y2(x)  =  x exl2. 

40.  When  we  substitute  y  =  vx  in  the  given  differential  equation  and  simplify,  we  get  the 
separable  equation  v"  -  v'  =  0  that  we  solve  by  writing 

y" 

—  =  1  =>  lnv'  =  x  +  lnA , 

v' 

v'  =  Ae 1  =>  v(x)  =  Aex  +  B. 

With  A  =  1  and  5  =  0  we  get  v(x)  =  ex  and  henee  y2(x)  =  xex. 

41.  When  we  substitute  y  =  vex  in  the  given  differential  equation  and  simplify,  we  get  the 
separable  equation  (1  +  x)v"  +  x  v'  =  0  that  we  solve  by  writing 

—  = - —  =  -1  +  — - —  =>  lnv'  =  -x  +  ln(l  +  x)  +  \nA, 

v'  1  +  x  1  +  x 

v'  =  A(l  +  x)e'x  =>  v(x)  =  A  j’(l  +  x)e'jr£&  =  -  A(2  +  x)e~x  +  B. 

With  A  —  —1  and  5  =  0  we  get  v(x)  =  (2  +  x)e~x  and  henee  y2(x)  =  2  +  x. 

42.  When  we  substitute  y  =  vx  in  the  given  differential  equation  and  simplify,  we  get  the 
separable  equation  x  (x2  -  l)v"  =  2  v'  that  we  solve  by  writing 
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V 


2 


x(x  - 1) 


2  1 

- +  - 


X  1  +  x  1  —  X 


Inv'  =  -21nx  +  ln(l  +  x)  +  ln(l-x)  +  ln.,4, 


^(1-x2) 


=  A 


V*2 


-1  => 


v(x)  =  A\ - x 

x  J 


1 


\ 


+  B. 


With  A  =  - 1  and  B  =  O  we  get  v(x)  =  x  +  l/x  and  henee  y>2(x)  =  x2  +  l. 

43.  When  we  substitute  y  —  v  x  in  the  given  differential  equation  and  simplify,  we  get  the 
separable  equation  x  (x2  - 1)  v"  =  (2  -  4x2 )  v'  that  we  solve  by  writing 


v 

7 


2-4x2 
x(x2  -1) 


1  1 

-+■ 


X  1  +  x  1  —  X 


lnv'  =  -21nx-ln(l  +  x)-ln(l-x)  +  ln^, 


A 


=  A 


1  1  1 
-  + - +  - 


x2(l-x2)  ^x2  2(1 +  x)  2(1 -x) 


1  1 


1 


v(x)  =A - +  — ln(l  +  x) - In(l-x) 

x  2  2  j 


+  B. 


With  A  =  -1  and  5  =  0  we  get 


v(x)  =  —  ln(l  +  x)  +— ln(l-x)  =>  j,(x) 

x  2  2 


,  X .  1+x 

1 - ln - . 

2  1  — x 


44.  When  we  substitute  jy  =  vx1/2cosx  in  the  given  differential  equation  and  simplify,  we 
eventually  get  the  separable  equation  (cosx)  v"  =  2(sinx)v'  that  we  solve  by  writing 

lnv'  =  -21n|cosx|  +  ln4  =  lnsec2x  +  lnv4, 
v(x)  =  ^tanx  +  ü. 

With  A  =  1  and  5  =  0  we  get  v(x)  =  tan  x  and  henee 
^(x)  =  (tan  x)(x'1/2  cosx)  =  x”l/2sinx. 


v  2sinx 

—  = -  => 

v'  cosx 

V  =  A  sec2x  => 
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HOMOGENEOUS  EQUATIONS  WITH  CONSTANT  COEFFICIENTS 

This  is  a  purely  computational  section  devoted  to  the  single  most  widely  applicable  type  of 
higher  order  differential  equations  —  linear  ones  with  constant  coefficients.  In  Problems  1-20, 
we  write  first  the  characteristic  equation  and  its  list  of  roots,  then  the  corresponding  general 
solution  of  the  given  differential  equation.  Explanatory  comments  are  included  only  when  the 
solution  of  the  characteristic  equation  is  not  routine. 

1.  r2 -4  =  (r-2)(r  +  2)  =  0;  r  =-2,2;  y(x)~  c¡e2x  +  C2e~2x 

2.  2r2 -3r  =  r(2r-3)  =  0;  r=  0,3/2;  y(x)  =  c,  +  c2e3x/2 

3.  r2+3r-10  =  (r  +  5)(r-2)  =  0;  r  =-  5,2;  y(x)  =  eje2*  +  c2e~5x 

4.  2r2 -7r  +  3  =  (2r-l)(r-3)  =  0;  r  =1/2,3;  y(x)=  c\ex'2  +  c2e3x 

5.  r2+6r  +  9  =  (r  +  3)2  =0;  r  =-3,-3;  j(x)=  c¡e~3x  +  c2xe~3x 

6.  r2+5r  +  5  =0;  r  =(-5±V5)/2 

y{x)  =  e“5x/2[ciexp(x\/5  /2)  +  c2exp(-x  V5  /2)] 

7.  4r2 -12r  +  9  =  (2r-3)2  =  0;  r  =-3/2, -3/2;  y(x)  =  c{e3xl2  +  c2xe3xl2 

8.  r2 -6r  + 13  =  0;  r  =  (ó±  V-lój/2  =  3±2z;  y(x)=  e3x(cicos  2x  +  c2sin  2x) 

9.  r2+8r  +  25  =  0;  r  =^-8±  V-36^/2  =-4±3z;  ,y(x)  =  e~4x(c\cos  3x  +  c2sin  3x) 

10.  5r4  +3r3  =  r3(5r  +  3)  =  0;  r  =0,0,0,  -3/5;  y(x)  =  c,  +  c2x  +  c3x2  +  c4e~3x/5 

11.  r4-8r3  +  16r2  =  r2(r-4)2  =0;  r  =0,0, 4, 4;  >>(x)  =  c¡  +  c2x  +  c2e4x  +  C4xe4x 

12.  r4  - 3r2  +  3r2  - r  =  r(r-l)3  =0;  r  =0,1, 1,1;  y(x)  =  c\  +  c2ex  +  cyxex  +  c&2ex 

13.  9r3 +12r +  4r=  r(3r  +  2)2  =  0;  r  =0,-2/3,-2/3 
y(x)  =  C|  +  c2e”2x/3  +  cyxe~lxl3 
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14.  r4+3r2-4  =  (r2-l)(r2+4)  =  0;  r  =-1,1,  ±2  i 
y(x)  =  C\ex  +  C2e~x  +  c3  eos  2x  +  C4SÍ11 2x 

15.  4r4  -8r2  +  16  =  (r2-4)2  =  (r-2)\r  +  2)1  =  0;  r  =  2,2,-2,-2 
y(x)  =  cie2x  +  c^xe2*  +  c3e_2x  +  cpre'2* 

16.  r4+18r2  +  81  =  (r2+9)2  =  0;  r  =  ±3i,±3i 
y(x)  =  (c,  +  C2x)cos  3x  +  (c3  +  C4x)sin  3x 

17.  6r4  + 1  Ir2  +  4  =  (2r2  +  l)(3r2  +  4)  =  0;  r  =  ±H  y¡2,±2i¡  ^3, 
y(x)  =  c\  eos (x/  -J2  )  +  C2sin(x/ V2  )  +  c3cos(2x/  V3  )  +  C4sin(2x/  V3  ) 

18.  r4 -16  =  (r2-4)(r2+4)  =  0;  /■  =-2,2,±2z 

y(x)  =  c\e2x  +  C2e~2x  +  C3COS  2x  +  C4SÍ11  2x 

19.  r3  +r2-r-l  =  r(r2 -l)  +  (r2 -l)  =  (r-l)(r  +  l)2  =  0;  r  =1, -1,-1; 
y(x)  =  eje*  +  c2e~x  +  cjxe~x 

20.  /  +  2r3  +  3r2  +  2r  +  1  =  (r2  +  r  +  l)2  =  0;  (-1  ±  ^3 /)/2,  (-1  ±  V3 /)/2 

y  =  e'x/2(ci  +  c2x)  cos(x  -n/3  12)  +  e~x'2{c3  +  C4x)sin(x  S /2) 

21.  Imposition  of  the  initial  conditions  y(0)  =  7,  /(0)  =  1 1  on  the  general  solution 
y(x)  =  c,ex  +  c2e3x  yields the  two  equations  cx+c2  =  7,  c,+3c2=ll  with  solution 
c,  =5,  c2  =  2.  Henee  the  desired  particular  solution  is  y(x)  =  5ex  +  2<z3x. 

22.  Imposition  of  the  initial  conditions  y(0)  =  3,  /(0)  =  4  on  the  general  solution 
y(x)  =  e~x'3  c,  cos^x/ V3j  +  c2  sin (x/V3)l  yields  the  two  equations 

c,  =  3,  -  c,  /  3  +  c2  / -J3  =  4  with  solution  cx  =3,  c2=  5^3.  Henee  the  desired  particular 
solution  is  y(x)  =  e'Jr/3^3cos^x/-s/3  j  +  5V3sin^x/V3jJ. 

23.  Imposition  of  the  initial  conditions  y(0)  =  3,  y'(0)  =  1  on  the  general  solution 
y(x)  =  e3x  (c,  eos  4x  +  c2  sin  4x)  yields  the  two  equations  c,=3,  3c,+4c,  =1  with 
solution  c,=3,  c2=  —  2.  Henee  the  desired  particular  solution  is 

y(x)  =  e3x(3  eos  4x  -  2  sin  4x). 
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24.  Imposition  of  the  initial  conditions  >>(0)  =  1,  _y'(0)  =  - 1,  j/"(0)  =  3  on  the  general 
solution  y{x)  =  c,  +  c2e2x  +  c3e~x'2  yields  the  three  equations 

c{+c2+c3=l,  2c2-c3/2  =  -\,  4c2+c3/4  =  3 

with  solution  c,  =  —  7/2,  c2=  1/2,  c3  =  4.  Henee  the  desired  particular  solution  is 
y(x)  =  (-7  +  e2*  +  8e~x,2)/2. 

25.  Imposition  of  the  initial  conditions  y(0)  =  - 1,  j/(0)  =  0,  y'(O)  =  1  on  the  general 
solution  y{x)  =  c,  +  c2x  +  c3e~lxl3  yields  the  three  equations 

c1+c3=- 1,  c2-2c3/3  =  0,  4c3/9  =  1 

with  solution  c,  =  - 13/4,  c2  =  3/2,  c3  =  9/4.  Henee  the  desired  particular  solution  is 
y(x)  =  (-13  +  6x  +  9e~2*/3)/4. 

26.  Imposition  of  the  initial  conditions  y(0)  =  1,  /(O)  =  - 1,  y'(0)  =  3  on  the  general 
solution  y(x)  =  c¡  +  c2e'5x  +  c3xe~Sx  yields  the  three  equations 

c,+c2=3,  -5c2+c3  =  4,  25c2-10c3=5 

with  solution  c,  =  24/5,  c2  =  -9/5,  c3  =  -  5 .  Henee  the  desired  particular  solution  is 
y(x)  =  (24  -  9e~Sx  -  25xe~5x)/5. 

27.  First  we  spot  the  root  r  =  1 .  Then  long  división  of  the  polynomial  r3  +3r2  -4 
by  r  -  1  yields  the  quadratic  factor  r2  +4r  + 4  =  (r  +  2)2  with  roots 

r  =  -2,  -2.  Henee  the  general  solution  is  y(x)  =  ctex  +  C2e~2x  +  c-yce'2*. 

28.  First  we  spot  the  root  r  =  2.  Then  long  división  of  the  polynomial  2r3  -  r2  -  5r  -  2 

by  the  factor  r  -  2  yields  the  quadratic  factor  2r2  +  3r  +  1  =  (2 r  +  1  )(r  +  1 )  with  roots 
r  =  —  1,  —1/2.  Henee  the  general  solution  is  y(x)  =  c\elx  +  C2e~x  +  c?,e~xl2. 

29.  First  we  spot  the  root  r  =  — 3.  Then  long  división  of  the  polynomial  r 3  +  27  by 

r  +  3  yields  the  quadratic  factor  r2  -3r  +  9  with  roots  r  =  3  (  i  ±  ij 3  )  /  2.  Henee  the 

general  solution  is  y{x)  =  c¡e~3x  +  eM[c2cos(3x  V3  /2)  +  c3  sin(3x  V3  /2)]. 

30.  First  we  spot  the  root  r  =  -1.  Then  long  división  of  the  polynomial 

r4  -  r3  +  r2  -  3r  -  6 
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by  r+\  yields  íhe  cubic  factor  r3  -  2 r2  +  3r  -  6.  Next  we  spot  the  root  r  =  2,  and 
another  long  división  yields  the  quadratic  factor  r2  +  3  withroots  r  =  ±isj 3.  Henee 
the  general  solution  is  y(x )  =  c¡e~x  +  +  c3cos  x-Jd,  +  c4sin  x  V3  . 

31.  The  characteristic  equation  r3  +  3r2  +  4r  -  8  =  0  has  the  evident  root  r  =  1,  and  long 
división  then  yields  the  quadratic  factor  r2  +  4r  +  8  =  (r  +  2)2  +  4  corresponding  to  the 
complex  conjúgate  roots  -2  ±  2  i.  Henee  the  general  solution  is 

y(x)  =  c¡ex  +  e_2x(c2COS  2x  +  c3sin  2x). 

32.  The  characteristic  equation  r4  +  r3  -  3r2  -  5r  -  2  =  0  has  root  r  =  2  that  is  readily 
found  by  trial  and  error,  and  long  división  then  yields  the  factorization 

(r  -  2)(r  +  l)3  =  0. 

Thus  we  obtain  the  general  solution  y(x)  =  c^2*  +  (c2  +  cjx  +  cyc2)e~x. 

33.  Knowing  that  y  =  e3x  is  one  solution,  we  divide  the  characteristic  polynoraial 
r3  +  3r2  -  54  by  r  -  3  and  get  the  quadratic  factor 

r2  +  6r  +  18  =  (r  +  3)2  +  9. 

Henee  the  general  solution  is  y(x)  =  c¡e3x  +  e_3j:(c2Cos  3x  +  c3sin  3x). 

34.  Knowing  that  y  =  e 2x13  is  one  solution,  we  divide  the  characteristic  polynomial 

3r  -  2 r2  +  \2r  -  8  by  3r  -  2  and  get  the  quadratic  factor  r2  +  4.  Henee  the  general 
solution  is 

y(x)  —  c¡e 2x13  +  C2 eos  2x  +  c3sin  2x. 

35.  The  fact  that  y  =  eos  2x  is  one  solution  tells  us  that  r1  +  4  is  a  factor  of  the 
characteristic  polynomial 

6r4  +  5r3  +  25  r2  +  20r  +  4. 

Then  long  división  yields  the  quadratic  factor  6r2  +  5r  + 1  =  (3 r  +  l)(2r  + 1)  with  roots 
r  =  -l/2,  -1/3.  Henee  the  general  solution  is 

y(x)  =  C\e~xl2  +  C2e~x'3  +  c3cos  2x  +  c4sin  2x 

36.  The  fact  that  y  =  e~*sin  x  is  one  solution  tells  us  that  (r  +  1  )2  +  1  =  r2  +  2r  +  2 
is  a  factor  of  the  characteristic  polynomial 

9 r3+  1  Ir2  +  4r  -  14. 
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Then  long  división  yields  the  linear  factor  9 r  -  7.  Henee  the  general  solution  is 
y( x)  =  c\elxl9  +  e~x(c2COSx  +  c-iúnx). 

37.  The  characteristic  equation  is  r4  -D  =  r3(r  —  1)  =  0 ;  so  the  general  solution  is 

y(x)  -  A  + Bx  +  Cx2  +  De* '  Imposition  of  the  given  initial  conditions  yields  the 
equations 

A  +  D  =  18,  B  +  D  =  12,  2 C  +  D  -  13,  D  =  7 

with  solution  A- 11,  5  =  5,  C  =  3,  D  =  7.  Henee  the  desired  particular  solution  is 
y(x)  =  1 1  +  5x  +  3x2  +  7  e* . 

38.  Given  that  r  =  5  is  one  characteristic  root,  we  divide  (r  -  5)  into  the  characteristic 
polynomial  r3  -5r2  +100r-500  and  get  the  remaining  factor  r2  +  100.  Thus  the 
general  solution  is 

y(x)  =  Ae5*  +  5cosl0x  +  Csinl0A: . 

Imposition  of  the  given  initial  conditions  yields  the  equations 

A  +  B  =  0,  5^  +  10C  =  10,  25^-1005  =  250 

with  solution  A  =  2,  5  =  -  2,  C  =  0.  Henee  the  desired  particular  solution  is 
y(x)  -  2e5* -2cosl0x . 

39.  (r-2)3  =  r3  -6r2  +12r-8,  so  the  differential  equation  is 

ym-6y"  +  \2y'-8y  =  0. 

40.  (r-2)(r2  +  4)  =  r3-2r+4r-8,  so  the  differential  equation  is 

y'"  -  2  y"  +  4  y'  -  8y  =  0. 

41.  (r2+4)(r2-4)  =  r4-16,  so  the  differential  equation  is  y{4)  -16 y  =  0. 

42.  (r2  +  4)3  =  r6  +  \2r4  +  48r  +  64 ,  so  the  differential  equation  is 

y* 6)  + 1 2y(4)  +  48y"  +  64  y  =  0. 

44.  (a)  jc  =  -2 i  (b)  x  =  -i,  3 i 
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45.  The  characteristic  polynomial  is  the  quadratic  polynomial  of  Problem  44(b).  Henee  the 
general  solution  is 

y(x)  =  c,e  "  +  c2ei,x  =  c,(cosx-zsinx)  +  c2(cos3x  +  /sin3x). 

46.  The  characteristic  polynomial  is  r2  -ir +  6  =  (r  +  2 i)(r  - 3 i)  so  the  general  solution  is 

y{x)  =  c,e3“  +  c2e~2,x  =  c,  (eos  3x  +  i  sin  3x)  +  c2  (eos  2x  -  i  sin  2x). 

47.  The  characteristic  roots  are  r  =  ±  V~2  +  2i~fi  =  ±  (1  +  3)  so  the  general  solution  is 

y(x)  =  cle(i+‘'^)x  +c2e  (I+,^)J:  =  c¡ex  ^cosj3  x  +  isinj3  x^j  +  c2e~x  (cosp3  x-isinp3  x^J 

48.  The  general  solution  is  y(x)  =  Aex  +  Be “*  +  CePx  where  a  =  (- 1  +  i  y¡3  )/2  and 
P  =  (~1  V3  )/2.  Imposition  of  the  given  initial  conditions  yields  the  equations 

^+5+  C  =  1 
yá+  a B  +  PC  -  0 
A  +  a2B  +  j32C  =  0 

that  we  solve  for  A  =  B  =  C  =  1/3.  Thus  the  desired  particular  solution  is  given 
by  y(x)  =  \[ex  +e(  lH'ñ)x/1  +  ¿  1  ^)x/2  which  (using  Euler's  relation)  reduces  to  the 
given  real-valued  solution. 

49.  1  he  general  solution  is  y  =  Ae2*  +  Be~x  +  C  eos  x  +  D  sin  x.  Imposition  of  the  given 
initial  conditions  yields  the  equations 

A  +  B  +  C  —  o 
2  A  —  B  +  D  =  0 
4  A  +  B-C  =  0 
-D  =  30 

that  we  solve  for  A  =  2,  B  =  -5,  C  =  3,  and  D  =  -9.  Thus 
y(x)  =  2e2jc  -  5e~*  +  3  eos  x  -  9  sin  x. 

50.  If  x  >  0  then  the  differential  equation  is  y”  +  y  =  0  with  general  solution 
y  =  ,4  eos  x  +  B  sin  x. .  But  if  x  <  0  it  is  y"  -  y  =  0  with  general  solution 

y  =  C  coshx  +  Dsinx.  To  satisfy  the  initial  conditions  y,(0)  =  l,  y[(0)  =  0  we  choose 
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A  =  C  =  1  and  B  =  D  =  0.  But  to  satisfy  the  initial  conditions  y,(0)  =  0,  y'(0)  =  l  we 
choose  A  =  C  -  0  and  B  =  D  =  1 .  The  corresponding  Solutions  are  defined  by 


TiW  = 


f  eos  x  if  x  >  0, 
[cosh  x  if  x  <  0; 


y2(x)  = 


J  sinx  if  x>0, 
[sinh  x  if  x  <  0. 


51.  In  the  solution  of  Problem  5 1  in  Section  2. 1  we  showed  that  the  substitution  v  =  ln  x 
gives 

y  =  ±  =  i±  and  y"  =  =  -±.±  +  ±.£Z 

r  dx  xdv  y  dx1  x2  dv  x2  dv2' 

A  further  differentiation  using  the  chain  rule  gives 

_  2  dy  3  d2y  1  d3y 

^  dx 3  x3  dv  x3  dv2  x3  dv3 

Substitution  of  these  expressions  for  y',  y",  and  ym  into  the  third-order  Euler  equation 
ax3y"  +  bx2y"  +  cxy'  +  d  y  =  0  and  collection  of  coefficients  quickly  yields  the  desired 
constant-coefficient  equation 

a^-Y  +  (b-3a)^-¥-  +  (c-b  +  2a)—  +  dy  =  0. 
dv  dv  dv 

In  Problems  52  through  58  we  list  firstihdir^sformed^iñstanTTOe^g^^equation'  then  its 
characteristic  equation  and  roots,  and  fmally-the'Coffesponding  general  solution  with  v  =  lnx 
and  er  =  x. 

7  2 

52.  ^4  +  9y  =  0;  r2  +  9  =  0;  r  =  ±3i 
dv 

y(x)  =  c,  cos(3v)  +  c2  sin(3v)  =  c,  cos(31nx)  +  c2sin(31nx) 

53.  ^  +  6^  +  25  y  =  0;  r2+6r  +  25  =  0;  r  =  -3±4z 

dv  dv 

y(x)  =  e~3v  [c,  cos(4v)  +  c2  sin(4v)]  =  x'3  [c,  cos(4  ln  x)  +  c2  sin(4  ln  x)] 

54.  ^  +  3*4  =  0;  r3  +  3r2  =  0;  r  =  0,  0,-3 

dv  dv~ 

y(x)  =  c,  +  c2v  +  c3e~3r  =  c,  +  c2  ln  x  +  c3x~3 


55. 


£Z-lÍL  +  t±  =  0; 

dv3  dv'  dv 
y(x)  =  c,  +  c2e2v  +  c3ve2v 


r 3  -  Ar2  +  4r  =  0;  r  =  0,  2,  2 

=  c,  +x2  (c2  +c3  lnx) 
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56. 


0;  rl  =  0;  r  =  0,  O,  0 
c,  +  c2  v  +  c3v2  =  c,  +  c2  ln  x  +  c3  (ln  x)2 

57.  -^4-5^  +  5^  =  0;  r3-4r2  +  4r  =  0;  r  =  0,  31^3 

¿v3  í/v2  ¿v 

y(x )  =  c, +c2e(3~^)v +c3ve(3+'/3)v  =  c,  ^-x^c^'''*3 +c3x+>í,3j 

58.  ^-  +  3^-  +  3^-  +  y  =  0;  r3  +  3r2  +3r  +  l  =  0;  r  =  -l, -1,  —  1 

dv  dv  dv 

y(x )  =  c,e-v  +  c2ve~v  +  c3v2e~''  =  x-1  fe,  +  c2lnx  +  c3(lnx)2J 


Vz  = 

dv3 

y(x)  = 


SECTION  2.4 

Mechanicai  Vibratsons 

ln  this  section  we  discuss  four  types  of  free  motion  of  a  mass  on  a  spring  —  undamped, 
underdamped,  critically  damped,  and  overdamped.  However,  the  undamped  and  underdamped 
cases  —  in  which  actual  oscillations  occur  —  are  emphasized  because  they  are  both  the  most 
interesting  and  the  most  important  cases  for  applications. 

1.  Frequency:  co0  =  yfklm  =  Vi 6 / 4  =  2  rad / sec  =  1  / n  Hz 
Period:  P  =  2n  I  coQ  =  2^/2  =  n  sec 

2.  Frequency  co0  =  -JkTm  =  V48/0.75  =8  rad/sec  =  4/7r  FIz 
Period:  P -2n  I  co0-2n  l%-  ni  A  sec 

3.  The  spring  constant  is  k  =  15  N/0.20m  =  75  N/m.  The  solution  of  3x"  +  75x  =  0 
with  x(0)  =  0  and  x'(0)  =  -10  is  x(/)  =  -2  sin  5t.  Thus  the  amplitude  is  2  m;  the 
frequency  is  co0  =  yfkím  =  v75/3  =  5  rad /sec  =  2.5/ n  Flz  ;  and  the  period  is  2^/5  sec. 

4.  (a)  With  m  =  1/4  kg  and  k  =  (9N)/(0.25m)  =  36  N/m  wefindthat  cúq  —  12 
rad/sec.  The  solution  of  x"+144x  =  0  with  x(0)  =  1  and  x'(0)  =  -5  is 

x(t)  =  eos  12/  -  (5/12)sin  12/ 

=  ( 1 3/1 2)[(  1 2/1 3)cos  12/  -  (5/1 3)sin  12/] 
x(/)  =  ( 1 3/1 2)cos(  1 2/  -  a) 
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where  a  =  2n- tan'1  (5/ 12)  «  5.8884. 

(b)  C  =  13/12  «  1.0833  m  and  T  =  2*/12  «  0.5236  sec. 

The  gravitational  acceleration  at  distance  R  from  the  center  of  the  earth  is  g  =  GM/R2. 
According  to  Equation  (6)  in  the  text  the  (circular)  frequency  co  of  a  pendulum  is  given 
b y  a }  =  gIL  =  GM/R2L,  so  its  period  is  p  =  2 rico  =  2nR -JljGM . 

If  the  pendulum  in  the  dock  ejecutes  n  cycles  per  day  (86400  sec)  at  París,  then  its 
period  is  p\  =  86400/n  sec.  At  the  equatorial  location  it  takes  24  hr  2  min  40  sec  = 
86560  sec  for  the  same  number  of  cycles,  so  its  period  there  is  p2  =  86560/n  sec.  Now 
let  R\  =  3956  mi  be  the  Earth's  "radius"  at  París,  and  i?2  its  "radius"  at  the  equator. 
Then  substitution  in  the  equation  p\lpi  —  R\IRi  of  Problem  5  (with  L\  =  L2)  yields 
Rj  =  3963.33  mi.  Thus  this  (rather  simplistic)  calculation  gives  7.33  mi  as  the  thickness 
of  the  Earth's  equatorial  bulge. 

The  period  equation  p  -  3960  Vi  00. 10  =  (3960  +  x)  Vi  00  yields  x  »  1.9795  mi  « 
10,450  ft  for  the  altitude  of  the  mountain. 

Let  n  be  the  number  of  cycles  required  for  a  correct  dock  with  unknown  pendulum 
length  Z,  and  period  pt  to  register  24  hrs  =  86400  sec,  so  np¡  =  86400.  The  given 

dock  with  length  ¿2  =  30  in  and  period  p2  loses  10  min  =  600  sec  per  day,  so 
np2  =  87000.  Then  the  formula  of  Problem  5  yields 

_  px  _  npi  _  86400 

]¡L2  p2  np2  87000’ 

so  Z,  =(30)(86400/87000)2  «29.59  in. 

2  2  2 

The  F  =  ma  equation  pm  hx"  =  prn  hg  -  7tr  xg  simplifies  to 

x"  +  (gfph}x  =  g. 

The  solution  of  this  equation  with  x(0)  =  x’(0)  =  0  is 

x(t)  =  ph(\  -  eos  cop) 

where  coq  =  yjg  /  ph .  With  the  given  numerical  valúes  of  p,  h,  and  g,  the  amplitude  of 
oscillation  is  ph  =  100  cm  and  the  period  i s  p  =  2 n^phig  «  2.01  sec. 
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11.  The  fact  that  the  buoy  weighs  1001b  means  that  mg  =  100  so  m  =  100/32  slugs. 
The  weight  of  water  is  62.41b /ft3,  so  the  F  =  ma  equation  of  Problem  10  is 

(100/32)x"  =  100  -  62.4tzt2x. 

It  follows  that  the  buoy's  circular  frequency  cd  is  given  b y 

o?  =  (32)(62.4^)r2/ 1 00. 

But  the  fact  that  the  buoy's  period  is  p  =  2.5  sec  means  that  co  =  2tt/2.5.  Equating 
these  two  results  yields  r  ~  0.3173  ft  «  3.8  in. 

12.  (a)  Substitution  of  Mr  =  ( r/R)3M  in  Fr  =  -GMrm/r2  yields 

Fr  =  ~(GMm/R3)r. 

O 

(b)  Because  GM/R3  =  g¡ R,  the  equation  mr"  =  Fr  yields  the  differential  equation 

r"+(g/R)r  =  0. 

(c)  The  solution  of  this  equation  with  r(0)  =  R  and  r'(0)  =  0  is  r(t)  =  7?  eos  co^t 
where  co0  =  -Jg/R.  Henee,  with  g  =  32.2  ft/sec2  and  R  =  (3960)(5280)  ft,  we  find 
that  the  period  of  the  particle's  simple  harmonic  motion  is 

p  =  2n¡ a>o  =  2 7TyfW/ ~g  5063.10  sec  «=  84.38  min. 

1 3.  (a)  The  characteristic  equation  1 0r2  +  9r  +  2  =  (5 r  +  2)(2 r  + 1)  =  0  has  roots 

r  =  -  2/5,  -1/2.  When  we  impose  the  initial  conditions  x(0)  =  0,  x'(0)  =  5  on  the 
general  solution  x(t)  =  c,e‘2,/5  +c2e~"2  we  get  the  particular  solution 
x(/)  =  50(e-2"5-e-'12). 

(b)  The  derivative  x'{t)  =  25e"'/2 -20e_2,/3  =  5e_2'/5(5e"'/l0 -4)  =  0 

when  t  =  1 0  ln(5/4)  ~  2.23 144 .  Henee  the  mass’s  farthest  distance  to  the  right 
is  given  by  x(101n(5/4))  =  512/125  =  4.096. 

14.  (a)  The  characteristic  equation  25r2  +  lOr  +  226  =  (5r  + 1)2  + 152  =  0  has  roots 
r  =  (— 1±15/)/5  =  —  1  / 5 ±  3 /.  When  we  impose  the  initial  conditions 

x(0)  =  20,  x'(0)  =  41  on  the  general  solution  x(/)  =  e~'15  (4cos3/  +  5sin3/)  we 
get  A  =  20,  B  -  15.  The  corresponding  particular  solution  is  given  by 
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x(t)  =  e  ,/5(20cos3í  +  15sin3t)  =  25e  1,5  cos(3¿  -  a)  where 
a  =  tan-1  (3/ 4)  »  0.6435. 

(b)  Thus  the  oscillations  are  "bounded"  by  the  curves  x  =  ±25 e~'15  and 
the  pseudoperiod  of  oscillation  is  T  =  2n  /  3  (because  co  =  3  ). 

15.  With  damping  The  characteristic  equation  (1 /2)r2  +  3r  +  4  =  0  has  roots  r  =  —  2,-4. 
When  we  impose  the  initial  conditions  x(0)  =  2,  x'(0)  =  0  on  the  general  solution 
x(t )  =  cxe~2'  +  c2e~41  we  get  the  particular  solution  x(t)  =  4e~21  -  2e~41  that  describes 
overdamped  motion. 

Without  damping  The  characteristic  equation  (1 /2)r2  +  4  =  0  has  roots  r  -±2i\Í2. 
When  we  impose  the  initial  conditions  x(0)  =  2,  x'(0)  =  0  on  the  general  solution 
u(t)  =  A  cos(2>/2  t)  +  B  sin(2  V2 1)  we  get  the  particular  solution  u(t)  =  2  c,os{2s¡2  /) . 
The  graphs  of  x(/)  and  u(t)  are  shown  in  the  following  figure. 


16.  With  damping  The  characteristic  equation  3r2 +30r +  63  =  0  has  roots  r  =  —  3,-7. 
When  we  impose  the  initial  conditions  x(0)  =  2,  x'(0)  =  2  on  the  general  solution 
x(/)  =  c,e“3'  +  c2e~l!  we  get  the  particular  solution  x(t)  =  4e“3'  -  2e~n<  that  describes 
overdamped  motion. 

Without  damping  The  characteristic  equation  3 r2  +  63  =  0  has  roots  r  =  ±  U 21. 
When  we  impose  the  initial  conditions  x(0)  =  2,  x'(0)  =  2  on  the  general  solution 
u{t)  =  Acos{^Í2A  í)  +  Bún(j2\t)  we  get  the  particular  solution 


u{t)  =  2cos(72lo 


+  -j=sin(V2l /)  «  2 


(V21t- 0.2149). 


The  graphs  of  x(t)  and  u(t)  are  shown  in  the  figure  at  the  top  of  the  next  page. 
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17.  With  damping  The  characteristic  equation  r2  +  8r  + 16  =  0  has  roots  r  =  -4,  -4. 
When  we  impose  the  initial  conditions  x(0)  =  5,  x'(0)  =  - 10  on  the  general  solution 
x(t)  =  +  c2t)e~4'  we  get  the  particular  solution  x(t)  =  5e~4' (2 1  + 1)  that  describes 

critically  damped  motion. 

Without  damping  The  characteristic  equation  r1  +  16  =  0  has  roots  r  =  ±4i.  When 
we  impose  the  initial  conditions  x(0)  =  5,  x'(0)  =  - 10  on  the  general  solution 
u(t)  -  A  cos(4/ )  +  B  sin(4  /)  we  get  the  particular  solution 

C  c 

u{t )  =  5  cos(4  0  +  -  sin(4  /)«-■>/ 5  cos(4  í  —  5.8195) . 

The  graphs  of  x(t)  and  u(t)  are  shown  in  the  following  figure. 


18.  With  damping  The  characteristic  equation  2r2  +12r  +  50  =  0  has  roots  r  =  -3±4/. 
When  we  impose  the  initial  conditions  x(0)  =  0,  x'(0)  =  -  8  on  the  general  solution 
x(t)  =  e~3'  (Tcos4/  +  5 sin  4/)  we  get  the  particular  solution 
x(/)  =  -2e~3'  sin4/  =  2e"3' cos(4í -3^/2)  that  describes  underdamped  motion. 
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Without  damping  The  characteristic  equation  2  r2  +  50  =  0  has  roots  r  =  ±  5 i.  When 
we  impose  the  initial  conditions  x(0)  =  0,  x'(0)  =  -  8  on  the  general  solution 
u(t)  =  A  cos(5í)  +  Bsin(5/)  we  get  the  particular  solution 

,  .  8  ....  .  8  (c  l>n\ 

u{t)  =  — sm(5í)  =  —  eos  5 1 - . 

5  5  ^  2  ) 


The  graphs  of  x(t)  and  u(t)  are  shown  in  the  following  figure. 


The  characteristic  equation  4 r2  +  20 r  + 1 69  =  0  has  roots  r  =  —  5  /  2  ±  6  z.  When  we 
impose  the  initial  conditions  x(0)  =  4,  x'(0)  =  16  on  the  general  solution 
x(7)  =  e"5'/2  (^4cos6í  +  Bsinót)  we  get  the  particular  solution 

x(/)  =  e~5"2  [  4  eos  6t+—  sin  6t  ]  «  ^7313  e^'2  cos(6í  -  0.8254) 

3  3 

that  describes  underdamped  motion. 

Without  damping  The  characteristic  equation  4r2  + 1 69  =  0  has  roots  r  =  ±13//2. 
When  we  impose  the  initial  conditions  x(0)  =  4,  x'(0)  =  16  on  the  general  solution 
u(/)  =  A  cos(l  3/  /  2)  +  B sin(l  3  ( /  2)  we  get  the  particular  solution 


32  . 

-i - sin 

13 


— 7233 cosí— t- 0.55 17^  . 

13  U  J 
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20.  With  damping  The  characteristic  equation  2 r2  + 1 6r  +  40  =  0  has  roots  r  =  -  4  ±  2  i. 
When  we  impose  the  initial  conditions  x(0)  =  5,  x'(0)  =  4  on  the  general  solution 
x(t)  =  e~4'  (Acos2t  +  ¿?sin2t)we  get  the  particular  solution 

x(t)  =  e”4/(5  eos  2t+  12  sin  2t)  *  13  e~4'cos(2t  -  1.1760) 
that  describes  underdamped  motion. 

Without  damping  The  characteristic  equation  2 r2  +  40  =  0  has  roots  r  =  ±  2\¡5  i. 
When  we  impose  the  initial  conditions  x(0)  =  5,  x'(0)  =  4  on  the  general  solution 
u(t)  =  Acos(2^/5 1 )  +  ¿?sin(2V5 1)  we  get  the  particular  solution 


u{t)  =  5 eos ^2 V? / j  +  -^sin ^2 V5  í)  «  Jl~cos(2y/5t-0A770) . 


The  graphs  of  x(7)  and  u(t)  are  shown  in  the  following  figure. 


21.  Wlth  damping  The  characteristic  equation  r2  +  10r  + 125  =  0  has  roots  r  =  -5±10z. 
When  we  impose  the  initial  conditions  x(0)  =  6,  x'(0)  =  50  on  the  general  solution 
x(t)  =  e~5‘  (,4  eos  10/  +  B  sin  10/)  we  get  the  particular  solution 

x(t)  =  e~s‘(6  eos  10/  +  8  sin  10/)  «  10  éT5'cos(10/ -  0.9273) 
that  describes  underdamped  motion. 

Without  damping  The  characteristic  equation  r2  + 125  =  0  has  roots  r  =  ±5^5  i. 
When  we  impose  the  initial  conditions  x(Q)  =  6,  x'(0)  =  50  on  the  general  solution 
u(t)  =  A  cos{5'Í5 1)  +  B  sin(5 V5 /)  we  get  the  particular  solution 

u(t )  =  6cos^5V5/j +  2V5sin^5V5 «  2VÍ4cos^5V5/ -0.6405^. 

The  graphs  of  x(/)  and  u(t)  are  shown  in  the  figure  at  the  top  of  the  next  page. 
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22.  (a)  With  m  —  12/32  —  3/8  slug,  c  —  3  lb-sec/f¡t,  and  k  —  24  lb/ft,  the  differential 

equation  is  equivalent  to  3x"  +  24x'  +  192x  =  0.  The  characteristic  equation 
3 r2  +  24 r  + 1 92  =  0  has  roots  r  =  -  4  ±  4^3  /.  When  we  impose  the  initial  conditions 
x(0)  =  1,  x'(0)  =  0  on  the  general  solution  x(t)  =  e~4‘  ^  eos  4/^3  +  B  sin  4/^3  j  we  get 
the  particular  solution 

x(/)  =  e'4'[cos  4/V3  +(l/>/3)sin4iV3] 

=  (2/  -s/3  )e~4l[(y/3  /2)cos  4ty¡3  +  (l/2)sin  4/ 73  ] 
x(t)  =  (2/  -s/3  )e_4,cos(4í  V3  —n!6'). 


(b)  The  time-varying  amplitude  is  2/73  »  1.15  ft;  the  frequeney  is  4^3  ~  6.93 
rad/sec;  and  the  phase  angle  is  n  /  6 . 

23.  (a)  With  m  =  1 00  slugs  we  get  í»  =  V&TTOO  .  But  we  are  given  that 

íí>  =  (80  cycles/min)(2^)(l  min/60  sec)  =  8tt/3, 
and  equating  the  two  valúes  yields  k  «  7018  lb/ñ. 

(b)  With  —  2 ;z( 7 8/60)  sec1,  Equation  (21)  in  the  text  yields  c  ~  372.31 
lb/(ft/sec).  Henee  p  =  c!2m  ~  1.8615.  Finally  e~pí  =  0.01  gives  r  «  2.47  sec. 

30.  In  the  underdamped  case  we  have 

x(/)  =  e ~pl [A  eos  co\t  +  B  sin  co\t], 

x'(0  =  -p^[A  eos  í»i/  +  B  sin  co\t]  +  e~p'[-,4<yisin  co\t  +  Beodos  coit]. 

The  conditions  x(0)  =  xo,  x'(0)  =  vo  yield  the  equations  A  -  x o  and 
-pA  +  Bco\  =  v0,  whence  B  =  (vq  +  pxo)/£Wi. 
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31.  The  binomial  series 


/,  ,  \«  ,  a(a-l )  2  a(a  -í)(a  -2)  3 

(1  +  x)  =  l  +  ax-¡ — - -x  +— - - - -x  +■■■ 

2!  3! 

converges  if  |x|  <  1.  (See,  for  instance,  Section  1 1.8  of  Edwards  and  Penney,  Calculus, 

6th  edition,  Prentice  Hall,  2002.)  With  a  =  1/2  and  x  —  —  c2/4mk  in  Eq.  (21)  of 
Section  2.4  in  this  text,  the  binomial  series  gives 


32.  If  x(t)  —  Ce~pt cos,(co\t  -  a)  then 

x'(t )  =  -pCe~pt cos{co\t  -  a)  +  Cú)ie~ptsm{co\t  -  ce)  —  0 
yields  tan(<»i/-  d)  =  -p/co\. 

33.  If  xi  =  x(t[)  and  x2  =  x(t2)  are  two  successive  local  maxima,  then  co\t2  =  co\t\  +  2jt 
so 

x\  =  C  exp(-/?/i)  cosOiíi  -  a), 

x2  -  C  exp (~pt2)  cos(cü[t2  -  a)  -  C  exp(-pt2)  cos(a>iti  -  a). 

Henee  x\íx2  =  exp[-p{t\  -  t2)\,  and  therefore 

ln(xi/x2)  =  -p(t\  -  t-¿)  =  2?ip/(0\. 

34.  With  t\  =  0.34  and  t2  =  1.17  we  first  use  the  equation  a>it2  =  (a\t\  +  2n  from 
Problem  32  to  calcúlate  a>\  =  2^/(0. 83)  ~  7.57  rad/sec.  Next,  with  x\  =  6.73  and 
*2  =  1.46,  the  result  of  Problem  33  yields 

p  =  (1/0.83)  ln(6.73/l  .46)  ~  1.84. 

Then  Equation  (16)  in  this  section  gives 

c  =  2mp  =  2(100/32)(1.84)  *  11.51  lb-sec/ft, 

and  fínally  Equation  (21)  yields 

k  =  (4m2cox2  +  c2)/4m  *  189.68  lb/ft. 
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35.  The  characteristic  equation  r2  +  2r  + 1  =  0  has  roots  r  =  - 1,-1.  When  we  impose  the 
initial  conditions  x(0)  =  0,  x'(l)  =  0  on  the  general  solution  x(t)  =  (c,  +c2t)e~'  we  get 
the  particular  solution  x,(/)  =  te"'. 


36. 


The  characteristic  equation  r 2  +  2r  +  (1  - 1 0  2" )  =  0  has  roots  r  =  - 1  ±  1 0  ".  When  we 
impose  the  initial  conditions  x(0)  -  0,  x'(l)  =  0  on  the  general  solution 

x(í)  =  Cjexp^-l  +  lO^^/J  +  ^exp^-l-lO-”)^ 
we  get  the  equations 

Cj  +  —  0,  (-l  +  10"")c,  +(-l-10'”)c2  =  1 

with  solution  c,  =  2"~l5",  c2  =  2"~l5".  This  gives  the  particular  solution 


x2(í) 


10"^ 


exp(10  "/)-exp(-10  ” t ) 


10"g_<sinh(10""0- 


37.  The  characteristic  equation  r2  +  2r  +  (1  + 10  2n)  =  0  has  roots  r  =  - 1  ±  1 0  "i.  When  we 
impose  the  initial  conditions  x(0)  =  0,  x'(l)  =  0  on  the  general  solution 

x(0  =  e~‘  |^cos(l0~'7)  +  5sin(l0~"t)J 

we  get  the  equations  c¡  =  0,  -c,  +  10~"c2  =  1  with  solution  c,=0,  c,=10".  This 

gives  the  particular  solution  x3(í)  =  10"e~'  sin(10“"f). 


38.  limx,(0  =  lim  ÍO'V' sinh(10~"0  =  te  1  •  lim  ?  —  =  te  '  and 
limx3(0  =  liml0”e"sin(10-"0  =  te~'  limS1I*(*Q,  =  te", 

n-*aa  '  /7—>qo  n— >oo  J  Q  ¿ 

using  the  fact  that  lim  (sin  6)  19  =  lim(sinh  6)16  =  0  (by  L'Hópital's  rule,  for 

6>->0  <9->0 

instance). 
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SECTION  2.5 


NONHOMOGENEOUS  EQUATIONS  AND 

THE  METHOD  OF  UNDETERMINED  COEFFICIENTS 

The  method  of  undetermined  coefficients  is  based  on  "educated  guessing".  If  we  can  guess 
correctly  the  form  of  a  particular  solution  of  a  nonhomogeneous  linear  equation  with  constant 
coefficients,  then  we  can  determine  the  particular  solution  explicitly  by  substitution  in  the  given 
differential  equation.  It  is  pointed  out  at  the  end  of  Section  2.5  that  this  simple  approach  is  not 
always  successful  — -  in  which  case  the  method  of  variation  of  parameters  is  available  if  a 
complementary  function  is  known.  However,  undetermined  coefficients  does  tum  out  to  work 
well  with  a  surprisingly  large  number  of  the  nonhomogeneous  linear  differential  equations  that 
arise  in  elementary  scientific  applications. 

In  each  of  Problems  1—20  we  give  first  the  form  of  the  trial  solution  y’triau  then  the  equations  in 
the  coefficients  we  get  when  we  substitute  ytriai  into  the  differential  equation  and  collect  like 
terms,  and  finally  the  resulting  particular  solution  yp. 

L  y tría!  -  Ae3x;  25 A  =  1;  yp  =  (l/25)e3x 

2-  Ttr¡ai  =  A+Bx;  -2A- B  =  4,  -25  =  3;  yp  =  -(5  +  6x)/4 

3.  ytria,  =  ,4cos3x  +  5sin3x;  -Í5A-3B  =  0,  3A-15B  =  2; 

yp  =  (eos  3x  -  5  sin  3x)/39 

4-  Ttriai  =  Ae*  +  Bxex;  9,4  +  125  =  0,  95  =  3;  yp  =  (~4ex  +  3xex)/9 

5.  First  we  substitute  sin2x  =  (1  -  eos  2x)/2  on  the  right-hand  side  of  the  differential 

equation.  Then: 

y triai  =  ^  +  5cos2x  +  Csin2x,  A= 1/2,  -35  +  2C  =  -l/2,  -25-3C  =  0; 

yp  =  (13  +  3  eos  2x  -  2  sin  2x)/26 

6-  T,r¡ai  =  A  +  Bx  +  Cx 2;  7yf  +  45  +  4C=0,  75  +  8C  =  0,  7C  =  1; 

yP  =  (4  -  56x  +  49x2)/343 

7.  First  we  substitute  sinh  x  =  {e  -  e'x)!2  on  the  right-hand  side  of  the  differential 
equation.  Then: 

y tnai  =  Ae  +  Be  ;  —3^4  =  1/ 2,  -35  =  —  1/2;  yp  =  (e~x  -  ex)/6  =  ~(l/3)sinhx 
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8. 


First  we  note  that  cosh  2x  is  part  of  the  complementary  function 
y c  =  c,  cosh  2x  +  c2  sinh  2x. .  Then: 

ytría]  =  x(4cosh2x+5sinh2x);  44  =  0,  45  =  1;  yp  =  (l/4)xsinh2x 

9.  First  we  note  that  ex  is  part  of  the  complementary  function  yc  -  c\ex  +  C2e~3x.  Then: 

Ttríai  =  4  +  x(5  +  Cx)  —  3 A  =  1,  45  +  2C  =  0,  8C  =  1; 
yp  =  -(1/3)  +  (2x2  -  x)ext  1 6. 

10.  First  we  note  the  duplication  with  the  complementary  function  yc  =  c,  eos  3x  +  c2  sin  3x. 
Then: 

Ttnai  -  x(4cos3x  +  5sin3x);  65  =  2,  -6A  =  3;  yp  =  (2x  sin  3x  -  3x  eos  3x)/6 

11.  First  we  note  the  duplication  with  the  complementary  function 
yc  =c,x  +  c2cos2x  +  c3sin2x.  Then: 

Ttnai  =  x(A+Bx);  44  =  -l,  85  =  3;  yp  =  (3x2  -  2x)/8 

12.  First  we  note  the  duplication  with  the  complementary  function 
yc  =  c,x  +  c2  eos  x  +  c3  sin  x.  Then: 

Tmai  =  4x  +  x(5cosx  +  Csinx);  4  =  2,  -25  =  0,  -2C  =  - 1; 
yp  =  2x  +  (l/2)x  sinx 

13-  TtHai  =  eJr(4cosx  +  5sinx);  74  +  45  =  0,  -44  +  75  =  1; 
yp  —  ex(7  sinx  -  4  cosx)/65 

14.  First  we  note  the  duplication  with  the  complementary  function 
yc  =(c,  +c2x)e~x  +  (c3  +  c4x)ex.  Then: 

Tinai  =  ^2(4  +  5x)cx;  84  +  245  =  0,  245  =  1;  yp  =  (-3xV  +  xV)/24 

15.  This  is  something  of  a  trick  problem.  We  cannot  solve  the  characteristic  equation 

r5  +  5r4  - 1  =  0  to  fmd  the  complementary  function,  but  we  can  see  that  it  contains  no 
constant  term  (why?).  Henee  the  trial  solution  ytrial  =  4  leads  immediately  to  the 
particular  solution  yp  =  -17. 

16.  T.nal  =  4  +  (5  +  Cx  +  Z)x2)e3j; 

94  =  5,  185  +  6C  +  2D  =  0,  18C  +  12D  =  0,  18£>  =  2; 
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yP  =  (45  +  e3x  -  6xe3x  +  9x2e3x)l%\ 

17.  First  we  note  the  duplication  with  the  complementary  function  yc  =  c,  eos  x  +  c2  sin  x. 
Then: 

^tnai  =  Jc[(^  +  -Sx)cosx  +  (C  +  Z)jc)sinx]; 

2B  +  2C  =  0,  4D  —  l,-2A  +  2D  =  \,-4B  =  0; 
yp  =  (x2sin  x  -  x  eos  x)/4 

18.  First  we  note  the  duplication  with  the  complementary  function 
ye  =  c,e~x  +  c2ex  +  c3e~2x  +  c4e2x.  Then: 

Ttria!  =  x(Aex)  +  x(B  +  Cx)  e2*;  -6A  =  1,  12 B  +  38 C  =  0,  24C  =  -1; 

yp  =  ~(24xex  -  ^xe2*  +  6x2e2x)/  144 

19.  First  we  note  the  duplication  with  the  part  cx+c2x  of  the  complementary  function 
(which  corresponds  to  the  factor  r 2  of  the  characteristic  polynomial).  Then: 

Cirial  =  X2(A  +Bx  +  Cx2)-  4A  +  12B  =  -1,  12 B  +  48C  =  0,  24C  =  3; 
yp  =  (10x2  -  4x3  +  x4)/8 

20.  First  we  note  that  the  characteristic  polynomial  r3  -r  has  the  zero  r  =  1  corresponding 
to  the  duplicating  part  ex  of  the  complementary  function.  Then: 

Tmai  =  A  +  x(Bex)-,  -A  =  7,  35  =  1;  yp  =  -7  +  (l/3)xex 

In  Problems  21-30  we  list  first  the  complementary  function  yc,  then  the  initially  proposed  trial 
function  y\,  and  finally  the  actual  trial  function  yp  in  which  duplication  with  the 
complementary  function  has  been  eliminated. 

21.  yc  =  ex  (c,  eos  x  +  c2  sin  x) ; 
y¡  -  ex  (ylcosx  +  Ssinx) 
yp  =  x-ex  (Acosx  +  Bsinx) 

22-  ^  =  (c,  +  c2x  +  c3x2 )  +  (c4ex )  +  (c5e~x  ) ; 

y,  =  (A  +  Bx  +  Cx2)  +  (Dex ) 
yp  =  x3-(A  +  Bx  +  Cx2)  +  x-(Dex ) 

23.  yc  =  c,  cosx  +  c2  sinx; 

y¡  =  (A  +  ¿Jx)cos2x  +  (C  +  Z)x)sin2x 
yp  =  x-[(A  +  5x)cos2x  +  (C  +  Dx)sin2x] 
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24.  yQ  =  c¡+c2e-3x+c3e4x; 

y.  =  (A  +  Bx)  +  (C  +  Dx)e~3x 
yp  =  x -(A  + Bx)  +  x -(C  +  Dx)e~3x 

25.  yc  =  c}e~x  +  c2e~2x; 

y-  =  (A  +  Bx)e~x  +  (C  +  Dx)e~2x 
yp  =  x-(A  +  Bx)e~x  +x-(C  +  Dx)e~2x 

26.  yc  =  e3x  (c¡cos2x  +  c2sin2x); 

y¡  =  (A  +  Bx)e3x  cos2x  +  (C  +  Dx)e3x  sin2x 
yp  =  x-£(yí  +  Bx)e3x  cos2x  +  (C  +  Dx)e3x  sin2xj 

27.  yc  =  (c,  cosx  +  c2  sinx)  +  (c3  cos2x  +  c3  sin2x) 
y¡  =  (^cosx  +  5sinx)  +  (Ccos2x  +  Dsin2x) 

yp  =  x-[(ylcosx  +  5sinx)  +  (Ccos2x  +  Z)sin2x)J 


28. 


30. 


yc  =  (c,  +  c2x)  +  (c3  cos3x  +  c3  sin3x) 
yt  =  ^+Bx  +  Cx2)cos3x  +  (D  +  £x  +  Fx2)sin3x 
yp  =  x-^A+ Bx  +  Cx2^cos3x  +  ^D  + Ex  +  Fx2  )sin3xj 

yc  =  ^ci+c2x  +  c3x2^jex +cie2x +c5e~2x; 

y¡  =  (A  +  Bx)ex  +Ce2x  +  De~2x 

yp  =  x3 (A  +  Bx)ex  +  x-(Ce2jr)  +  x-(£>e~2jc) 

yc  =  (c,  +  c2x)e  +(c3  +  c4x)e 

ja  =  yp  =(yl+5x  +  Cx2)cosx  +  (.D  +  2sx  +  Fx2)sinx 


In  Problems  3 1-40  we  list  first  the  complementary  function  yc,  the  trial  solution  ytr  for  the 
method  of  undetermined  coeffícients,  and  the  corresponding  general  solution  yg  =yc  +  yP  where 
yp  results  from  determining  the  coeffícients  in  ytT  so  as  to  satisfy  the  given  nonhomogeneous 
differential  equation.  Then  we  list  the  linear  equations  obtained  by  imposing  the  given  initial 
conditions,  and  finally  the  resulting  particular  solution  y(x). 

31.  yc  =  c,  cos2x  +  c2  sin2x;  y[T  =  A  +  Bx 
yB  =  c,  cos2x  +  c2sin2x  +  x/2 
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c |  —  1,  2c2  +1/2  =  2 

>>(x)  =  cos2x  +  (3/4)sin2x  +  x/2 

32.  yc  =  cxe~x  +  c2e~2x  \  ya  =  Aex 

yB  =  cxe~x  +  c2e~2x  +  ex  I 6 

Cj  +  c2  + 1  /  6  =  O,  —  Cj  —  2c2  +1/6  =  3 
.y(x)  =  (l5e_Jt -16e~2jt  +  e*)/6 

33.  >-c  =  c,  cos3x  +  c2  sin3x;  >>tr  =  Jcos2x  +  5sin2x 

=  c,  cos3x  +  c2sin3x  +  (l/5)sin2x 

c,  =  1,  3c2  +2/5  =  0 

>-(x)  =  (l5cos3x-2sin3x  +  3sin2x)/15 

34.  yc  =  c¡  cosx  +  c2  sinx;  ytt  =  x-(^cosx  +  5sinx) 
yB  =  c,  cosx  +  c2sinx  +  jxsinx 

c\  ~  c2  =  ~U  y(x)  =  cosx- sinx +  |xsinx 

35.  yc  =  ex  (cicosx  +  c2 sinx);  yu  =  A  +  Bx 

ye  =  eI(c,cosx  +  c2sinx)  +  l  +  x/2 

c,  + 1  =  3,  c,+c2  +  1/2  =  0 

y{x)  =  eJr(4cosx-5sinx)/2  +  l  +  x/2 

36.  yc  =  c,  +c2x  +  c3e~2x  +c4e2x;  ya  =  x2 -(A  +  Bx  +  Cx2) 
ys  =  c}  +  c2x  +  c3e~2x  +  cAe2x  -  x2  /  16-x4/48 

ci  +  c3  +  c4  =1,  ^2  ~  ~^3  2c4  =  I»  4c3  +  4c4  1  /  8  —  —1,  —  8c3  +  8c4 

y(x)  =  (234  +  240x-9e-2jr-33e2jc-12x2-4x4)/192 

37.  yc  =  c,  +c2ex  +  c3xex;  ylr  =  x-(A)  +  x2  (B  +  Cx)ex 
yu  =  c¡  +c2ex  +c3xex  +  x-x2ex /2  +  x3ex /6 
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c,  +  c2  =  O,  c2+c3  + 1  =  0,  c2  +  2c3  - 1  =  1 
j/(x)  =  4  +  x  +  ex(-24  +  18x-3x2  +  x3)/6 

38.  ,yc  =  e~x(c,  cosx  +  c2sinx);  yt[  =  ^4cos3x  + 5sin3x 
yg  =  e_jr  (c,  cosx +  c2  sinx)-(6cos3x  +  7sin3x)/85 

Cj -6/185  =  2,  - c,  +  c2 -21/85  =  0 

>>(x)  =  ^e''t(l76cosx  +  197sinx)-(6cos3x  +  7sm3x)J/85 

39.  yc  =  c,  +c2x  +  c3e~x;  ya  =  x2  •(y4  +  JBx)  +  x-(Ce"Jr) 

_yg  =  c,  +  c2x  +  c3e~x  -x2 12  +  x3 /6  +  xe~x 

c,  +c3  =  1,  c2-c3+l  =  0,  c3-3  =  1 
y(x)  =  (-18  +  18x-3x2  +  x3)/6  +  (4  +  x)<Tx 

40.  yc  -  c¡e~x  +c2ex  +  c3cosx  +  c4sinx;  ytr  =  A 

y  =  +  c2e*  +c3cosx  +  c4sinx-5 

c,  +c2+c3-  5  =  0,  -  c,  +  c2  +  c4  =  0,  c,  +  c2  —  c3  =  0,  -  c,  +  c2  -  c4  =  0 
y(x)  —  ^5e_x  +  5ex  +10cosx-20)/4 

4 1 .  The  trial  solution  ylr  =  A  +  Bx  +  Cx 2  +  £>x3  +  Ex4  +  TV  leads  to  the  equations 

2A-B-2C-6D  +  2AE  =  0 
-2B-2C-  6D  -  24E  +  120F  =  0 
-2C  -3D ~\2E  - 60 F  =  0 
-2D-4E-20F  =  0 
-2E-5F  =  0 
-2F  =  8 

that  are  readily  solve  by  back-substitution.  The  resulting  particular  solution  is 
y(x)  =  -255  -  450x  +  30x2  +  20x3  +  10x4  -  4x5. 
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42.  The  characteristic  equation  /  -  r3  -  r2  -  r  -  2  =  0  has  roots  r  =  - 1, 2,  ±  /  so  the 
complementary  function  is  yc  =  c,e~*  +c2e2x  +  c3cosx  +  c4sinx.  Wefmdthatthe 
coefficients  satisfy  the  equations 

c ,  +c2  +  c3  -255  =  0 
— Cj  +  2c2  +  c4  -  450  =  0 
c,  +  4c2  -  c3  +  60  =  0 
— c,  +  8 c2  -c4  + 120  =  0 

Solution  of  this  system  gives  finally  the  particular  solution  y  =  ye  +  yp  where  yp  is  the 
particular  solution  of  Problem  41  and 

yc  =  10e_Jt +  35e2j: +  210cosx  +  390sinx. 

43.  (a)  cos3x  +  /sin3x  =  (cosx  +  z'sinx)3 

=  eos3 x  +  3 z eos2 x sin x  —  3 eos x sin2  x-/sin3x 

When  we  equate  real  parís  we  get  the  equation 

cos3x-3(cosx)(l-cos2x)  =  4cos3x-3cosx 

and  readily  solve  for  cos3x  =  |cosx  +  {cos3x.  The  formula  for  sin3x  is  derived 
similarly  by  equating  imaginary  parts  in  the  first  equation  above. 

(b)  Upon  substituting  the  trial  solution  yp  =  eos  x  +  5  sin  x  +  C  eos  3x  +  Z)  sin  3x 
in  the  differential  equation  y "  +  4 y  =  {cosx  +  |cos3x,  we  find  that  A  =  1/4,  B  =  0, 

C  =  -1/20,  D  =  0.  The  resulting  general  solution  is 

y(x)  =  c¡  eos  2x  +  c2sin  2x  +  (l/4)cos  x  -  (l/20)cos  3x. 

44.  We  use  the  identity  sin  x  sin  3x  =  }  eos  2x-j  eos  4x,  and  henee  substitute  the  trial 
solution  yp  =  A  eos  2x  +  B  sin  2x  +  C  eos  4x  +  D  sin  4x  in  the  differential  equation 
y”  +  /  +  y  =  ^cos2x-{cos4x.  Wefmdthat  A  =-3/26,  B=  1/13,  C  =  -14/482, 

D  =  2/141.  The  resulting  general  solution  is 

y(x)  =  e~xl2(ci  eos  x  V3  /2  +  c2  sin  x  V3 /2) 

+  (-3  eos  2x  +  2  sin  2x)/26  +  (-15  eos  4x  +  4  sin  4x)/482. 

45.  We  substitute 

sin4x  =  (1  -  eos  2x)2/4 
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=  (1  -  2  eos  2x  +  cos22x)/4  =  (3  -  4  eos  2x  +  eos  4x)/8 

on  the  right-hand  side  of  the  differential  equation,  and  then  substitute  the  trial  solution 
yp  =  /ícos2x  +  5sin2x  +  Ccos4x  +  Z)sin4x  +  £'.  Wefindthat  A=—l/\0,B  =  0, 

C  =  -1/56,  D  =  0,  E  =  1/24.  The  resulting  general  solution  is 

y  -  c\  eos  3x  +  c2sin  3x  +  1/24  -  (l/10)cos  2x  -  (l/56)cos  4x. 

46.  By  the  formula  for  eos3  x  in  Problem  43,  the  differential  equation  can  be  written  as 
y"  +  y  -  fxcosx  +  {xcos3x. 

The  complementary  solution  is  yc  =  c\ eos  x  +  c2sin  x,  so  we  substitute  the  trial  solution 
yp  =  x-[(^!  +  5x)cosx  +  (C  +  Z)x)sinx]  +  [(£'  +  JPx)cos3x  +  (G  +  iíx)sin3x]. 


Wefindthat  A  =  3/16,  B  =  C  =  0,D  =  3/\6,E  =  0,F  =  -1/32, G  =  3/128,  =0.  Henee 

the  general  solution  is  given  by  y  =  yc  +y\  +  y2  where 

y\  =  (3xcosx  +  3x2sinx)/16  and  y2  =  (3  sin  3x  -  4x  eos  3x)/128. 


In  Problems  47-49  we  list  the  independent  Solutions  y,  and  y2  of  the  associated  homogeneous 
equation,  their  Wronskian  W  =  W(yl,  y2),  the  coefficient  functions 


w,(x)  =  - 


and 

W(x)  2  J  W(x) 


in  the  particular  solution  yp  =  w,y,  +  u2y2  of  Eq.  (32)  in  the  text,  and  finally  yp  itself. 


-2x 


1 " 
t 

II 

U\  =  —  (4/3)e3jr, 

U2 

yp  =  (2/3  )ex 

-2x 

II 

yi 

<N 

** 

II 

5“ 

u2 

_ 2x 


_  A* 


u2  =  -e-6x/l2. 


- 


W  =  e 


W  =  6e 


,2x 


yp  =  -(6x+  1  )e-2xIU 


49.  y,  =  e2*. 


y2  =  xe2*. 


W  =  e 


4x 


U  |  =  -X  , 

yp  =  x2elr 


w2  =  2x, 
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The  complementar^  function  is  yi  =  cicosh  2x  +  c2sinh  2x,  so  the  Wronskian  is 
W  =  2  cosh22x  -  2  sinh22x  =  2, 

so  when  we  solve  Equations  (31)  simultaneously  for  u\  and  u'¿,  intégrate  each  and 
substitute  in  yp  =  y\u\  +y2u2,  the  result  is 

y p  =  -  (cosh  2x)  J j(sinh 2x)(sinh  2 x)dx  +  (sinh  2jc)  J|(cosh 2x)(sinh  2x)  dx  . 

Using  the  identities  2  sinh2  x  =  cosh  2x  -  1  and  2  sinh  x  cosh  x  =  sinh2x,  we  evalúate 
the  integráis  and  find  that 

Tp  -  (4x  cosh  2x  -  sinh  4x  cosh  2x  +  cosh  4x  sinh  2x)/ 1 6, 

>'p  =  (4x  cosh  2x  -  sinh  2x)/16. 

j/,  =  cos2x,  y 2  =  sin2x,  W  =  2 

Liberal  use  of  trigonometric  sum  and  product  identities  yields 

w,  =  (cos5x-5cosx)/20,  w,  =  (sin5x  -  5  sin  x)/ 20 

TP  =  -(l/4)(cos  2x  eos  x  -  sin  2x  sin  x)  +  (l/20)(cos  5x  eos  2x  +  sin  5x  sin  2x) 

=  -(l/5)cos3x  (!) 

y\  =  eos  3x,  y2  =  sin  3x,  W  =  3 

w,  =  -(6x-sin6x)/36,  w,  =  -(1 +  cos6x)/36 
yp  =  -(x  eos  3x)/6 

=  eos  3x,  y2  =  sin  3x,  W  =  3 

=  -(2/3)tan  3x,  n'  =  2/3 

j/p  =  (2/9)  [3x  sin  3x  +  (eos  3x)ln|cos3x|] 

ji  =  cosx,  y2  =  sinx,  W  -  l 

u[  =  -esc  x,  ¿4  =  eos  x  csc2x 

3/p  =  —  1  —  (cosx)  ln|cscx-cotx| 

y  1  =  eos  2x,  =  sin  2x,  W  =  2 

=  -(l/2)sin2x  sin  2x  =  — (1/4)(1  -cos2x)sin2x 
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u2  =  (l/2)sin2x  eos  2x  =  (1/4)(1  -  eos  2x)cos  2x 
yp  =  (1  -  x  sin  2x)/8 


56. 


~2x 


,  _  2x 

yi  -  e  , 


W  =  4 
«2  =  -(x  +  l)e~x/4 


y  \  =  e 

ui  =  -(3x  -  l)e3*/36, 
yp  =  -e\3x  +  2)/9 

With  y\  =  x,  y2  =  x"1,  and  j{x)  =  72x3,  Equations  (31)  in  the  text  take  the  form 


x  u[  +  x  1  u'2  =  0, 


72x3. 


Upon  multiplying  the  second  equation  by  x  and  then  adding,  we  readily  solve  first  for 


u\  =  36x3, 


so 


u\  =  9x4 


and  then 


-x2w'  =  -36x5, 


so 


U2  =  -6x6. 


Then  it  follows  that 

yp  =  y\U\  +y2u2  =  (x)(9x4)  +  (x_1)(-6x6)  =  3x5. 

58.  Here  it  is  important  to  remember  that  —  for  variation  of  parameters  —  the  differential 
equation  must  be  written  in  standard  form  with  leading  coefficient  1 .  We  therefore 
rewrite  the  given  equation  with  complementary  function  yc  =  c\x2  +  C2X3  as 

y"  -  (4/x)/  +  (6/x2)y  =  x. 

Thus  fyc)  =  x,  and  W  =  x4,  so  simultaneous  solution  of  Equations  (3 1 )  as  in  Problem 
50  (followed  by  integration  of  u[  and  u2 )  yields 


59.  y  i  =  x2, 

W  =  x\ 
u[  =  -x  In  x, 
yp  =  *4/4 


yp  =  -  x2  Jx3  ■  x  •  x~4  ebe  +x3  |x2  •  x  -  x  4  dx 
=  -x2  Jcír+x3  J(1  / x)¿¿xr  =  x3(lnx-l). 

2 

y 2  =  x  lnx, 
f[x)  =  x2 

u'2  -  X 
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60.  yx  =  xm,  y2  =  x3/2 

fix)  =  2x'2/3;  W  =  x 

«,  =  -12x5/6/5,  u2  =  -12x“1/6 
>p  =  -72  x4/3/5 

61.  >i  =  cos(lnx),  j/2  =  sin(lnx),  íF  =  1/x, 

/x)  =  (lnx)/x2 

«i  =  (ln  x)cos(ln  x)  -  sin(ln  x) 

U2  =  (ln  x)sin(ln  x)  +  cos(ln  x) 
jp  =  lnx  (!) 

62.  y¡  =  x,  >'2=1+  x2, 

fF  =  x2  -  1,  /x)  =  1 

u¡  =  (1  +x2)/(l  -  X2),  u'2  =  x/(x2  -  1) 

yp  =  -x2  +  x  ln|(l  +  x)/(l  -  x)|  +  (1/2)(1  +  x2)ln|  1  -  x2! 

63.  This  is  simply  a  matter  of  solving  the  equations  in  (3 1)  for  the  derivatives 

=  _  y,W/W  and  .  iWffl 

W(x)  2  fF(x)  ’ 

integrating  each,  and  then  substituting  the  results  in  (32). 

64.  Here  we  have  >(x)  =  cosx,  j2(x)  =  sinx,  W(x)  =  l,  /(x)  =  2sinx,  so  (33)  gives 

yp(x)  =  -  (eos x)  Jsin  x  •  2 sin x  dx  +(sin  x)  Jcos  x  •  2  sin  x  dx 

=  -  (eos  x)  J(1  -  eos  2x)  dx  +(sin  x)  J2(sin  x)  •  eos  x  dx 

=  -  (eos  x)(x  -  sin  x  eos  x)  +  (sin  x)(sin2  x) 

=  -  x  eos  x  +  (sin  x)(cos2  x  +  sin 2  x) 
yp{x)  =  -xcosx  +  sinx 

But  we  can  drop  the  term  sin  x  because  it  satisfies  the  associated  homogeneous 
equation  y"  +  y  =  0. 
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FORCED  OSCILLATIONS  AND  RESONANCE 


1.  Trial  of  x  =  A  eos  2 1  yields  the  particular  solution  xp  =  2  eos  2t.  (Can  you  see  that  — 
because  the  differential  equation  contains  no  first-derivative  term  —  there  is  no  need  to 
inelude  a  sin  2 1  term  in  the  trial  solution?)  Henee  the  general  solution  is 

x(t)  -  cíeos  3t  +  C2sin  3t  +  2  eos  2t. 


The  initial  conditions  imply  that  c¡  =  -2  and  ci  =  0,  so  x(t)  =  2  eos  2t  -  2  eos  3t. 
The  following  figure  shows  the  graph  of  x{t). 


2.  Trial  of  x  =  A  sin  3 1  yields  the  particular  solution  xp  =  -sin  3 1.  Then  we  impose  the 
initial  conditions  x(0)  =  x'(0)  =  0  on  the  general  solution 

x(/)  =  c\  eos  2 1  +  C2sin  2 1  -  sin  3 1, 

and  find  that  x(t)  =  fsin  2/  -  sin  3t.  The  following  figure  shows  the  graph  of  x(t). 

I  ‘  ,  2  7T  i  ■ 
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First  we  apply  the  method  of  undetermined  coefficients  —  with  trial  solution 
x  =  A  eos  5 1  +  B  sin  5 /  —  to  find  the  particular  solution 

xp  =  3  eos  5/  +  4  sin  5 / 

3  4  1 

=  5  -jeos 5/  +— sin5/  =  5cos (5/-/?) 

where  p  =  tan  *(4/3)  «  0.9273.  Henee  the  general  solution  is 
x(t)  =  ci  eos  10 /  +  c2sin  10/  +  3  eos  5t  +  4  sin  5/. 


The  initial  conditions  x(0)  -  375,  x'(0)  =  0  now  yield  c\  =  372  and  c2  =  -2,  so 
the  part  of  the  solution  with  frequeney  co  =  10  is 

xc  =  372  eos  10/  -  2  sin  10/ 


=  V138388 


v  X 

LV138388 

=  Vi  38388  eos  (10/ -a) 


eos 10/- 


-  sin  10/ 


where  a  -  2n-  tan  '(1/186)  «  6.2778  is  a  fourth-quadrant  angle.  The  following 
figure  shows  the  graph  of  x(/). 


Noting  that  there  is  no  first-derivative  term,  we  try  x  =  A  eos  4/  and  find  the  particular 
solution  Xp  =  lOcos  4/.  Then  imposition  of  the  initial  conditions  on  the  general 
solution  x(/ )  =  c,  eos  5/  +  c2  sin  5/  + 1 0  eos  4/  yields 

x(/)  =  (-10  eos  5/  +  18  sin  5/)  +  10  eos  4/ 
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=  2(-5cos5/  +  9sin5/)  +  10cos4/ 


=  2VÍ06 


5 

VÍ06 


cos5t  + 


9 

VÍ06 


\ 

sin  5t 

) 


+ lOcos At 


=  2\/l0  6  cos(5í-a) 


where  a  =  n-  tan"  ‘(9/5)  ~  2.0779  is  a  second-quadrant  angle.  The  following  figure 
shows  the  graph  of  x(t). 


Substitution  of  the  trial  solution  x  =  C eos  cot  gives  C  =  F0/(k  -  meo2).  Then 
imposition  of  the  initial  condi tions  x(0)  =  x0,  x'(0)  =  0  on  the  general  solution 

x(t)  =  c,  eos  co0t  +  c2  sin  co0t  +  C  eos  cot  (where  co0  =  -Jk/ m ) 

gives  the  particular  solution  x(t)  =  (xo  -  Qcos  co^t  +  C  eos  cot. 

First,  let's  write  the  differential  equation  in  the  form  x"  +  co„x  =  (F0 /m) eos co0t,  which 

is  the  same  as  Eq.  (13)  in  the  text,  and  therefore  has  the  particular  solution 

xp  =  (F0/2mco0)t  sin co0t  given  in  Eq.  (14).  When  we  impose  the  initial  conditions 

x(0)  =  0,  x'(0)  =  v0  on  the  general  solution 


x(t)  =  eos co0t +  c2  sin co0t +  (F0/2mco0)  t sin coQt 


we  find  that 
problem  is 


c,  =0,  c,  =  v0/  co0.  The  resulting  resonance  solution  of  our  initial  valué 


x(/)  = 


2/nVp  +  Fq  t_ 

2mco0 


sin  co0t. 
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In  Problems  7-10  we  give  first  the  trial  solution  xp  involving  undetermined  coefficients  A  and 
B,  then  the  equations  that  determine  these  coefficients,  and  finally  the  resulting  steady  periodic 
solution  xsp.  In  each  case  the  figure  shows  the  graphs  of  xsp(¿)  and  the  adjusted  forcing 

function  F¡  ( t )  =  F(t )  /  meo. 

7.  xp  =  ,4  eos  3/ +  5  sin  3t;  -5A  +  12B  =  10,  12,4  +  55  =  0 

.  ,  50  .  120  .  „  10  f  5  „12  .  10 

Xsp(t)  =  _l69COS3í  +  169Sm3í  =  l3[~13COs3/  +  T3Sm3íJ  =  7^cos(3í-°0 

a  =  n  —  tan'1  (12/  5)  ~  1.9656  (2nd  quadrant  angle) 
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9. 


-199A  +  20B  =  O,  20  A  + 1 995  =  -3 
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Each  solution  in  Problems  1 1—14  has  two  parts.  For  the  first  part,  we  give  first  the  trial  solution 
xp  involving  undetermined  coefficients  4  and  5,  then  the  equations  that  determine  these 
coefficients,  and  fínally  the  resulting  steady  periodic  solution  xsp.  For  the  second  part,  we  give 
first  the  general  solution  x(t )  involving  the  coefficients  c\  and  c2  in  the  transient  solution, 
then  the  equations  that  determine  these  coefficients,  and  fínally  the  resulting  transient  solution 
xtt  so  that  *(0  =  *tr(0  +  *Sp(0  satisfies  the  given  initial  conditions.  For  each  problem,  the 
graph  shows  the  graphs  of  both  x(t)  and  xsp(í). 


11. 


xp  =  Acos3t  +  5sin  3t;  -4A  +  12B  =  10,  124  +  45  =  0 

xsp(0  =  cos3/  +  ysin3/  =  — ¿=cos3í  +  -3=sin3í)  =  ^^-cos(3  t-a) 

4  4  4  I,  VÍO  VlO  J  4  {  ’ 

a  =  ;r-tan~’(3)  ~  1.8925  (2nd  quadrant  angle) 

x(0  =  e~2'  (c,cos  t  +  c2  sin/)  +  xsp(í);  c,-{  =  0,  -2c,+c2+f  =  0 


x,r  (0  =  e 


f  1  7 

~2'  —eos  t — siní 
V  4  4 


V50  _2l(  1  7  . 

- e  —7=  cosí — ¡=siní 

4  VV50  V50 


=  —  a/2c  2,cos  (/-/?) 


P  =  2n  -  tan  ‘(7 )  «  4.8543  (4th  quadrant  angle) 


12.  xp  =  4  eos  5/ +  5  sin  5í;  124-305  =  0,  304  +  125  =  -10 


*sp(0  = 


25  _  10  .  . 

- cos5í - sin  5/ 

87  87 
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13. 


5729  (  5  _  2  .  ; 

rcosót - ¡=sm3t 


87 


729 


729' 


3729 


eos 


(3  t-a) 


a  =  n  +  tan  1  (2  / 5)  «  3.5221  (3rd  quadrant  angle) 

x{t)  =  ff3'(c,cos2/  +  c2sin2/)  +  xsp(0;  c,-25/87  =  0,  -3c,  +  2c2 -50/87 
xtr(0  =  c-3' 


=  0 


V 

25729 

174 


í  50  „  1 25  .  _ 

- eos  2t  - sin  2 1 

174  174 


2  o  5  . 

eos  2 1  +  -  —  sin  2 1 


729 


729' 


25  ^~3,cos(2/-/?) 


6729 


P  =  tan  '(5/2)  «  1.1903  (lst  quadrant  angle) 


t 


xp  =  ^cosl0r  +  5sinl0/; 


-74/1  +  205  =  600,  20/1  +  745  =  0 


11100  1A  3000  .  1A 
x  (/)  =  -  coslO/+- •  -  sin  10/ 


1469 
300  f 


1469 

37  1A  10  .  in  )  300 

-  eos  1  Ot  +  — ; - sin  1 0/  = 


-7—  — p=cosl0r  h — ====sinl0í  =  -É===cos(l0/-a) 

71469  l  7Í469  71469  )  7Í469  V  ’ 


a  -  7T-tan  '(10/37)  w  2.9320  (2nd  quadrant  angle) 

x(t)  =  e_í  (ci  e°s  5í  +  c2  sin  5/)  +  xsp(/); 

c, -11 100/1469  -  10,  -c,  +5c,  =-30000/1469 


*lr(0 


— —  ( 25  790  eos  5/  -  842  sin  5/ ) 
1469 v  ' 
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=  a/3665  e*4'  eos  (3  t-fi) 

P  =  n  +  tan-1  (52/ 31)  a  4.1748  (3rd  quadrant  angle) 

The  figure  at  the  top  of  the  next  page  shows  the  graphs  of  x(t)  and  jc  (/). 


31  52  .  ,, 

—?=  —  eos  3 1  — 7==  sin  3/ 
V3665  a/3665 
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In  Problems  15-18  we  substitute  x(t)  —  A(co')  eos  cot  +  B(co)  sin  cot  into  the  differential  equation 
mx"  +  cx'  +  kx  =  F0  eos  cot  with  the  given  numerical  valúes  of  m,  c,  k,  and  F0.  We  give  first 
the  equations  in  A  and  B  that  result  upon  collection  of  coefficients  of  eos  cot  and  sin  cot,  and 
then  the  valúes  of  A(co)  and  B(co)  that  we  get  by  solving  these  equations.  Finally, 

C  =  y¡A2  +  52  gives  the  amplitude  of  the  resulting  forced  oscillations  as  a  function  of  the 
forcing  frequeney  co,  and  we  show  the  graph  of  the  function  C(co). 

15.  (2-co2)A  +  2coB  =  2,  -loo  A  +  (2- co2)B  =  0 

.  =  M  b  =  ^t 

4  +  co4  4  +  co4 

C(íu)  =  2/-\/4  +  <«4  begins  with  C(0)=1  and  steadily  decreases  as  co  increases. 
Henee  there  is  no  practical  resonance  frequeney. 

C 
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16.  (5  -  (o2)  A  +  4<a  B  =  10,  -4ojA  +  {5-cú1)B  =  0 

A  =  1Q(5~^2)  B  _  40 ú) 

25  +  6a>2  +  a>A  ’  25  +  6co2+co4 

C(á?)  =  10/W25  +  6 ú)2+ú)a  begins  with  C(0)  =  2  and  steadily  decreases  as  co 
increases.  Henee  there  is  no  practical  resonance  frequeney. 

C 


17.  {45 -co2)  A +  6coB  =  50,  -6coA  +  (45-co2)B  =  0 

A  =  5Q(45-^2)  B  =  300¿y 

2025-54 ú)2  +  o)4’  2025  -  54cy2  +  a>4 

C(o) )  =  50/V2025-54¿y2  +  co 4  so,  to  find  its  máximum  valué,  we  calcúlate  the 
derivative 

.  -100o(-27  +  íy2) 

C  (<y)  =  - - — ; - -4—. 

(2025  -  54<y2  +  af  f2 

Henee  the  practical  resonance  frequeney  (where  the  derivative  vanishes)  is 
co  =  s] 27  =  3^3.  The  graph  of  C(co)  is  shown  at  the  top  of  the  next  page. 

18.  {650 -co2)  A +  \0coB  =  100,  -\0co  A  + {650- or)B  =  0 

A  =  100(650 -<a2)  ^  =  1000<y 

422500-1200 ar+co*'  ~  422500  -  1200<y2  +  ¿y4 

C(cú)  =  1 00  /  V 422500  - 1 200ry2  +  ¿y 4  so,  to  find  its  máximum  valué. 
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c 


we  calcúlate  the  derivative 
C'(a>) 


-200  co  (-600  +  ) 

(422500 -1200<y 2  +  <y4)3/2 


Henee  the  practical  resonance  frequeney  (where  the  derivative  vanishes)  is 

ü)  =  yÍ60Ó  =  \0^¡6. 

C 


19.  m  =  100/32  slugs  and  k  =  1200  lb/ft,  so  the  critical  frequeney  is  cd0  =  -Jk/ m 
=  V384  rad/sec  =  ^384/2^  «  3.12  Hz. 

20.  Let  the  machine  have  mass  m.  Then  the  forcé  F  =  mg  =  9.8/w  (the  machine's  weight) 
causes  a  displacement  of  x  =  0.5  cm  =  1/200  meters,  so  Hooke's  law 
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F  =  kx,  thatis,  mg  =  ¿(1/200) 

gives  the  spring  constant  is  k  =  200 mg  (N/m).  Henee  the  resonance  frequeney  is 
(O  =  4kT¿i  =  yfioog  «^200x9.8  »  44.27  rad/sec  «  7.05  Hz, 
which  is  about  423  rpm  (revolutions  per  minute). 

21.  If  9  is  the  angular  displacement  from  the  vertical,  then  the  (essentially  horizontal) 
displacement  of  the  mass  is  x  =  L6,  so  twice  its  total  energy  (KE  +  PE)  is 

m(x')2  +  kx2  +  2 mgh  =  mL2(9')2  +  kl}&  +  2mgL(  1  -  eos  9)  =  C. 

Differentiation,  substitution  of  0  «  sin  6,  and  simplification  yields 

9"+  (k/m  +  g/L)9  =  0 
so 

a>0  =  yfkJ  m  +  g/ L. 

22.  Let  x  denote  the  displacement  of  the  mass  from  its  equilibrium  position,  v  =  x'  its 
velocity,  and  co  =  vi  a  the  angular  velocity  of  the  pulley.  Then  conservation  of  energy 
yields 

mv2 12  +  lo}  12  +  kx2  /  2  -  mgx  =  C. 

When  we  differentiate  both  sides  with  respect  to  t  and  simplify  the  result,  we  get  the 
differential  equation 

(m  +  //  a2)x"  +  kx  =  mg. 

Henee  co  =  ^JkTJm  +  //o2). 

23.  (a)  In  ft-lb-sec  unitswehave  m  =  1000  and  k  =  10000,  so  ¿yQ=^10  rad/sec 
*  0.50  Hz. 

(b)  We  are  given  that  co  =  2x12.25  *  2.79  rad/sec,  and  the  equation 
mx"  +  kx  =  F{f)  simplifíes  to 

x"  +  10x  =  (l/4)íy2siníy/. 

When  we  substitute  x(r)  =  A  sin  cot  we  find  that  the  amplitude  is 

A  -  <y2/4(l0-<y2)  *  0.8854  ft  *  10.63  in. 
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24.  By  the  identity  of  Problem  43  in  Section  2.5,  the  differential  equation  is 

mx"  +  kx  =  F0  (3  eos  cot  +  cos3cot)/  4. 

Henee  resonance  occurs  when  either  co  or  3 co  equals  co0  =  yfkTm  ,  that  is,  when 
either  co  =  co0  or  co  =  co0/3. 

25.  Substitution  of  the  trial  solution  x  =  A  eos  cot  +  B  sin  cot  in  the  differential  equation,  and 
then  collection  of  coefficients  as  usual  yields  the  equations 

| k-meo2)  A  +  (eco)  B  —  0,  -(eco)  A  +  (k-meo2 )B  =  F0 


with  coefficient  determinant  A  =  (k-meo2)  +(ccof  and  solution  A  -  ~(cco)F0 /A, 
B  =  (k  -  meo2)  F0  /  A.  Henee 


f 


k  -  meo2  .  eco 

- r= —  sm  cot  — t=  eos  cot 

VA  VA 


Csin(cot-a), 


where  C  =  F0/V A  and  sino:  =  eco  /Va,  cosa  =  (k-meo2  )/ Va. 


26.  Let  G,  =  s[e¡  +  pf  and  p^llpk  -  meo2 )  +  (eco)2 .  Then 


27. 


Xsp(t) 


pEü  eos  (cot  -  a)+  pF0  sin(íyt  -  a) 

PG0 


E  F 

—eos (cot  -  a)+ — sin(í»t  -  a) 

G0  G0 


=  pG0[cosfi  cos(íyr-a)+sin/?sin(íyí-a)] 

**(0  =  PG0  eos{col  -a- (3) 

where  tan  =  F0  /  E0.  The  desired  formula  now  results  when  we  substitute  the  valué 
of  p  defined  above. 


The  derivad  ve  of  C(co)  =  F0  /  ^j(k  -  meo2)2  +(cco)2  isgivenby 
C'(co)  =  ^  (c2-2¿m)  +  2(m6j)2 


(k-meo2)2  +(cco)2 
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(a)  Therefore,  if  c2  >  2 km,  it  is  clear  from  the  numerator  that  C'(co)  <  0  for  all  co, 
so  C(ój)  steadily  decreases  as  co  increases. 


(b)  But  if  c 2  <  2 km,  then  the  numerator  (and  henee  C'(co))  vanishes  when 
(°  -  g> m  =  'Jk/ m-c2  !2m2  <  4kJm  =  co0.  Calculation  then  shows  that 


c"M 


\6F0m2(c2  -2km) 

T77,  n3/2  <  • 

c  \  Akm-c~\ 


so  it  follows  from  the  second-derivative  test  that  C(com)  is  a  local  máximum  valué. 


28.  (a)  ThegivendifferentialequationcorrespondstoEquation(17)with  F0  -  mAco2 . 

It  therefore  follows  from  Equation  (21)  that  the  amplitude  of  the  steady  periodic 
vibrations  at  frequeney  co  is 


C(o>)  = 


mAco * 


-</(£- otí»2)2  +(c¿y)2  ^(k -meo2)2  +(cco)2 

(b)  Now  we  calcúlate 

mAco\2k2  -  (2mk  —  c2)co2~\ 

C’(co)  =  - L - 1 - i-J 


(k-mco2y  +  (ccof 


i3/2  ’ 


and  we  see  that  the  numerator  vanishes  when 


co  = 


2k2 


2  mk-c2  ym 


k  (  2mk  \  lk 


2 mk  -  c2 


29.  We  need  only  substitute  E0  =  acco  and  F0  =  ak  in  the  result  of  Problem  26. 


30.  When  we  substitute  the  valúes  co  =  2nv!L,  «2  =  800,  ¿  =  7xl0\  c  =  3000  and 

1  =  10,  a  =  0.05  in  the  formula  of  Problem  29,  simplify,  and  square,  we  get  the  function 


25(9ttV  +  122500) 

Csq(v)  =  - ' - L - - 

16(16jtt4v4  -64375^-V  +  76562500)- 
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giving  the  square  of  the  amplitude  C  (in  meters)  as  a  function  of  the  velocity  v  (in 
meters  per  second).  Differentiation  gives 


Csq'iy)  = 


507r2v(9^-V  +245000^V  -535937500) 
(IóttV  -  64375 nW  -  76562500)2 


Because  the  principal  factor  in  the  numerator  is  a  quadratic  in  v2,  it  is  easy  to  solve  the 
equation  Csq'(v )  =  0  to  find  where  the  máximum  amplitude  occurs;  we  find  that  the 
only  positive  solution  is  v  »  14.36  m/sec  «  32.12  mi/hr.  The  corresponding 
amplitude  of  the  car's  vibrations  is  qCsq(l4.36)  ~  0.1364  m  =  13.64  cm. 


SECTION  2.7 

ELECTRICAL  CIRCUITS 


1. 

2. 

3. 


With  E(t) sO  we  have  the  simple exponential  equation  51' +  25/  =  0  whose  solution 
with  /(O)  =  4  is  /(/)  =  4e~51. 


With  E(t)  =  100  we  have  the  simple  linear  equation  5/'+  25/  =  100  whose  solution 
with  /(0)  =  0  is  /(/)  =  4(1  -  e~5‘). 


Now  the  differential  equation  is  5 /'+  25/  =  100  eos  60/.  Substitution  of  the  trial 
solution 


yields 


/p  =  A  eos  60/  +  B  sin  60/ 

Ip  =  4(cos  60/  +  12  sin  60/)/ 145. 


The  complementary  function  is  /c  =  ce  5l\  the  solution  with  1(0)  =  0  is 
/(/)  =  4(cos  60/  +  12  sin  60/  -  e~5')/145. 


4.  The  solution  of  the  initial  valué  problem  2/'  +  40/  =  100<?  I0',  /(0)  =  0  is 
/(/)  =  5(e‘lü/  -  e-20').  To  find  the  máximum  current  we  solve  the  equation 
/'(/)  =  -50c”10'  +  lOOe-20'  =  -50e‘20'  (c20'  -2)  =  0  for  /  =  (ln2)/10.  Then 

/„,aX  =  /((ln2)/10)  =  5/4. 

5.  The  linear  equation  I'+ 101  =  50  e"l0'cos  60/  has  integrating  factor  p  =  e'01.  The 
resulting  general  solution  is  /(/)  =  e-10' [(5/6)sin60/  +  C].j  To  satisfy  the  initial 
condition  1(0)  =  0,  we  take  C’=0  and  get  /(/)  =  (5/6)cf  l0'sin  60/. 
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6.  Substitution  of  the  trial  solution  1  -  /Icos  60/  +  5  sin  60/  in  the  differential  equation 
I' +  101  =  30cos60/  +  40sin60/  gives  the  equations  10.4  +  605  =  30, -604  +  105  =  40 
with  solution  A  =  -21/37,  5  =  22/37.  The  resulting  steady  periodic  solution  is 

/Sp0)  =  (l/37)(-21  eos  60/ +  22  sin  60í)  =  (5/  V37  )cos(60/  -  a),  where 
a  =  n-  tan” '(22/21)  «  2.3329  (2nd  quadrant  angle). 

7.  (a)  The  linear  differential  equation  RQ'+  (1  /C)Q  =  Eq  has  integrating  factor 

p  -  el/RC .  The  resulting  solution  with  Q( 0)  =  0  is  Q(t)  =  E0C(  1  -  e~t/RC).  Then 
/(0  =  Q'(t)  =  (Eo/tye-^. 

(b)  These  Solutions  make  it  obvious  that  li mQ(t)-E0C  and  lim/(/)  =  0. 

/ — >QO  /— >QO 

8.  (a)  The  linear  equation  Q  +  5Q  =  10e~5'  has  integrating  factor  p  —  e5' .  The 

resulting  solution  with  (9(0)  =  0  is  Q(t)  =  10/e‘5/,  so  /(/)  =  Q'(t)  =  10(1  -  5t)e~5'. 

(b)  /(/)  =  0  when  /  =  1/5,  so  Qmax=  0(1/5)  =  2e'x . 

9.  Substitution  of  the  trial  solution  Q  =  A  eos  120/  +  5  sin  120/  into  the  differential  equation 
200  Q'  +  4000 Q  =  100  eos  1 20/  yields  the  equations 

40004  +  240005  =  100,  -  240004  +  40005  =  0 


with  solution  A  =  1/1480,  5  =  3/740.  The  complementary  function  is  Qc  =  ce  201 ,  and 

imposition  of  the  initial  condition  Q( 0)  =  0  yields  the  solution 

Q{t )  =  (eos  120/  +  6  sin  120/  -  e"20í)/1480.  The  current  function  is  then 

/(/)  =  Q'(t)  =  (36  eos  120/  -  6  sin  120/  +  e_20/)/74.  Thus  the  steady-periodic  current  is 


sp 


— (6  eos  1 20/  -  sin  1 20/) 

t=  eos  120/ — ¿=sinl20/ 
74  ^  V37  V37 


=  — j=cos(120/-a) 
V37 


(with  a  =  2n  -  tan  1  £ ),  so  the  steady-state  amplitude  is  3 /  V3T 


10.  Substitution  of  the  trial  solution  Q  =  A  eos  cot  +  B  sin  cot  into  the  differential  equation 
R  Q '  +  (1  /  C)0  =  Eq  eos  cot  yields  the  equations 


(1  IC)A  +  corB  =  E0,  -rcoA  +  (l/C)B  =  0 
with  solution  A  =  E0C /(\  +  úfR2C2^,  B  =  E0a>RC2 /(l  +  a>2R2C2^ ,  so 
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E  C 

0sp(O  =  - — f^2  (cos  ÚJt + <°RC  sin  at) 


r  COS  OJÍ  ■ 


+  cd2R2C- 


\  +  co2R2C2 


-sin  d)l 


1\+cq2R2C2 


>(cot-  J3) 


where  (i  =  tan  1  cúRC  (lst  quadrant  angle). 

In  Problems  1 1-1 6,  we  give  ñrst  the  trial  solution  /p  =  A  cos  coí  +  B sin  cot,  then  the  equations 

in  A  and  B  that  we  get  upon  substituting  this  trial  solution  into  the  RLC  equation 
L  /"  +  /?/'  +  (1  /  C)  I  =  E'{t),  and  finally  the  resulting  steady  periodic  solution. 


L  =  Acos2t  +  Bsin2/; 


A  +  6B  =  10,  -6A  +  B  =  0 


I  ( t )  =  -^cos2/  +  — sin2/  =  t===  í  — Í=-cos2/  +  — ¿=^sin2t 

sp  37  37  V37  V^/37  V37 


:-sin(2/-¿>) 


8  -  2^-tan  ‘(1/6)  «  6.1180  (4th  quadrant  angle) 


12.  /p  =  ,4  cos  10/ +  5  sin  10/; 


A  +  4B  =  2,  -4  A  +  B  =  0 


2  8  2/1  4  i2 

/  (/)  =  — cosl0/  + — sinlO/  =  —j=  -i=coslO/  +  -p=sinlO/  =  -y=sin(10/-<5) 
17  17  Vi 7  V  a/17  Vl7  J  a/17 


8  =  2n -tan  ‘(1/4)  ~  6.0382  (4th  quadrant  angle) 


/  =  Acos5t  +  5  sin  5/; 


3A-2B  =  0,  2A  +  3B  =  20 


,  ,  40  r  60  .  .  20  f  2  _  3  . 

1  (/)  =  — cos5/+ — sin5/  =  —¡=  — r=cos5/  +  -7=sm5/ 
sp  13  13  VÍ3  \yf\3  V13 


^sin(5/-¿>) 


8  =  2^r  —  tan _1  (2/3)  «  5.6952  (4th  quadrant  angle) 


I  =  A  cosí  00/  +  B  sin  100/; 


■249,4  +  255  =  200,  -25A-2A9B  =  -150 


/  (/)  =_££_ (_92 Icos  100/  +  847 sin  100/) 
sp  W  31313 V  ’ 


25V1 565650 
31313 


/1 565650 


rCOSl00/  +  - 


sinlOO/  «  0.9990  sin(  100/  -8) 


8  =  tan~'(921/847)  «  0.8272  (lst  quadrant  angle) 
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15. 


ip  =  yí  eos  60#/  +  B  sin  60#/; 


(1000 -36tt2)A  +  30#5  =  33#,  15nA -(500 -18#2)5  =  0 
a  -  33#(250-9#2)  495 n2 


250000 -17775#2  +  324#4  ’  2(250000 -17775#2 +324#4) 

75P(0  ~  /0sin(60^-^);  h  =  —7  =  ~  0.1591 

2  V250000  - 1 7775#2  +  324#4 


8 


2#  -  tan 


'SOO-l&rM 
v  15  n  J 


4.8576 


16.  Ip  =  A  eos  377/  +  5  sin  3 77/; 

-132129^1  +  471255  =  226200,  47125.4  +  1321295  =  0 


14943789900  _  5329837500 

9839419133  ’  ~  9839419133 


4(0  ~  70sin(377/-<5); 


4  = 


25583220000  ,  „„ 

-  «1.6125 

9839419133 


5  = 


f  132129' ' 
v  47215  , 


1.2282 


In  each  of  Problems  17-22,  the  first  step  is  to  substitute  the  given  RLC  parameters,  the  initial 
valúes  7(0)  and  Q(0),  and  the  voltage  E(t)  into  Eq.  (16)  and  sol  ve  for  the  remaining  initial 
valué 

IX  0)  =  j[£(O)-J!/(O)-(l/C)0(O)].  (*) 


17.  With  7(0)  =  0  and  0(0)  =  5,  Equation  (*)  gives  7'(0)  =  -75.  The  solution  of  the 
RLC  equation  27" +167' +50/  =  0  with  these  initial  conditions  is  /(/)  =  -2504'sin 

18.  Our  differential  equation  to  solve  is 

27" +607' +  4007  =  -1000'. 

We  find  the  particular  solution  7P  =  (-50/171)0'  by  substituting  the  trial  solution 
A  O';  the  general  solution  is 

7(/)  =  C|O10'  +  c2O20'-  (50/171)0'. 
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The  initial  conditions  are  7(0)  =  0  and  /'(O)  =  50,  the  latter  found  by  substituting 
L  =  2,  R  =  60,  MC  =  400,  7(0)  =  Q{ 0)  =  0,  and  E( 0)  =  100  into  Equation  (*). 
Imposition  of  these  initial  valúes  on  the  general  solution  above  yields  the  equations 
c,+c2 -50/171  =  0,  -10c, -20c2  +50/171  =  50  withsolution  c,  =50/9, 
c2  =  -100/19.  This  gives  the  solution 

7(/)  =  (50/171)(19e~10<  -  18e~20/  -  e~l). 

19.  Now  our  differential  equation  to  solve  is 

27" +  607'  + 4007  =  -lOOOe'10'. 

We  find  the  particular  solution  7P  =  -50/  e~10'  by  substituting  the  trial  solution 
At  e~l0t;  the  general  solution  is 

7(/)  =  cle-i0í  +  c2e-20l-5Ote-101. 

The  initial  conditions  are  7(0)  =  0  and  7'(0)  =  -150,  the  latter  found  by  substituting 
L  =  2,7?  =  60,  1/C  =  400,  7(0)  =0,  Q( 0)  =  1,  and  E( 0)  =  100  into  Equation  (*). 
Imposition  of  these  initial  valúes  on  the  general  solution  above  yields  the  equations 
c,+c2  =  0,  -10c, -20c2  -50  =  -150  withsolution  c,  =-10,  c2=10.  Thus  we 
get  the  solution 

7(/)  =  1  Oe~20/  -  10c'10'  -  50/c_IO(. 

20.  The  differential  equation  107"+ 307'+ 507  =  1 00  eos  2/ has  transient  solution 

7(r  (/ )  =  e-3'/2^clcos/A/ÍT/2  +  c2sin/\/rT/2^, 
and  in  Problem  1 1  we  found  the  steady  periodic  solution 
Isp(0  =  ^  (eos  2/  +  6  sin  2/). 

When  we  impose  the  initial  conditions  7(0)  =  7'( 0)  =  0  on  the  general  solution 
7(/)  =  7tr(/)  +  7sp(/),  we  get  the  equations 

c, +10/37  =  0,  -  3c, /2  +  VTIc2/2  + 120/37  =  0 

withsolution  c,  =  -10/37,  c2  =  -270/37%/!!.  The  following  figure  shows  the 
graphs  of  I(t)  and  7sp(/). 
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21.  The  differential  equation  10/"  + 20/'+  100/ =  —1000  sin  5/  has  transient  solution 

4(0  =  e~‘  (c,  eos  3 1  +  c2  sin  3t), 

and  in  Problem  13  we  found  the  steady  periodic  solution 
20 

4.(0  =  —(2cos5r+3sin5í)- 

When  we  impose  the  initial  conditions  /(0)  =0,  /'(0)  =  -10  on  the  general  solution 
/(0  =  4(0  +  4,(0,  we  get  the  equations 

c,  +40/13  =  0,  -c, +3c2 +300/13  =  -10 

with  solution  c,  —  —40/13,  c2  =  —470/39.  The  figure  at  the  top  of  the  next  page 
shows  the  graphs  of  /(0  and  /sp(0- 

22.  The  differential  equation  2/"  +  100/'  + 200000/  =  6600 n  eos  60  M  has  transient  solution 

4(0  =  e~25'  (c,  eos  25/ Vl59  +  c2  sin  25/ VÍ59  ) , 

and  in  Problem  1 5  we  found  the  steady  periodic  solution 

4,(0  =  A  eos  607rt  +  B  sin  60^/  ~  0. 157444  eos  60;r/  +  0.0230 1 7  sin  60?r/ 
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(with  the  exact  valúes  of  A  and  B  given  there).  When  we  impose  the  initial  conditions 
/(O)  =  /'(O)  =  0  on  the  general  solution  /(/)  =  Ia(t)  + Isp(t),  we  fmd  (with  the  aid  of 
a  Computer  algebra  system)  that 


33^(250 -9^2)  _ 

250000  - 1 11157V2  +  324;r4 
11^7Í59'(250  +  9^2) 
53(250000  - 1 7775 n2  +  324;r4 ) 


0.157444, 

»  -0.026249 


The  following  figure  shows  the  graphs  of  I(t)  and  Isp(t). 


23. 


The  LC  equation  LI"  +  (l/C)I  =  0  has  general  solution  /(/)  -  c,  eos  coQt  +  c2  sin  co0t 
with  critical  frequeney  a>0  =  1/VtC. 
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24.  We  need  only  observe  that  the  roots 

-i?±Vi?2-4Z/C 

r  =  - 

2  L 

both  necessarily  have  negative  real  parts. 

25.  According  to  Eq.  (8)  in  the  text,  the  amplitude  of  the  steady  periodic  current  is 

E0/  tJr2  +  ( a)L  - 1  /  coC  f .  Because  the  radicand  in  the  denominator  is  a  sum  of  squares, 
it  is  obvious  that  the  denominator  is  least  when  a>L-M coC  =  0,  that  is,  when 
(o  =  M^LC. 


SECTION  2.8 

ENDPOSNT  PROBLEMS  AND  ESGENVALUES 


The  material  on  eigenvalues  and  endpoint  problems  in  Section  2.8  can  be  considered  optional  at 
this  point  in  a  first  course.  It  will  not  be  needed  until  we  discuss  boundary  valué  problems  in  the 
last  three  sections  of  Chapter  8  and  in  Chapter  9.  However,  after  the  concentration  thus  far  on 
initial  valué  problems,  the  inclusión  of  this  section  can  give  students  a  view  of  a  new  class  of 
problems  that  have  diverse  and  important  applications  (as  illustrated  by  the  subsection  on  the 
whirling  string).  If  Section  2.8  is  not  covered  at  this  point  in  the  course,  then  it  can  be  inserted 
just  prior  to  Section  8.5. 

1.  If  A  =  0  then  y"  =  0  implies  that  y(x )  =  A  +  Bx.  The  endpoint  conditions 

y(0)  =  0  and  y(  1)  =  0  yield  B  =  0  and  A  =  0,  respectively.  Henee  A  =  0  is 
not  an  eigenvalue. 

If  A  =  >  0,  then  the  general  solution  of  y"  +  ¿y  =  0  is 


so 


y{x)  =  A  eos  ax  +  B  sin  ax, 
y'(x)  =  -A  a  sin  ax  +  Ba  eos  ax. 


Then  y'(0)  =  0  yields  B  =  0,  so  y(x)  =  A  eos  ax.  Next  y(l)  =  0  implies  that 
eos  a  —  0,  so  a  is  an  odd  múltiple  of  n/2.  Henee  the  positive  eigenvalues  are 
{(2 n-  l)2;r/4}  with  associated  eigenfunctions  {cos(2«  -  1)ot/2}  for  n  =  1,2,  3,  ■  • 


2.  If  A  =  0  then  y"  =  0  implies  that  y(x)  =  A  +  Bx.  The  endpoint  conditions 

/(0)  =  y’{n)  =  0  imply  only  that  B  =  0,  so  Ao  =  0  is  an  eigenvalue  with  associated 
eigenfunction  yo(x)  =  1. 
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If  X  =  cr2  >  O  ,  then  the  general  solution  of  y"  +  c/y  =  0  is 
y(x )  =  A  eos  ax  +  5  sin  cae. 

Then 

y'(x)  =  -A  a  sin  ax  +  Ba  eos  coc, 

so  /(O)  =  0  implies  that  B  =  0.  Next,  y'(n)  =  0  implies  that  an  is  an  integral 
múltiple  of  n.  Henee  the  positive  eigenvalues  are  {n2}  with  associated  eigenfimetions 
{eos  nx},  n  =  1,  2,  3,  •  •  •. 

Much  as  in  Problem  1  we  see  that  X  =  0  is  not  an  eigenvalue.  Suppose  that 
X  =  c?>  0,  so 

y(x)  =  ^4  eos  ax  +  B  sin  ax. 

Then  the  conditions  y(-n)  =  y(x)  =  0  yield 

A  eos  cot+  B  sin  an  =  0, 

A  eos  an  -  B  sin  an  =  0. 


It  follows  that 

A  eos  an  -  0  =  B  sin  an. 

Henee  either  A  -  0  and  B  *  0  with  an  an  even  múltiple  of  n!2,  or  A  *  0  and 
5  =  0  with  cot  an  odd  múltiple  of  n!2.  Thus  the  eigenvalues  are  {n2/ 4}  for  n  a 
positive  integer,  and  the  «th  eigenfunction  is  y„(x)  =  cos(nx/2)  if  n  is  odd, 
y„(x)  =  sin(m;/2)  if  n  is  even. 

Just  as  in  Problem  2,  /lo  =  0  is  an  eigenvalue  with  associated  eigenfunction  yo(X)  =  1  • 
If  X  =  cr2  >  0  and 

y(x)  =  A  eos  ax  +  5  sin  ax, 

then  the  equations 

y'(-n)  =  a(  A  sin  an+  B  eos  an)  =  0, 
y'(  tí)  =  a(-A  sin  an+  B  eos  an)  =  0 

yield  A  sin  an  =  5  eos  an  =  0.  If  /í  =  0  and  5  *  0,  then  eos  an  =  0  so  cwr  must 
be  an  odd  múltiple  of  7z/2.  If  A  *0  and  5  =  0,  then  sin  an  =  0  so  an  must  be  an 
even  múltiple  of  n/2.  Therefore  the  positive  eigenvalues  are  {h2/4}  with  associated 
eigenfunctions  y„(x)  =  cos(W2)  if  the  integer  n  is  even,  y„(x)  =  sin(«x/2)  if  n  is 
odd. 

If  X  =  a2  >  0  and 

y(x)  =  A  eos  ax  +  B  sin  ax. 
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y\x )  =  -A  a  sin  ax  +  Ba  eos  ax 


6. 


7. 


then  the  conditions  y(-2)  =  y'{ 2)  =  0  jield 

A  eos  2a-  B  sin  2 a  =  0, 

-A  sin  2a +  B  eos  2a  =  0. 

It  follows  either  that  A  =  B  and  eos  2  a  =  sin  2  a,  or  that  A  =  -B  and 
eos  2  a  =  -sin  2  a.  The  former  occurs  if 

2a  =  7z/4,  5n/4,  9nl4,  •  •  •, 

the  latter  if 


2a  =  3^/4,  7?r/4, 11^/4,  •  •  •. 

Henee  the  «th  eigenvalue  is 

Xn  =  a2n  =  (2 n  -  l)V/64 

for  n  =  1,  2,  3,  •  •  •,  and  the  associated  eigenfunction  is 
y„(x)  =  eos  aje  +  sin  aje  (n  odd) 


or 


y„(x)  =  eos  aje  -  sin  aje  (n  even). 


(a)  If  X  =  0  and  ^(x)  =  A  +  Bx,  then  y'(0)  -  B  =  0,  so  y{x)  =  A.  But 
then  j(l)+y(l)  —  A  =  0  also,  so  X  -  0  is  not  an  eigenvalue. 

(b)  If  X  =  c?  >  0  and 

X*)  =  A  eos  ax  +  B  sin  ax, 


then 


y'(x)  =  a(-A  sin  ax  +  B  eos  ax), 
so  X(0)  =  Ba  =  0.  Henee  B  =  0  so  X*)  =  AL  eos  ax.  Then 


X1)+X0)  =  A(cos  a  -  asin  a)  =  0, 
so  a  must  be  a  positive  root  of  the  equation  tan  a  =  1  la. 

(a)  If  X  =  0  and  y(x)  =  A  +  Bx,  then  X0)  =  A  =  0,  so  Xx)  =  ^x.  But  then 
X1)+X0)  =  2B  =  0,  so  A  =5  =  0  and  X  =  0  is  not  an  eigenvalue. 

(b)  If  X  =  c?  >  0  and  Xx)  =  A  eos  ax  +  B  sin  ax,  then  y(0)  =  A  =  0  so 
Xx)  =  5  sin  ax.  Henee 
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y(l)  +  jy'(l)  =  5(sin  a  +  a  eos  a)  =  0. 

so  a  must  be  a  positive  root  of  the  equation  tan  a  =  -a,  and  henee  the  abscissa  of  a 
point  of  intersection  of  the  lines  y-tanz  and  y  =  —z.  We  see  from  the  figure  below 
that  an  lies  just  to  the  right  of  the  vertical  line  z  =  (2 n  -  l)zr  /  2,  and  lies  closer  and 
closer  to  this  line  as  n  gets  larger  and  larger. 


y 


8.  (a)  If  X  =  0  and  y(x)  =  A  +  Bx,  then>»(0)  =  A  =  0,  so  j^(x)  =  Bx.  Butthen 

j(l)  -  y'(  1)  saysonlythat  B  =  B.  Henee  Áq  =  0  is  an  eigenvalue  with  associated 
eigenfunction  yo(x)  =  x- 

(b)  If  A  =  p2>0  and  y(x)  =  Acosflx  +  Bsinflx,  then  y(0)  =  A  =  0  so 
y(x)  =  B sin/?x.  Then  j(l)  =  j'(l)  saysthat  Bsin ¡3  =  Bfi eos  J3,  so  /?  must  be  a 
positive  root  of  the  equation  tan  ¡3  =  [3,  and  henee  the  abscissa  of  a  point  of 
intersection  of  the  lines  y  =  tan  z  and  y  =  z.  We  see  from  the  figure  above  that  f3u  lies 
just  to  the  left  of  the  vertical  line  z  =  (2 n  +  1)^/2,  and  lies  closer  and  closer  to  this  line 
as  n  gets  larger  and  larger. 


9.  If  y"  +  Xy  =  0  and  X  =  -a2  <  0,  then 

y(x)  =  Ae ca  +  Be'0*. 

Then  y(0)  =  A  +  B  =  0,  so  B  =  -A  and  therefore 

y(x)  = 
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y\L)  =  Ac(eal  +  e~aL)  =  0. 

But  a^O  and  e' +  e  >  0,  so  v4  =  0.  Thus  A  =  -a2  is  not  an  eigenvalue. 

10.  If  A  - -a2  <  0,  then  the  general  solution  of  y"  +  Ay  =  0  is 

y(x)  =  A  cosh  ax  +  B  sinh  ax.  Then  X0)  =  0  implies  that  A  =  0,  so  y{x)  =  sinh  ax 
(or  a  nonzero  múltiple  thereof).  Next, 

y(l)  +  y(l)  =  sinha  +  nreosher  =  0 

implies  that  tanh a  -  -a.  But  the  graph  of  y  —  tanh a  lies  in  the  first  and  third 
quadrants,  while  the  graph  of  y  =  -  a  lies  in  the  second  and  fourth  quadrants.  It 
follows  that  the  only  solution  of  tanh  oc  =  —  cc  is  a  =  0,  and  henee  that  our  eigenvalue 
problem  has  no  negative  eigen valúes. 

11.  If  A  = -a2  <  0,  then  the  general  solution  of  y"  +  Ay  -  0  is 

yO)  =  Tcosh  ax  +  5  sinh  ax.  Then  /(0)  =  0  implies  that  B  =  0,  so  y(x)=  coshorx 
(or  a  nonzero  múltiple  thereof).  Next, 

jKl)  +  y(l)  =  coshor +  nísinhcir  =  0 

implies  that  tanh  a  =  - 1  la.  But  the  graph  o í  y  =  tanh  a  lies  in  the  first  and  third 
quadrants,  while  the  graph  of  y  =  —  1  la  lies  in  the  second  and  fourth  quadrants.  It 
follows  that  the  only  solution  of  tanh  a  =  -1/oris  or=0,  and  henee  that  our 
eigenvalue  problem  has  no  negative  eigenvalues. 

12.  (a)  If  A  =  0  and  y(x)  =  A  +  Bx,  then  y{-n )  =  y(7t)  meansthat 

A  +  Bn  =  A  -  Btt,  so  5  =  0  and  y(x)  =  A.  But  then  y'(-7Í)  =  y\n)  implies  nothing 
about  A.  Henee  Ao  =  0  is  an  eigenvalue  with  yo(x)  =  1. 

(b)  If  A  =  -a2  <  0  and 

y(x)  =  Ae™  +  Be-**, 

then  the  conditions  y(-7t)  =  y(n)  and  y\-n)  =  y'{n)  yield  the  equations 

Ae™  +  Be~an  =  Ae~a,r  +  Bea\ 

Aea,r  -  Be~an  =  Ae~a*  -  Bea*. 

Addition  of  these  equations  yields  2 Aea*  =  2 Ae~an.  Since  ea* e~an  because  a*  0.  it 
follows  that  A  =  0.  Similarly  5  =  0.  Thus  there  are  no  negative  eigenvalues. 
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(c)  If  A  -  (/  >  O  and 


y(x)  =  A  eos  ax  +  B  sin  ax, 
then  the  endpoint  conditions  yield  the  equations 

A  eos  an+  B  sin  an  =  A  eos  an  -  B  sin  an, ; 

-A  sin  an+  B  eos  an  =  A  sin  an+  B  eos  an. 

The  first  equation  implies  íhat  B  sin  an  =  0,  the  second  that  A  sin  an  =  0.  If  A  and 
B  are  not  both  zero,  then  it  follows  that  sin  an  =  0,  so  a  -  n,  an  integer.  In  this 
case  A  and  B  are  both  arbitrary.  Thus  eos  nx  and  sin  nx  are  two  different 
eigenfunctions  associated  with  the  single  eigenvalue  n2. 

13.  (a)  With  A  =  1,  the  general  solution  of  y"  +  2y'  +  y  =  0  is 

y(x)  =  Ae~x  +  Bxe~x. 

Butthen  y(0)  -  A  =  0  and  y(l)  =  e~'(A  +  B)  =  0.  Henee  A  -  1  is  notan 
eigenvalue. 

(b)  If  A  <  1,  then  the  equation  y"+  2y'+  Ay  =  0  has  characteristic  equation 

r2  +  2r  +  A  =  0.  This  equation  has  the  two  distinct  real  roots  ^ -2  ±  V4-4T  j  /  2  ;  cali 
them  r  and  s.  Then  the  general  solution  is 

y(x)  =  Aex  +  Besx, 

and  the  conditions  y(0)  =  y(l)  =  0  j/ield  the  equations 

A+B  =  0 ,  Ae  +  Bes  =  0. 

If  A,  B  *  0,  then  it  follows  that  er  =  es.  But  r  *  s,  so  there  is  no  eigenvalue  A  <  1 . 

(c)  If  A  >  1  let  A  -  1  =  a2,  so  A  =  1  +  c?.  Then  the  characteristic  equation 

r2  +  2r  +  A  =  (r+  1)2  +  a2  =  0 

has  roots  - 1  ±  ai,  so 

y(;c)  =  e~x(A  eos  ax  +  B  sin  oa). 

Now  ^(O)  =  A  =  0,  so  y(x)  =  Ae~x sin  ax.  Next,  y(l)  -  Ae~ 'sin  a  =  0,  so 
a  =  nn  with  n  an  integer.  Thus  the  «th  positive  eigenvalue  is  An  =  n2^2  +  1. 
Because  A  =  cC  +  1 ,  the  eigenfunction  associated  with  An  is 

yn(x)  =  e'^sin  ruxx. 
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14.  If  X  =  1  +  a2  then  we  first  impose  the  condition  Xo)  =  0  on  the  solution 

y(x)  =  e  ~X(A  eos  ax  +  B  sin  ax) 
found  in  Problem  13,  and  find  that  A  =  0.  Henee 

y{x)  =  Be~x sin  ax, 

>"'(x)  =  B(-  e-;csin  ax  +  e~xa  eos  ax), 

so  the  condition  /( 1)  =  0  yields  -sin  a+  orcos  a  =  0,  thatis,  tan  a  =  a. 

15.  (a)  The  endpoint  conditions  are 

y(0)  =  y'(  0)  =  y"(L)  =  y°\L)  =  0. 

With  these  conditions,  four  successive  integrations  as  in  Example  5  yield  the  indicated 
shape  function  y(x). 

(b)  The  máximum  valué  ymax  of  y{x)  on  the  closed  interval  [0,  L\  must  occur  either 
at  an  interior  point  where  y'(x)  =  0  or  at  one  of  the  endpoints  x  =  0  and  x  =  L.  Now 

y'(x)  =  k( 4x3  -  12¿x2  +  12Z2x)  =  4 kx(x2  -  3 Lx  +  3Z.2) 

where  k  =  w/24EI,  and  the  quadratic  factor  has  no  real  zero.  Henee  x  =  0  is  the  only 
zero  of  y'(x).  But  y(0)  =  0,  so  it  follows  that  ym3X  =  y(L). 

16.  (a)  The  endpoint  conditions  are 

Á 0)  =  yV 0)  =  0  and  y(L)  =  y\L)  =  0. 

(b)  The  derivative 

y'(x)  =  k( 4x3  -  6Lx2  +  2 L2x)  =  2kx(2x  -  L)(x  -  L) 

vanishes  at  x  =  0,  L/2,  L.  Because  y(0)  =  y(L)  =  0,  the  argument  of  Problem  15(b) 
implies  that  ymax  =  y(L/ 2). 

17.  If  y{x)  =  k(x4 -2Lxi  +  Üx)  with  k  =  w/24EI,  then 

y\x)  =  k(4x3  -6Lx2  +  Ü)  =  0 

has  the  solution  x  =  L/2  that  we  can  verify  by  inspection.  Now  long  división  of  the 
cubic  4x3  —  6Lx2  +  Ü  by  2 x  -  L  yields  the  quadratic  factor  2x2  -  2 Lx  -  Is  whose 

zeros  | '  2L±4y21 ~2  j/4  =  ^l±V3^¿/2  both  lie  outside  the  interval  [0,  L].  Thus 

x  =  L/2  is,  indeed,  the  only  zero  of  y’(x)  =  0  in  this  interval. 
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18.  (a)  The  endpoint  conditions  are 


y( 0)  =  y'(0)  =  0  and  y(L)  =  y"(L)  =  0. 

(b)  The  only  zero  of  the  derivative 

y'(x)  =  2fcc(8x2  -  15TX  +  6Z,2) 

interior  to  the  interval  [0,  L ]  is 

xm  =  (15  -yÍ33)L/\6, 

and  _y(0)  =  y(L)  =  0,  so  it  follows  by  the  argument  of  Problem  15(b)  that 
ymax  y(Xm)  • 
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CHAPTER 3 


POWER  SERIES  METHODS 


SECTION  3.1 


INTRODUCTION  AND  REVIEW  OF  POWER  SERIES 


The  power  series  method  consists  of  substituting  a  series  y  =  T.cpc"  into  a  given  differential 
equation  in  order  to  determine  what  the  coefficients  {c„}  must  be  in  order  that  the  power  series 
will  satisfy  the  equation.  It  might  be  pointed  out  that,  if  we  find  a  recurrence  relation  in  the  form 
cn+  i  =  $n)Cn,  then  we  can  determine  the  radius  of  convergence  p  of  the  series  solution  directly 
from  the  recurrence  relation. 


P 


lim 

«->00 


c 

=  lim 

1 

n 

Cn+ 1 

n — >oo 

</>(n) 

In  Problems  1-10  we  give  first  that  recurrence  relation  that  can  be  used  to  find  the  radius  of 
convergence  and  to  calcúlate  the  succeeding  coefficients  c,,  c2,  c3,  ■  ■  ■  in  terms  of  the  arbitrary 
constant  cq.  Then  we  give  the  series  itself 


c  c 

1.  Cn+Í  =  — ~ ;  it  follows  that  cn  =  —  and  p  =  lim(«  +  l)  =  oo. 
n  + 1  n ! 


y(x)  -  c0fl  +  x  +  — +  —  +  —  +  ■ 
0  2  6  24 


^  f  X  X  X  X  N 

=  cj  1  +  — +  —  + - + - +  •■ 

1!  2!  3!  4! 


2.  c(+|  =  it  follows  that  cn  =  and  p  =  lim-^^- 

n  + 1  n\  n~*°°  4 


=  oo  . 


y(x) 


'  .  _  2  32x3  32x4  A 

1  +  4x  +  8a:  h - H - +  •  ■ 


J 


=  c„ 


,  4x  42x2  43x3  44x4 

1  +  —  + - + - + - +  ■ 


1!  2! 


4! 


3. 


3  c.. 

c>¡+\ 

2(n  + 

i ); 

y{x)  = 

/ 

3x 

:  co 

1- 

—  + 

V 

2 

it  follows  that  cH 

9x2  9x3  27x4 

8  16  +  128 


(-1)"  3”c0 
2"«! 


and  p  =  lim 

«— >oo 


2  (n  + 1) 

n 

J 


\ 

J 


00  . 
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5. 


'  3x  32x2  33x3  3V 

1 — — +  - — - -  +  - 


1!2  2!22  3 !  23  4!24 


_  —3  jc  /  2 


When  we  substitute  y  =  Ec„x"  into  the  equation  y'  +  2xy  =  0,  we  fínd  that 

ci+Z[(0  +  2K+2+2cJ^”+I  =  0. 


«= 0 


Henee  c\  =  0  —  which  we  see  by  equating  constant  terms  on  the  two  sides  of  this 

Tlc 

equation  —  and  cn+2  = - — .  It  follows  that 

n  +  2 


C\  ~  C3  ~  C5 


•••  =  codd  =0  and  c2A  =  C° 


Henee 


y(x)  =  c0 


V4 

1-x2  +  — 

x6 

'N 

r  X2  x4 

X6 

\ 

- +• 

•  • 

=  CQ 

1 - 1 - 

- 1_  . 

. . 

2 

3 

) 

^  1!  2! 

3! 

J 

c0e 


and  p-  co. 

When  we  substitute  y  =  'Lepe"  into  the  equation  y '  =  x2y,  we  fínd  that 

oo 

C1  + 2C2X  +  Z  [("  +  3)C«+3  -  ]  *"+1  =  0. 

«= 0 

Henee  C|  =  C2  =  0  —  which  we  see  by  equating  constant  terms  and  x-terms  on  the  two 

Q 

sides  of  this  equation  —  and  c,  =  — — .  It  follows  that 

3  n  +  3 


Henee 

y(x)  =  c0 

and  p  =  co. 


c0 

_  co 

ClliU  C3  k  — 

(.6.... 

•(3k)  k\3k 

6  9  A 

(  3  6 

X  X 

=  Q 

,  X  X 

1  +  + 

U 

^  1!3  2!3' 

-  +  - 


¿Si» 


6.  c  ,  =  — ;  it  follows  that  c  =  —  and  p  -  lim2  =  2. 
2  2"  «-»"0 


34»  =  c0 


(  X  X2  X3  X4 

1  +  —  +  —  +  —  +  —  +■ 
v  2  4  8  16 
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,  íx)  (x\  íx)’  (x 
c"  1+  2  +  2  +  2  +  2 


cn+i  =  2 c„;  it  follows  that  c  =  2"c0  and  p  =  lim--  =  — . 

»-w>  2  2 

>>(x)  =  c0(l  +  2x  +  4x2 +  8x3 +16x4 +•••) 

=  c0j^l  +  (2x)  +  (2x)2  +  (2x)3+(2x)4  -t — J  =  y~ 


(2n  —  l)c  2n  +  2 

c„.t  =  -  — — — ;  it  follows  that  p  =  lim - 

n+1  2n  +  2  »-»*  2n  - 1 

x  x2  x3  5x4  ^ 

2  8  16  128  J 

Separation  of  variables  gives  y(x)  =  c0Vl  +  x. 


cn+l  -  ~ — ~ it  follows  that  c„  =  (n  +  1  )c0  and  p 
n  +  1 

jj/(x)  =  ^1  +  2x  +  3x2  +  4x3  +  5x4  +  •  • -^ 

Separation  of  variables  gives  y(x)  =  — — tL_ 


..  n  +  1 
lim - 

n->o°  n  +  2 


(2n  -  3)c  fll  ,  .  2n  +  2 

c„+l  =  - - -JL\  it  follows  that  p  =  lim - 


2n  +  2 


«->«  2n  —  3 


.  ,  L  3x  3x2  x3  3x4  ] 

°{  2  8  16  128  ) 

Separation  of  variables  gives  y(x)  =  c0(l-x)3/2. 

In  Problems  1 1-14  the  differential  equations  are  second-order,  and  we  find  that  the  two  initial 
coefficients  co  and  c\  are  both  arbitrary.  In  each  case  we  find  the  even-degree  coefficients  in 
terms  of  co  and  the  odd-degree  coefficients  in  terms  of  c\.  The  solution  series  in  these 
problems  are  all  recognizable  power  series  that  have  infinite  radii  of  convergence. 


CM+ 1  — 


(n  +  l)(n  +  2) 


;  it  follows  that  clk  = 


and  c. 


(2k  + 1)1 


X2  X4  X6  ^  (  X7,  X5  X7  'l 

v(x)  =  cn  1h - 1 - 1- - 1 —  +  c,  xh - 1 - H - h —  =  cncoshx  +  c,  sinhx 

'  '  0  2!  4!  6!  1  3!  5!  7!  0 
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12. 


4  c 


Cn+ 1  ” 


y(x)  =  c{ 


( yi  +  l)(n  +  2) 

^  2  2x4 

1  4-  2x  H - 


22íc  22íc 

it  follows  that  c2A  =  and  c2A+1  =  ' 


(2*)! 


(2Jfc  +  l)! 


4x6 

> 

f  2x3  2x5  4x7 

+ - +* 

•  • 

+  Ci 

45 

y 

i 

^  3  15  315  J 

-  Crs 


2! 


4! 


6! 


+  - 


J 


(2x)  + 


(2x)3  (2x)5  (2x)7 


3! 


5! 


+  ■ 


7! 


=  cn  cosh  2x  +  — L  sinh  2x 


\ 

+  ■■■ 

J 


13. 


9c„ 


(-1  )*32*c0 


Cn+1  — 


jK*) 


;  it  follows  that  c. 


(«  +  l)(«  +  2) 

'  9x2  27x4  81x6  ^ 

1 - + - + 


ik 


and  c. 


v 


8 


80 


+  c,  x 


(2k)\ 

3x3  27x5  81x7 


2A+1 


(~1)*3  2Arc, 
(2¿  +  l)! 


=  c. 


t  (3x)2  [  (3x)  (3x)'  | 


y 

6 


2! 


4! 


6! 


+ 


2  +  40  560 

f  (3x)3  (3x)5  (3x)7  ^ 


(3x)- 


v 


3! 


5! 


7! 


-+  ■ 


J 


=  cncos3x  +  —Lsinx 


14.  When  we  substitute  y  =  'Lcnxn  into  y"  +  y -x  =  0  and  split  off  the  terms  of  degrees  0 
and  1 ,  we  get 

oo 

(2c2  +  Co)  +  (6c3  +  Ci  —  l)x+  £[(w  +  1)(«  +  2)c„+2  +  c„]x"  =  0. 

w=2 


c,  -1 


Henee  c 9  c.  =  - 

2  2  6 


- — 1 — and  cn 


+2 


(n  + 1 )(«  +  2) 


for  «  >  2.  It  follows  that 


y(x)  =  c0  +  c0 


x  +  cn 


f  x^_x^ 
v  2!  +  4!  6!  + 

x2  x4  x6 

1  —  + - +■ 

2!  4!  6! 


x3  X5  X7 


+  c,x  +  (c,-l) - + - +•• 

1  V  1  '  11  M  71 


+  (c,  -1) 


3!  5!  7! 

\ 

f  X3  X5  X7 

x - 1- - +  ■ 

v  3!  5!  7! 


x  +  c0cosx  +  (c,  -l)sinx. 


15.  Assuming  a  power  series  solution  of  the  form  y  =  Ec„x”,  we  substitute  it  into  the 
differential  equation  xy'  +  y-O  and  find  that  (n  +  1  )c„  =  0  for  all  n  >  0.  This 
implies  that  cn  =  0  for  all  n  >  0,  which  means  that  the  only  power  series  solution  of 
our  differential  equation  is  the  trivial  solution  y(x)  =  0.  Therefore  the  equation  has  no 
non-trivial  power  series  solution. 
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16.  Assuming  a  power  series  solution  of  the  form  y  =  'Lcnxn,  we  substitute  it  into  the 
differential  equation  2 xy'  =  y  and  fmd  that  2 ncn  =  cn  for  all  n  >  0.  This  implies  that 

0co  =  co>  2c,=cp  4c2  =  c2,---,  and  henee  that  cn  =  0  for  all  n  >  0,  which  means  that 
the  only  power  series  solution  of  our  differential  equation  is  the  trivial  solution  y{x)  =  0. 
Therefore  the  equation  has  no  non-trivial  power  series  solution. 

17.  Assuming  a  power  series  solution  of  the  form  y  =  £c„r",  we  substitute  it  into  the 
differential  equation  x2y'  +  y  =  0.  We  fmd  that  c0  =  c¡  =  0  and  that  c„+l  =  -nc„  for 

n  >  1,  so  it  follows  that  cn  =  0  for  all  n  >  0.  Just  as  in  Problems  15  and  16,  this 
means  that  the  equation  has  no  non-trivial  power  series  solution. 

18.  When  we  substitute  and  assumed  power  series  solution  y  =  ~Zcycn  into  x3y'  =  2 y,  we 
fmd  that  c0  =  c¡  =  c2  =  0  and  that  c„+2  =  nej 2  for  n  >  1.  Henee  c„  =  0  for  all 
n  >  0,  just  as  in  Problems  15-17. 

In  Problems  19-22  we  fxrst  give  the  recurrence  relation  that  results  upon  substitution  of  an 
assumed  power  series  solution  y  =  'Lcnxn  into  the  given  second-order  differential  equation. 
Then  we  give  the  resulting  general  solution,  and  fmally  apply  the  initial  conditions  y{ 0)  =  c0 
and  /(0)  =  c,  to  determine  the  desired  particular  solution. 


19. 


Cn+ 2  — 


y(x)  =  C{ 


2  cn  s  ^  (-1)  22icn  , 

7 - . for  n>  0,  so  c2k  =  - — - and  c,,  ,  =  i — - - 

(n  +  l)(n  +  2)  (2  k)\  2Í+1  (2k  +  \)\ 

22x2  24x4  26x6  ^  (  O2-3  '■>4-5  O6-7  >1 


1 


2! 


-  +  - 


4! 


6! 


+  c. 


J 


2íxi  2V  2  x 

X - ¡ - j_  . 


3! 


5! 


7! 


c0  =  y(0)  =  0  and  c,  =  /(0)  =  3,  so 


y(x) 


f  21xi  24x5  26x7 

x - — +  — - + . 


V 


3! 


5! 


7! 


(2x)  -  QQ-  +  — -2x^  +  ■ 

3!  5!  7! 


3  •  o 
=  — sin2x. 
2 


20. 


Cn+2  ~ 


2  2c„ 


(n  4  l)(n  +  2) 


for  n  >  0,  so  c 


22kcn 


2  k 


and  c. 


2  c. 


y(x)  =  c\ 


1  + 


2Lxl  24x4  26jc6 


-  +  - 


2!  4!  6! 

c0  =  y(0)  =  2  and  c,  =  /(O)  =  0,  so 

(  /n  «\2 


(2k)\ 

í  -i2  „3 


2A+1 


(2k  + 1)! 


+  c, 


2ixi  24x5  2V  ^ 

X  4 - - 1 - — - 1 - 1-  •  ■ 


V 


3! 


5! 


7! 


J 


y{x)  =  2 


l  +  (2x)l+(2xr+(2í)l+... 

2!  4!  6! 


=  2cosh2x. 
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OyiC  —  C 

cn+ ,  =  - - - —  for  n>  1;  with  c0  =  _y(0)  =  0  and  c.  =  y'(0)  =  1,  we  obtain 

n(n  + 1) 

!  1  11  11  1  1  c  •  ,  +I  1 
2  3  2  4  6  3!  5  24  4!  6  120  5!  "  («-!)! 


,  2  X3  X4  X5  f  X2  X3  XA 

y(x)  =  x  +  x  H - 1 - 1 - (••••  =  x  1  +  xH - 1 - 1 - h 

2!  3!  4!  2!  3!  4! 


vic  — 

c  ,  =  -  — - - —  for  n  >  1;  with  c0  =  y(0)  =  1  and  c.  =  y'(0)  =  -2,  we  obtain 

«(«  +  1) 

_  4  23  2  24  4  25  .  ^  2" 

c2=2,  c3  c4=-  =  —,  c5=-— =  .  Apparently  c„=±— ,  so 


.,.(2  ,)+M_M+í?ír_M+... 

v  ;  2!  3!  4!  5! 


C'o  =  Ci  =  0  and  the  recursion  relation 


(«2  -  n  +  l)c„  +  (n  -  l)c„_i  =  0 


for  n  >  2  imply  that  c„  =  0  for  n  >  0.  Thus  any  assumed  power  series  solution 
y  =  'Lcnxn  must  reduce  to  the  trivial  solution  y(x)  =  0. 


24.  (a)  The  fact  that  y(x)  =  (1  +  x)a  satisfíes  the  differential  equation 

(1  +x)y'  =  ay  follows  immediately  from  the  fact  that  y'(x)  =  a{  1  +  jc)“-1. 

(b)  When  we  substitute  y  =  £c„x"  into  the  differential  equation  (1  +  x)y'  =  ay  we 
get  the  recurrence  formula 

c„+!  =  ~  ~~  -cn+ 1  =  (a-n)c„/(n+  1). 
n  +  1 

Since  co  =  1  because  of  the  initial  condition  y(0)  =  1  >  the  binomial  series  (Equation 
(12)  in  the  text)  follows. 

(c)  The  function  (1  +x)a  and  the  binomial  series  must  agree  on  (-1,  1)  because  of 
the  uniqueness  of  Solutions  of  linear  initial  valué  problems. 

25.  Substitution  of  into  the  differential  equation  y"  =  y'  +  y  leads  routinely  — 

via  shifts  of  summation  to  exhibit  x"  -terms  throughout  —  to  the  recurrence  formula 

(n  +  2)(n  +  l)c„+2  =  («  +  l)cn+I+c„, 
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and  the  given  initial  conditions  yield  c0  =  0  =  F0  and  c,  =  1  =  Fv  But  instead  of 

proceeding  immediately  to  calcúlate  explicit  valúes  of  further  coefficients,  let  us  first 
multiply  the  recurrence  relation  by  «!.  This  trick  pro  vides  the  relation 

(n  +  2)!cÍJ+2  =  («  +  l)!cn+1  +n\cn, 

that  is,  the  F ibonacci-defining  relation  Fn+2  =  Fn+]  +  Fn  where  Fn=n\cn,  so  we  see  that 
c„  ~  Fn! n\  as  desired. 


26.  This  problem  is  pretty  fully  outlined  in  the  textbook.  The  only  hard  part  is  squaring  the 
power  series: 

(l  +  c3x  +c5x  +c7x  +cgx  +cnx  H  ) 

=  x2  +  2c3x4  +(c3  +  2c5)x6  +(2c3c5  +  2c7)x8  + 

[c]  +  2 c3c7  +  2c9  )  x10  +  (2c5c7  +  2c3c9  +  2c¡ , )  x12  h — 

27.  (b)  The  roots  of  the  characteristic  equation  r3  =  1  are  r\  =  1 ,  r2  =  a  = 

(—1  +iy¡ 3)/2,  and  a*3  =  ¡3  =  (-1  -/'V 3)/2.  Then  the  general  solution  is 

y(x)  -  Aex  +  Beax  +  Cepx.  (*) 

Imposing  the  initial  conditions,  we  get  the  equations 

A +  B+  C =  1 

A  +  ocB  +  pe  =  1 

A  +  c?B  +  fie  =  -1. 

The  solution  of  this  system  is  A  =  1/3,  B  =  (1  -iy¡ 3)/3,  C  =  (1  +/V3)/3. 
Substitution  of  these  coefficients  in  (*)  and  use  of  Euler's  relation  e,e  = 
eos  6+  i  sin  6  finally  yields  the  desired  result. 


SECTION  3.2 

SERIES  SOLUTIONS  NEAR  ORDINARY  POINTS 

Instead  of  deriving  in  detail  the  recurrence  relations  and  solution  series  for  Problems  1  through 
1 5,  we  indícate  where  some  of  these  problems  and  answers  originally  carne  from.  Each  of  the 
differential  equations  in  Problems  1-10  is  of  the  form 
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(Ax2  +  B)y"  +  Cxy'  +  Dy  =  O 


with  selected  valúes  of  the  constants  A,  B,  C,  D.  When  we  substitute  y  =  'Lc„xn,  shift  indices 
where  appropriate,  and  collect  coefficients,  we  get 

“  ^c»  +  B(n  +  W"  +  2)C»+2  +  Cncn  +  Dcn\X"  =  0. 

n= 0 

Thus  the  recurrence  relation  is 


^n+2 


An 2  +(C  -A)n  +  D 
B(n  +  !)(«  +  2)  C‘ 


for  n  >  0. 


It  yields  a  solution  of  the  form 


y  Cq  yeven  yodd 


where  yeve n  and  y0(¡d  denote  series  with  terms  of  even  and  odd  degrees,  respectively.  The  even- 
degree  series  c0  +  c2x2  +  c4 x4  +■■■  converges  (by  the  ratio  test)  provided  that 


lim 

rt->ao 


c  xn+2 

Ln+ 2X 

Ax2 

c  xn 

n 

B 

<  1. 


Henee  its  radius  of  convergence  is  at  least  p  =  J\bTa\  ,  as  is  that  of  the  odd-degree  series 
c,x  +  c3x3  +  c5x4  h — .  (See  Problem  6  for  an  example  in  which  the  radius  of  convergence  is, 
surprisingly,  greater  than  ^J\B  /  A\ .) 


In  Problems  1-1 5  we  give  fírst  the  recurrence  relation  and  the  radius  of  convergence,  then  the 
resulting  power  series  solution. 


1. 


Cn+ 2  ~  Cn¡ 


P  =  l; 


CQ  ~~  ^2  ^4 


y(x)  = 

«=0  H= 0 


1-x2 


2. 


u/j+2 


- 

2  " 


p  =  2; 


C2n  ~ 


(-1  )"C( 


0  . 


2" 


"2«+l 


2n 


2«+l 


y(*)  = 

«= 0  Z  «-0  z 


(-l)V, 

2" 


3. 


(M  +  2) 


p  =  oo; 
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HZfo  =  (-i)"c0. 
(2n)(2n - 2) . 4-2  n!2"  ’ 

(zjTfi  =  (-i)"c, 

(2«  + 1)(2«  - 1) . 5-3  (2/i  +  l)ü 


„2« 


X*)  =  coZ(-1)"-^r+c,X(-i)'' 

n=0 


n= O 


x2n+1 

(2n  +  l)ü 


4. 


C/j+-2  ~ 


^2// 


n  +  4 

- c-  /7  =  1 

ji  +  2  ^ 

2/i  +  2  V  2»  N 

2n  Jv  2n-2j 
2/I  +  3V  2» +  1^ 

2«  +  lJt  2n-lJ 


„  2» +  2 
'  2 
x„  2n  +  3 


c0=  (-!)"(« +  l)c0 


X*) 


c02(-l)>  + l)*2"  +  |c,2(-l)n(2«  +  3)x 


2/?+l 


n=0 


w=0 


Cn+2  ~ 


l'2n+l 


nc 


3(«  +  2)  ’ 

2n  - 1  2«  -  3 


P  =  3; 


c2  —  c4  —  c6  —  •  •  ■  —  O 


1 


3(2/i +  1)  3(2/?  - 1)  3(5)  3(3)  1  (2«  +  l)3n 


y(x)  =  c0+C|£ 


o°  ^.2/1+1 


¡m>  (2«  +  l)3n 


6. 


=  (w-3)(/i-4) 
n+2  («  +  l)(>?  +  2)  ” 

The  factor  («  -  3)  in  the  numerator  yields  c5  -  c7  =  cg  -  ■  ■  ■  =  O,  and  the  factor  (n  -  4) 
yields  c6  =  c8  =  c10  =  •  •  •  =  0.  Henee  yeven  and  y0dd  are  both  polynomials  with  radius  of 
convergence  p  =  oo. 

>»(x)  =  c0(l  +  6x2 +x4)  +  c,(x  +  x3) 


7. 


(/2  —  4)2  r— 

Cn+ 2  =  —  i\/  TTrc«’  p>\¡2 

3  (n  + 1)(«  +  2) 

The  factor  (n  -  4)  yields  c6  =  c8  =  cI0  =  •  •  •  =  0,  so  yeven  is  a  4th-degree  polynomial. 
We  fínd  first  that  c3  =  -c,  /  2  and  c5  =  c,  / 1 20 ,  and  then  for  n  >  3  that 
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-'2/7  +  1 


(2n  -  5) 


2  V 


3(2«)(2«  +  l) 


(2«  -  7)2 


A 


3(2/7 -2)(2«  — 1)  J 


\ 

í-  12  1 

> 

l  3(6)(7)J 

(-1) 


n —2 


[(2/7  5) !  i]2 


3"”2(2/7  +  l)(2/7-l) . 7-6  120 


£l_  =  Q ■(_!)"  [(2»-5)-'!3 


TO)  -  c0 


,  8  2  8 

1 — X  + - X 

3  27 


+  c 1 


X--X3  +  — x5+9¿ 


3"(2«  +  1)!  1 
[(2/7-5)!!]2(-l)" 


.2/7+1 


120 


¡5  (2/7  +  1)!  3" 


Cn+2  — 


— ~  4>(n  +  4) 

2(/7  +  l)(/7  +  2)  "  h 

We  find  fírst  that  c3  =  -5c,  /4  and  c5  =  7c,  732 ,  and  then  for  n  >  3  that 


^2/7+1 


'  1-9  ^ 
2(6)(7) J 


L2n+I 


_  [  (2/7-5)(2/7  +  3)Y  (2/7  -  7)(2// + 1)  ) 

[  2(2n)(2n  +  l)  2(2/7  -2)(2«-l)J' 

_  (2/7 -5)!! (2/7  +  3)(2 n  +  1) . 9  7c,  _  5!  7  (2« - 5)!!(2«  +  3)! ! 

2”"2(2/7  +  l)(2/7) . 7-6  '32  ’  7-5-3 ' 32  2"(2//  +  l)!  C’ 

__  (2/7-5)!!(2/7  +  3)ü 


2"(2«  +  l)!  1 

.y(x)  =  c0  (l  -  4x2  +  2x4  )  +  c, 


x-— x3  +— x5  +  V -2w-5)!-(2/7  +  3)!!  2»+i 
4  32  ta  (2«  +  l)!  2" 


9. 


C„+2  = 


(/7  +  3)(/2  +  4) 


p  =  1 


C2n  ~ 


~2n+l 


(n  + 1)(/7  +  2) 

-  (2/7  + 1)(2/7  +  2)  (2/7-l)(2/7)  3-4  _  1 


(2/7-l)(2/7)  (2/7 - 3)(2/7 - 2)  1-2  C°  2 + 1)(2"  +  1)C° 

(^j)g^3),  (2/7X2/7  +  1)  . 4^  1 

(2n)(2n  +  l)  (2n  -  2)(2n  - 1)  2-3  '  3  1 


y(x)  =  co¿Y  + 1)(2/7  +  l)x2”  + 1 C,  2]  (/7  + 1)(2/7  +  3)x 


2n+I 


n=Q 


n= 0 


10. 


(77-4) 

c  7  = - c„;  p  —  oo 

n+2  3(/7  +  l)(/7  +  2)  ” 

The  factor  («  -  4)  yields  c6  -  cg  =  c,0  =  •  •  ■  =  0,  so  yeve n  is  a  4th-degree  polynomial. 
We  find  fírst  that  c3  =  c,  76  and  c5  =  c,  7 360 ,  and  then  for  n  >  3  that 
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_  -(2«  —  5)  -(2/7-3)  -1 

C2n+1  3(2/7  + 1)(2«) '  3(2«  -  l)(2w  -  2) . 3(7)(6)  C5 

=  (2»-5)ü(-ir2  c,  _ 

3"-2(2/7  +  l)(2«) . (7)(6)  360 

=  32'5-'  (2/7  -5) !!(-!)"  =  (2/7 -5)!  !(-l)" 

360  3"(2/j  +  1)(2/7) . (7)(6)  -  5 !  C'  '  3"(2«  +  l>!  C‘ 


y(x)  =  cÁ  1  +  —  x2  +  — x4  l  +  c.  x  +  -x3 +  -^-x5 +3Y 
3  27  1  *  ^ 


1  3^  1  s  .-ísp  (2«- 5) !!(—!)" 


6  360 


(2«  +  l)!  3" 


2(«  -  5) 

Cn+ 2  ”  w  ,w  ,  0\C"’  p  —  <X¡ 

5(n  + 1)(/7  +  2) 

The  factor  («  -  5)  yields  c7  =  cg  -  c, ,=•••  =  0,  so  +0dd  is  a  5th-degree  polynomial. 
We  find  first  that  c2  =  — c,,  c4  =  c0  / 10  and  c6=c0/ 750,  and  then  for  n  >  4  that 

2(2/7  -  7)  2(2n -5)  2(1) 

C2"  5(2n)(2«  - 1)  '  5(2/7  -  2)(2n  -  3) . 5(8)(7)  C<s 

=  2n~3(2«  -7)!! _ Cq_  _ 

5"-3(2/7)(2/7-l) . (8)(7)  750  ~ 

53  -6!  2" (2« -7)!!  _  2"(2tj -7)!!  _ 

23  -750  5”(2/7)(2/7) . (8)(7)-6!  °l  ~  '  5n(2n)l  C° 


.  .  (  4x3  4x5  |  ,  2  x4  x6  ■A  (2/7-7)!!  2" 

\  15  375 J  °L  10  750  (2/7)!  5" 


c„+3  =  — fx;  P  =  °° 

n  +  2 

When  we  substitute  y  =  Ec„x"  into  the  given  differential  equation,  we  find  first  that 
c2  =  0,  so  the  recurrence  relation  yields  c5  =  c8  =  cu  =  •  •  •  =  0  also. 


i+y — 
fí2-5- 


ZA 

— 

■^<-01  «=o n !  3" 


C„+3  = - P  =  <X> 

n  +  3 

When  we  substitute  y  =  £c„x"  into  the  given  differential  equation,  we  find  first  that 
c2  =  0,  so  the  recurrence  relation  yields  c5  =  cs  =  cu  =  •  •  •  =  0  also. 


y(x)  =  c0]T 


(-l)"x3n  |  y  (-l)"x3,,+l 
«!  3"  +C|¿l-4 . (3/7  +  1) 
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14. 


“'//+3 


p  =  00 


(«  +  2)<>2  +  3) 

When  we  substitute  y  =  'Lcnxn  into  the  given  differential  equation,  we  find  first  that 
c2  =  0,  so  the  recurrence  relation  yields  c5  =  cg  =  cn  =•  •  •=  0  also.  Then 


-1 


-1 


-1 


H)"c0 


"'3)7+1 


(3«)(3«-l)  (3«-3)(3«-4)  3-2  0  3"«!-(3«-l)(3«-4) . 5-2’ 

. _ ri _ zl . z±c  =  H)"g. 

(3«  +  l)(3«)  (3« - 2)(3« - 3)  4-3  1  3"«!-(3«  + 1)(3« -2) . 4-f 


y(x)  =  c0 


1  + Y  — 


n  3  n 


tí3”«!"2-5 . (3«  - 1) 


+  c. 


(-l)"x 


n  3/1+1 


y- 

^3"«!-l-4 . (3«  + 1) 


15. 


p  =  00 


(«  +  3)(«  +  4) 

When  we  substitute  y  =  Ec„x"  into  the  given  differential  equation,  we  find  first  that 
c2  =c3=  O,  so  the  recurrence  relation  yields  c6  -  cl0 
Then 


O  and  c7  =  cu  =  •••=  O  also. 


-1 


-1 


-1 


-C 


(-1  )"c0 


(4«)(4«-l)  (4«-4)(4«-5)  4-3  0  4n«!-(4«-l)(4«-5) . 5-3 : 

-1  -1  -1  _  (-1  )"c. 


"3/i+I 


y(x) 


(4«  +  l)(4«)  (4«-3)(4«-4)  5-4  1  4"«!-(4«  +  l)(4«-3) . 9-5 


1+2Z 


n  4  n 


(-l)'-X 


tí4n«!-3"7 . (4«-l) 


+  c, 


x+y _ ízlTf _ 

4"«!-5-9 (4«  + 1) 


w _ 4//+ ! 


Yl  —  1 

16.  The  recurrence  relation  is  cn+2  = - cn  for  «>1.  The  factor  («  —  1)  inthe 

«  + 1 

numerator  yields  c,  =  c5  =c1  =  •••  =  0.  When  we  substitute  y  =  'Lcr¡xn  into  the  given 
differential  equation,  we  find  first  that  c2=c0,  and  then  the  recurrence  relation  gives 


Henee 


2«-3 

2n-5  3 

1 

(-ir1 

II 

r'J 

2«- 1 

2«-3  5 

- c,  =  ■ 

3  2 

c 

2«-l  °‘ 

(  r4  x6 

x8  ^ 

y(x) 

-  ctx  +  c0 

1  +  x - +  — 

i  s 

7 

J 


c,x  +  c0  +  c0x 


X 3  X5  x7  ^ 
X - 1 - . . 

v  3  5  7  , 


Co(l 


=  c.x  +  cn(  1  +  xtan  1  x 


c)- 


With  cq  =  y(0)  =  O  and  ci  =  y'(0)  =  1  we  obtain  the  particular  solution  y(x)  =  x. 
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17.  The  recurrence  relation 


c  =  (”~2K 

"+2  (n  +  1)(h  +  2) 

yields  C2  =  co  =  y(0)  =  1  and  C4  =  -  •••  =  0.  Because  c¡  =  y'(0)  =  0,  it 

follows  also  that  c¡  =  C3  =  c¡  =  •••  =  0.  Thus  the  desired  particular  solution  is 
y(x)  =  l+x2. 


18.  The  substitution  t  —  x  —  1  yields  y"  +  ty'  +  y  —  0,  where  primes  now  denote 

differentiation  with  respect  to  t.  When  we  substitute  y  =  Ec nf  we  get  the  recurrence 
relation 


for  n  >  0,  so  the  solution  series  has  radius  of  convergence  p  =  00. .  The  initial 
conditions  give  c0  =  2  and  c¡  =  0,  so  codd  =  0  and  it  follows  that 


t2  [  t4  t6 

2  +2-4_2-4-6  +  ”’ 


y(x)  =  2  1 


(x-lf  f  (x-1)4  (x-1)6 

2  2-4  2-4-6 


'(-l)"(x-l)2 

1  n!2" 


The  substitution  t  —  x—  1  yields  (1  6ty'  —  4y  =  0,  where  primes  now  denote 

differentiation  with  respect  to  t.  When  we  substitute  y  =  Ec„t"  we  get  the  recurrence 
relation 

n  +  4 

Cn+ 2  _  TTC«’ 

for  n  >  0,  so  the  solution  series  has  radius  of  convergence  p  =  \,  and  therefore 

converges  if  -1  <t<  1.  The  initial  conditions  give  co  =  0  and  ci  =  1,  so  ceven  =  0 
and 

_2r  +  3  2r  +  1  7  5  _2r  +  3 

C2n+1  “  2r  +  1  2r -l . 5-3C|  =  3  ' 


y  =  -£(2r  +  3)/2^  =  ~£(2«  +  3)(x-  l)2n+I , 

n=0  3  n=Q 


and  the  x-series  converges  if  0  <  x  <  2. 


20.  The  substitution  t  —  x  —  3  yields  (t2  +  l)y"  —  4ty'+  6y  =  0,  where  primes  now  denote 
differentiation  with  respect  to  t.  When  we  substitute  y  =  'Lcntn  we  get  the  recurrence 
relation 

c  =  (i»-2X«-3) 

n+2  (n  +  l)(n  +  2) 
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for  n  >  0.  The  initial  conditions  give  co  =  2  and  c¡  =  0.  It  follows  that  c0(|d  =  0, 
c2  =  -6  and  C4  =  =  ■■■=  0,  so  the  solution  reduces  to 


y  =  2  -  6?  =  2  -  6(x  -  3)2 


21. 


The  substitution  1  =  x  +  2  yields  (4 12  +  1  )y"  =  8y,  where  primes  now  denote 
differentiation  with  respect  to  t.  When  we  substitute  y  =  Y,cnf  we  get  the  recurrence 
relation 


un+ 2 


4(«-2) 

(«  +  2)  C” 


for  n  >  0.  The  initial  conditions  give  cq  =  1  and  c\  =  0.  It  follows  that  c0dd  =  0, 
ci  =  4  and  c4  =  ce  =  •  •  •  =  0,  so  the  solution  reduces  to 


y  =  2 +4Í2  =  1  +  4(x  +  2)2. 

22.  The  substitution  t  =  x  +  3  yields  (t  -  9)y"  +  3ty'-  3y  =  0,  with  primes  now  denoting 
differentiation  with  respect  to  t.  When  we  substitute  y  =  Ec„/"  we  get  the  recurrence 
relation 

c  =  (n  +  3)(«  - 1)  r 
n+2  9(«  +  l)(«  +  2)  ” 

for  n  >  0.  The  initial  conditions  give  co  =  0  and  c\  =  2.  It  follows  that  ceven  =  0 
and  C3  =  C5  =  •••  =  0,  so 

y  =  2í  =  2x  +  6. 

In  Problems  23-26  we  first  derive  the  recurrence  relation,  and  then  calcúlate  the  solution  series 
y,  (x)  with  c0  =  l  and  c,  =  0,  the  solution  series  y2(x)  with  c0  =  0  and  c,=l. 


23. 


Substitution  of  y  =  I,cnxn  yields 

00 

c0  +  2c2  +  ^  ^  cn  +  (n  +  l)(n  +  2)c„+2]x  —  0, 

«= 1 


so 


"n+2 


- c»-¡  +_c" —  for  n>\. 

(n  +  !)(«  +  2) 


X2  x3  x4 

V,  (x)  =  1 - f - (-• 

2  6  24 


X3  X4  x5 

yJx)  =  x - H - +  • 

^2  6  12  120 


24.  Substitution  of  y  =  Ec„x"  yields 

-2c2+¿[2c,I.1+rt(|7  +  l)c,)-(w  +  l)(«  +  2)c„+2]x"  =  0, 

B-l 
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25. 


26. 


27. 


so 


c,  =  0, 


«+2 


g„-i+«Q  +  l)g„ 
0  +  00  +  2) 


for  n>  1 . 


r3  v3  r6  v3  ■*+  v3 

■  1+T+T+Í5+"';  ■  ”T+T+T+- 


Substitution  of  y  =  Ec„x"  yields 

oo 

2c2+  6c3x  +  £  [c„_2  +  («  -  l)c„_,  +  («  +  l)(n  +  2)c„+2  ]x"  =  O, 


«= 2 


SO 


c2  =  c3  =  O, 


U/J+ 2 


r4  r7  v8 

/  \  i  A  A 

_y,(x)  =  1 - + - + - +  • 

12  126  672 


c„-2+Q-1K-i 

0  +  00  +  2) 

y2(x)  =  x- 


for  n  >  2. 


x4  x5  x1 


-  +  ■ 


12  20  126 


Substitution  of  y  =  Ec„x”  yields 

2c,  +  6c3x  +  12c4x2  +  (2c2  +  20c,  )x3  + 

oo 

Z[c»-4+(«-l)(n-2)c„.,+(«  +  l)(n  +  2)cn+2]x"  =  O, 

SO 


n= 4 


C2  =  C3  =  C4  =  C5  =  °> 


,  .  _  x6  x9  29x 2 

_y,(x)  =  1 - h - +  • 

1  30  72  3960 


Si+2 


cn-4+(w-0Q-2)c„_, 

O +1)0 +2) 


for  n  >  4. 


,  .  xx 

M*)  =  *~  — + 


7  -,0  41x13 


42  90  6552 


Substitution  of  y  =  E  c„xn  yields 

00 

c0  +  2  c2  +  (2c,  +  6c3)x  +  Z[2c»-2  +  («  +  1K  +  0  +  1)0  +  2)c„+2]x"  =  0, 


n-2 


SO 


_  CQ 


Cn  =- 


__ _  1 


C«+2  — 


-  2cn-2+0  +  l  )C„ 


for  n  >  2. 


2  3'  0  +  00  +  2) 

With  c0  =  y(0)  =  1  and  c,  =  /(O)  =  -1,  we  obtain 

,  v  .  X2  X3  X4  X5  29x6  13x7  143x8  31x9 

y(x)  =  1-x - + - +  —  + - + - +. 

2  3  24  30  720  630  40320  22680 
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Finally,  x  =  0.5  gives 

>>(0.5)  =  1-0.5-0.125  +  0.041667-0.002604  +  0.001042 

+  0.000629  -  0.000 1 6 1  -  0.0000 1 4  +  0.000003  +  •  •  • 
>>(0.5)  *  0.415562  «0.4156. 


28.  When  we  substitute  >>  =  'Lcnxn  and  e  *  =  ]>](-l)"x"/n!  and  then  collect  coefficients 
of  the  terms  involving  1,  x,  x2,  and  x3,  wefindthat 

„  _  co  _  _  co  ~  ci  _  _  ci  „  _  3c0  +  2c, 


z  2  6  4  12  D  120 
With  the  choices  c0  =  1,  c,  =  0  and  c0  =  0,  c,  =  1  we  obtain  the  two  series  Solutions 

.5 


.  .  ,  X1  X3  X5 

y,  (x)  =  1 - + - +  • 

1  2  6  40 


,  ,  .  X3  X4  X~ 

and  v-»(x)  =  x - 1 - h- 

2  6  12  60 


29. 


When  we  substitute  >>  =  Ec„x"  and  cosx  =  £(-l)"x2"  /(2n)!  and  then  collect 
coefficients  of  the  terms  involving  1,  x,  x2 ,  ■  ■  ■ ,  x6 ,  we  obtain  the  equations 

c0  +  2c2  =  0,  c,+6c3  =  0,  12c4  =  0,  -2c3  +  20c5  =  0, 


~c2  ~5c4  +  30c6  =  0,  ^-c3-9c5  +  42c6  =  0, 

~ú¿C2+h4~l4C6+56c* =  °‘ 


Given  c0  and  c, ,  we  can  solve  easily  for  c2,c3,---,cg  in  tum.  With  the  choices 
c0  =  1,  c,  =  0  and  c0  =  0,  ct  =  1  we  obtain  the  two  series  Solutions 


x2  x6 

>>,(x)  =  1 - + - + 

1  2  720 


13x8 

40320 


and 


>>2(x)  =  x 


6 


x5  13x7 
60 _ 5040 ^ 


30.  When  we  substitute  >>  =  ’Lcnxn  and  sinx  =  2  (-l)”x2n+l/(2«  +  1)!,  and  then  collect 
coefficients  of  the  terms  involving  1,  x,  x2 ,  •  •  • ,  x5,  we  obtain  the  equations 

Q 

c0  +  c,+2c2  =  0,  c,+2c2+6c3  =  0,  — -  +  c2  +  3c3  +  12c4  =  0, 

6 

— —  +  c3  +  4c4  +  20c5  =  0,  — - —  +  c,  +  5c,  +  30c.  =  0. 

3  3  4  5  120  2  4  5  6 

Given  c0  and  c,,  we  can  solve  easily  for  c2,  c3,  c6  in  tum.  With  the  choices 
c0  =  1,  c,  =  0  and  c0  =  0,  c,  =  1  we  obtain  the  two  series  Solutions 
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33. 


x 2  X3  X5  X6 


y{(x)  =  1  —  —  +  — -  —  +  -^—  4 —  and  y2(x)  =  x-  —  +  — — — 1_. 

n  ¿  en  ion  M  2  ]g  360  900 


2  6  60  180 


Substitution  of  y  —  Ec„x”  in  Hermite's  equation  leads  in  the  usual  way  to  the  recurrence 
formula 

2ja-n)cH 

(h  +  1)(«  +  2) 

Starting  with  c0  =  1,  this  formula  yields 


Cn+ 2  — 


„  _  2«r  _ 22a(a-2)  _  _  23a(a-2)(a-4) 

2!’  4  4!  ’  6!  ’ 


Starting  with  c,  =  1,  it  yields 


„  _  2(a-l)  „  _  ,  22(a-l)(a-3)  __  23(a-l)(a-3)(a-5) 

3!  ’  5  5!  ’  7“  7! - 

This  gives  the  desired  even-term  and  odd-term  series  yx  and  y2.  íf  a  isaninteger, 

then  obviously  one  series  or  the  other  has  only  fmitely  many  non-zero  terms.  For 
instance,  with  a  =  4  we  get 


TiO)  =  l-^x2+- . _*'2x4  =  l-4x2  +~^4  -  -^-(l6x4-48x2+12). 


2  24  3  12' 


and  with  a  -  5  we  get 


2-4  3  ,  22  -  4-2  __5  4  3  4  5  1 


yJx)  =  x - x  + 

2  6  120 


X  =  X - X  + - X  = 

3  15  120 


(32x5-160x3  +  120). 


The  figure  below  shows  the  interlaced  zeros  of  the  4th  and  5th  Hermite  polynomials. 


y 
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34. 


Substitution  of  y  =  'Lcnxn  in  the  Airy  equation  leads  upon  shift  of  índex  and  collection 
of  terms  to 

2c2+Y\(n  + 1)0  +  2)c„+2  -c„_,]x"  =  0. 

n= 1 


The  identity  principie  then  gives  c2=  0  and  the  recurrence  formula 

-  £n  ’ 

C"+3  “  («  +  2)(«  +  3) 

Because  of  the  "3-step"  in  indices,  it  follows  that  c2  =  c5  =  c8  =  c„  =  •  •  •  =0.  Starting 
with  c0  =  1,  we  calcúlate 

1  _  i  _  _  1  1-4  1-4  1-4-7 

Ca  2-3  3!  ’  31-5-6 _  6!  _  61-8-9  “  9!  ’ 

Starting  with  c,  =  1,  we  calcúlate 


1 


ci 


2-5 


cio  — ' 


2-5  2-5-8 


3-4  4!  41-6-7  7!  '  ,u  71-9-10  10! 

Evidently  we  are  building  up  the  coefficients 


-3k 


1-4  —  (3A:  -  2) 
(3  k)\ 


'3Í+1 


_  2-5  —  (3¿-l) 
(3A:  + 1)1 


that  appear  in  the  desired  series  for  y,(x)  and  y2(x).  Finally,  the  Mathematica 
commands 

,  1  ,  A[k  - 1] 

A[l]  =  —  ;  A[k  ]  :=  - - - — 

6  -  3k  (3k- 1) 

„  ,  1  „  ,  B[k- 1] 

B[  1]  =  —  ;  B[k  ]  :=  - - - — 

12  -  3k  (3k  + 1) 

n  =  40 ; 

yl  =  1+  x3k; 


y2  =  x  +  ^B[k]  x‘ 

iti 


3  k*i . 


yA  = 
yB  = 


yi 


y2 


3Z/3  Gamma[  j  ]  31/3Gannna[-i  ] 
yl  y2 


31/6  Gannna[  ~  ]  3~1/6Gamma[  ¿  ] 


Plot[  {yA,  yB} ,  {x,  -13.5,  3}  ,  PlotRange  -♦  {-0.75,  1.5}]  ; 
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produce  the  figure  above.  Butwith  n  =  50  (instead  of  n  =  40)  terms  we  get  a  figure  that  is 
visually  indistinguishable  from  Figure  3.2.3  in  the  textbook. 


SECTION  3.3 

REGULAR  SINGULAR  POINTS 

1.  Upon  división  of  the  given  differential  equation  by  x  weseethat  P(x)  =  1  -x2  and 
Q(x)  =  (sin  x)/x.  Because  both  are  analytic  at  x  =  0  — in  particular,  (sinx)/x  — >  1 
as  x  — >  0  because 

sinx  =  1  ^(-l)"x2"+1  _  y  (-l)”x2n 
x  x“¿  (2«  +  l)!  ¿í  (2/7  +  1)! 

—  it  follows  that  x  =  0  is  an  ordinary  point. 

2.  División  of  the  differential  equation  by  x  yields 

ex  -1 

y"  +  xy'  +  -~y  =  0. 
x 

Because  the  function 


e*  -1 
x 


,  x  x 
1  +  — +  — 
2!  3! 


is  analytic  at  the  origin,  we  see  that  x  =  0  is  an  ordinary  point. 


3.  When  we  rewrite  the  given  equation  in  the  standard  form  of  Equation  (3)  in 

this  section,  we  see  that  p(x)  =  (eos  x)/x  and  #(x)  =  x.  Because  (eos  x)l x  —>  ¿o  as 

x  -+  0  it  follows  that  p(x)  is  not  analytic,  so  x  =  0  is  an  irregular  singular  point. 


180 


Chapter  3 


4. 


When  we  rewrite  the  given  equation  in  the  standard  form  of  Equation  (3),  we  have  p{x) 
=  2/3  and  q(x )  =  (1  -x2)/3x.  Since  q(x)  is  not  analytic  at  the  origin,  x  =  0  is  an 
irregular  singular  point. 

5.  In  the  standard  form  of  Equation  (3)  we  have  p(x)  =  2/(1  +x)  and  q(x)  =  3x2/(l  +  x). 
Both  are  analytic,  so  x  =  0  is  a  regular  singular  point.  The  indicial  equation  is 

r(r  -\)  +  2r  =  r2  +  r  =  r(r  +  1)  =  0, 

so  the  exponents  are  r\  =  0  and  r2  =  -1 . 

6.  In  the  standard  form  of  Equation  (3)  we  have  p(x)  =  2/(1  -x2)  and  q(x)  = 

-2/(1  -  x2),  so  x  =  0  is  a  regular  singular  point  with  po  =  2  and  q0  =  -2.  The 
indicial  equation  is  r2  +  r  -  2  =  0,  so  the  exponents  are  r  =  -2,  1. 

7.  In  the  standard  form  of  Equation  (3)  we  have  p(pc)  =  (6  sin  x)/x  and  q(x)  =  6,  so 

x  =0  is  a  regular  singular  point  with  po  =  qo  =  6.  The  indicial  equation  is  r2  +  5r  +  6 
=  0,  so  the  exponents  are  r\  =  -2  and  r2  =  - 3. 

8.  In  the  standard  form  of  Equation  (3)  we  have  p{x)  =  21/(6  +  2x)  and  q(pc)  = 

9(x2  -  l)/(6  +  2x),  so  x  =  0  is  a  regular  singular  point  with  po  =  7/2  and  qo  =  -3/2. 
The  indicial  equation  simplifies  to  2r2  +  5r  -  3  =  0,  so  the  exponents  are  r  =  -3,  1/2. 


9. 


X  X 

The  only  singular  point  of  the  differential  equation  y"  -i - y'  + - y  =  0  is  x  =  1. 

1  —  x  1  —  x 

Upon  substituting  í  =  jc— l,x  =  í+l  we  get  the  transformed  equation 

y"-—— y'~  ^  +  —  y  =  o,  where  primes  no w denote  differentiation  with  respect  to  t. 


In  the  standard  form  of  Equation  (3)  we  have  p{t)  =  -(1  +  /)  and  q(t)  -  -t(\  +  t)2 . 
Both  these  ñmctions  are  analytic,  so  it  follows  that  x  =  1  is  a  regular  singular  point  of 
the  original  equation. 


2  1 

10.  The  only  singular  point  of  the  differential  equation  y"  - y'  + - -y  =  0  is 

x  —  1  (x  —  1)" 

x  =  1 .  Upon  substituting  /  =  x  -  1 ,  x  =  t  +  1  we  get  the  transformed  equation 
2  1 

y"  +  —y’  +—y  =  0,  where  primes  now  denote  differentiation  with  respect  to  t.  Inthe 

standard  form  of  Equation  (3)  we  have  p(t)  =  2  and  q{t)  =  1.  Both  these  functions 
are  analytic,  so  it  follows  that  x  =  1  is  a  regular  singular  point  of  the  original  equation. 


11. 


The  only  singular  points  of  the  differential  equation  y"  - 
x  =  +1  and  x  =  — 1. 


2x 

1-x2 


/  + 


12 

1-x2 


y  =  0  are 
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x  =  +1:  Upon  substituting  t  =  x-l,  x  =  /  +  1  we  get  the  transformed  equation 
y"  +  y'  -  y  =  0,  where  primes  no w  denote  differentiation  with  respect  to 


t(t  +  2)  t(t  +  2) ' 


12 1 


t.  In  the  standard  form  of  Equation  (3)  wehave  p(t)  =  ^  +  ^  and  q(t)  -  -■ 

t  +  2  t+2 

Both  these  functions  are  analytic  at  /  =  0,  so  it  follows  that  x  =  +1  is  a  regular  singular 
point  of  the  original  equation. 


x  =  -1:  Upon  substituting  t  =  x+  l,  x  =  t-  1  we  get  the  transformed  equation 
2(/  —  1)  12 

y"  +  — — ~  y'  —  — — =  0,  where  primes  now  denote  differentiation  with  respect  to 

2(t-\)  \2t 

t.  In  the  standard  form  of  Equation  (3)  wehave  p(t)  =  — — and  q(t)  = 


t- 2  t-2 

Both  these  iunctions  are  analytic  at  t=  0,  so  it  follows  that  x  =  -1  is  a  regular  singular 
point  of  the  original  equation. 


3  x3 

12.  The  only  singular  point  of  the  differential  equation  y"  + - y' + - -y  =  0  is 

x  2  (r  2^ 

x  =  2.  Upon  substituting  t  —  x-2,  x  =  t  +  2  we  get  the  transformed  equation 
3  (t  +  2)3 

y"  +  -y'  +  ^ — y  =  0,  where  primes  now  denote  differentiation  with  respect  to  t.  In 

the  standard  form  of  Equation  (3)  wehave  p(t)  =  3  and  q{t)  =  ~  +  —  .  Because  q 

is  not  analytic  at  /  =  0,  it  follows  that  x  =  2  is  an  irregular  singular  point  of  the  original 
equation. 

13.  The  only  singular  points  of  the  differential  equation  y"  +  — - — y' a — - — y  =  0  are 


x-2' 


x  +  2 


x  -  +2  and  x  =  -2. 


x  =  +2:  Upon  substituting  t  =  x-2,  x  =  t  +  2  we  get  the  transformed  equation 
y” +  — - —  y'  +  -y  =  0,  where  primes  now  denote  differentiation  with  respect  to  t.  Inthe 


r  +  4' 


/ 


standard  form  of  Equation  (3)  we  have  p(t)  = 


t 


t  +  4 


and  q(t)  =  t.  Both  these 


functions  are  analytic  at  t  -  0,  so  it  follows  that  x  =  +2  is  a  regular  singular  point  of  the 
original  equation. 


x  =  -2:  Upon  substituting  t  =  x  +  2,  x  =  t  — 2  we  get  the  transformed  equation 
y"  +  y  y  +  =  0,  where  primes  now  denote  differentiation  with  respect  to  t.  In  the 
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.  Both  these 


standard  form  ofEquation  (3)  we  have  p(t)  =  1  and  q(í)  =  - 

t  —  4 

functions  are  analytic  at  t  =  0,  so  it  follows  that  x  =  -2  is  a  regular  singular  point  of  the 
original  equation. 


x  +9 


x  +4 


14.  The  only  singular  points  of  the  differential  equation  y"  +  - +  -  "2  ’  n  7  y  =  0 


(x¿-9)¿  ( x¿ -9 y 


are  x  =  +3  and  x  =  -3. 


x  =  +3:  Upon substituting  t  =  x-3,  x  =  t  +  3  we  get the  transformed  equation 

„  t2  +  6t  + 1 3  ,  f 2  +  6t  + 1 8  _  ,  .  . 

y  + . —  —y  +  — 7  =  0,  where  primes  now  denote  differentiation  with 


t\f+6Y 


t\tl  +  6y 


respectto  t.  Because  p(t) 


t2+6t  + 13 


t(t2  +  6)2 

is  an  irregular  singular  point  of  the  original  equation. 


is  not  analytic  at  t  —  0,  it  follows  that  x  =  3 


x  =  -3:  Upon  substituting  t  =  x  +  3,  x  =  t-3  we  get  the  transformed  equation 

n  t ~  —  6/  +  13  ,  t2  —  6t  +  18  -  ,  .  . 

y  +~T73 — Tppy  +~T77i — ~y  =  where  primes  now  denote  differentiation  with 


r(r-6) 


respectto  /.  Because  /?(/) ; 


r  -6/ +  13 


/(r2-6)2 

is  an  irregular  singular  point  of  the  original  equation. 


is  not  analytic  at  t  =  0,  it  follows  that  x  =  -3 


jc2  —  4  x  +  2 

15.  The  only  singular  point  of  the  differential  equation  y” - j y '  + - -y  =  0  is 

(r  2^  2) 

x  =  2.  Upon  substituting  t  =  x-  2,  x  =  t  +  2  we  get  the  transformed  equation 
t  +  4  /  +  4 

y" - - — y'  +  —¿—  y  =  where  primes  now  denote  differentiation  with  respect  to  t.  In 

the  standard  form  ofEquation  (3)  we  have  p(t )  =.-(/  +  4)  and  q(t)  =  t  +  4.  Both 
these  functions  are  analytic,  so  it  follows  that  x  =  2  is  a  regular  singular  point  of  the 
original  equation. 


16. 


The  only  singular  points  of  the  differential  equation 
are  x  =  0  and  x  =  1. 


„  3x  +  2 

y +-i7i — tt'+- 


i 


x  (1-x)  x(l-x) 


y  =  0 


3x  +  2 

jc  =  0:  In  the  standard  form  ofEquation  (3)  we  have  p(x)  =  — r -  and 

x  (1-x) 

q(x)  =  — - — .  Since  p  is  not  analytic  at  x  =  0,  it  follows  that  x=0  is  an  irregular 
1-x 

singular  point. 
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x  =  1:  Upon  substituting  t  =  x-1,  x  =  t+  \  we  get  the  transformed  equation 

y"  —  --v-y  -  - — =  0,  where  primes  now  denote  differentiation  with  respect 

(í  +  1)  (7  +  1) 


to  t.  Both  p(t)  =  ~  P  and  q(t)  =  -• 


(t  +  1)3  "  (7  +  1)1 2 

that  x  -  1  is  a  regular  singular  point  of  the  original  equation. 


are  analytic  at  t  =  0,  so  it  follows 


Each  of  the  differential  equations  in  Problems  17-20  is  of  the  form 

Axy"  +  By'  +  Cy  =  0 

with  indicial  equation  Ar 2  +  ( B  -A)r  =  0.  Substitution  of  y  =  'Lcnxn+r  into  the  differential 
equation  yields  the  recurrence  relation 

Cc„  , 

q  _ n— 1 _ 

n  A(n  +  r)2  +  (B-Á)(n  +  r) 

for  n  >  1.  In  these  problems  the  exponents  r\  =  0  and  rj  =  (A  -B)IA  do  not  differ  by  an 
integer,  so  this  recurrence  relation  yields  two  linearly  independent  Frobeniús  series  Solutions 
when  we  apply  it  separately  with  r  =  r\  and  with  r  =  rj. 


17.  With  exponent  rx=  0 :  cn 


^i(x)  =  xc 


,  XX  X 
1 - 1 - h 

2  24  720 


4  n  -2  n 

'  r 
=  )  - - - - —  =  eos  Vx 


J 


n=0 


(2/7)! 


1  c 

With  exponent  r2  =  — :  cn  = - -A — 

2  An  +  2  n 


y2(x)  =  x 


112 


6  120  5040 


-Z 


(-i  y(rxf 

(2«  +  l)! 


=  sinVx 


18. 


With  exponent  r{  =  0 :  cn 


n-i 


2  n  +n 


J'iW  =  X 


.  XXX  X 

1  +  — +  —  + - +  ■ 


3  30  630  22680 


Y 

hn\{2n  +  \)\\ 


With  exponent  r2  = 


1 


c„  = 


u/i- 1 


y2(x)  =  x 


•1/2 


2  n  -n 

4  \ 


x 2  x3 

1  +  X  H - 1 - 

v  6  90  2520  j 


x 

■  + - +♦ 


1 

Vx 


“  xn 


tr«!(2«-i)ü 
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19. 


20. 


With  exponent  rx  =  0 :  c„ 


"n- 1 


2rr  -  3n 


y¿x)  =  x° 


2  3  4 

-  XXX 

1  —  x - 


2  18  360 


^«!(2«-3)ü 


With  exponent  r2 


c„  = 


*n~  1 


2»  +3/2 


T20)  =  X 


,3/2 


-  XXX  X 

1  H - 1 - 1 - 1 - h  ■ 

5  70  1890  83160 


=  X' 


3/2 


l  +  3¿ 


£í»!(2#i  +  3)H 


With  exponent  rx=  0 :  cn  =  -  — " J 
Ti  O)  =  x° 


/  2  3 

X  X  X 

1-X  + - + 


3n2  -n 

4  ^ 


V 


5  60  1320 


->+Z 


(-l)"2"x" 


y 


1  2c  _ 

With  exponent  r2  =  — :  cn  = - r-*1-1— 

3  3«  +n 


y2(x)  =  x 


1/3 


,  X  X 
1 — +- 


J 


2  14  210  5460 

The  differential  equations  in  Problems  21-24  are  all  of  the  form 


tSnl-2-5 . (3n-l) 


éín'A-4 . (3#i  +  l) 


Ax2y"  +  Bxy'+(C  +  Dx2)y  =  0 

(1) 

with  indical  equation 

(¡ir)  =  Ar 2  +  ( B  -A)r  +  C  =  0. 

(2) 

Substitution  of  y  =  Ecnx"+r 

into  the  differential  equation  yields 

(¡){r)c0xr  +  <j,{r  +  \)cxxr*'  +^[<¡>{r  +  n)c„  +  Dcn_2]xn+r  =  0. 


n-2 


(3) 


In  each  of  Problems  21-24  the  exponents  r\  and  rj  do  not  differ  by  an  integer.  Henee  when 
we  substitute  either  r  =  r\  or  r  =  into  Equation  (*)  above,  we  find  that  co  is  arbitrary 
because  0(r)  is  then  zero,  that  C|  =  0  —  because  its  coeffícient  <¡>{r  + 1)  is  then  nonzero  — 
and  that 


DCn~l  = _ Dc^ 2 _ 

<¡>(r  +  n )  A(n  + r)2 +(B  -  Á)(n  +  r)  +  C 


(4) 


for  n  >  2.  Thus  this  recurrence  formula  yields  two  linearly  independent  Frobenius  series 
Solutions  when  we  apply  it  separately  with  r  =  r\  and  with  r  = 
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21.  With  exponent  rx  =  1 :  c,  =  0,  cn 


2c, 


n-2 


n(2n + 3) 


yx(x)  =  x1 


2  4  6 

-  X  X  X 

1  H - 1 - 1 - h  • 

7  154  6930 


) 


.2n 


£fn!-7-ll . (4b +  3) 


1  2c 

With  exponent  r2  =  — :  c,  =  0,  cn  = - — — 

2  n(2«  -  3) 


j2(x)  =  x 


-1/2 


4  6 

i  2  X  X 

l  +  X  + - + - +  ■ 

10  270 


1 

yfx 


i+D 


2/i 


. (4b -3) 


22. 


With  exponent  r.  =  — :  c,  =  0,  c„  = - - — 

1  2  1  ”  b(2b  +  5) 


j,(x)  =  x 


3/2 


^  x2  ^  x4  X6 
v  ”"9"  + 234  _  11934 


.3/2 


i+E 


,2» 


tí«!-9-13 . (4«  +  5) 


With  exponent  r2  =  -1 :  c,  -  0,  cn  = 


2c, 


n-2 


,y2(x)  =  x”1  1  +  x2 


x4  x6  x8 
T+126~5544 


n(2«  -  5) 

"H 


i+*2+£ 


(-l)n-'x2" 


n^«!-3-7 . (4b  —  5) 


23. 


1  c 

With  exponent  rx  =  — :  c,  =  0,  cn  =  - — — 

2  n(6n  +  7) 


.ViO) 


.1/2 


f 


,  X  X 
1  +  —  + - +  - 


38  4712  1215696 


-  +  ••• 


1  +  £^ 


.2/1 


n\-\9  -3\ . (12/1  +  7) 


2  c 

With  exponent  r,  =  — :  c.  =  0,  c,=  - — — 

2  3  1  "  n(6«  —  7) 


.V2O) 


-2/3 


x2  x4 
1+ - + - +  - 


10  680  118320 


-+  • 


,.-2/3 


1  +  £™ 


.2n 


^2"«!-5-17 . (12b -7) 


24. 


1  c 

With  exponent  r.  =  — :  c,  -  0,  c„  - — — 

'  3  1  "  «(3b  +  1) 


hW 


.1/3 


x2  x4 
1 - +  - 


14  728  82992 


V  *  1  j 

With  exponent  r2  =0:  cx  =  0,  = 


-\/x 


L'n-2 


1  +  Z^i 


n  ,2« 


(-l)nx 


J2(x)  =  x° 


,  x2  X4 
1 - +- 


A 


10  440  44880 


-+  ■ 


b(3b-1) 

co 

=  i+Z— 

ZxW  O" 


tí2”«!-7-13 . (6b +  1) 


«  „2/i 


(-1  )"x 


£í2"«!-5-ll . (6b  - 1) 
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25. 


With exponent  /•,=  —  :  c„ 


_2!zl 

2  n 


yx(x)  =  x 


1/2 


^  X  X2  X3  x4 

1 - 1 - 1 - 

v  2  8  48  384 


(-1)"*" 
%  «!2B 


= 


With  exponent  r2  =  0 :  cn  = 


y2(x)  =  xc 


2«  -1 
.4  \ 


2  3 

X  X  X 

1  —  x  H - 1 - 

v  3  15  105  j 


H)V 

tí(2«-l)ü 


1  c 

26.  With  exponent  :  c,  =  0,  cn  =  -JL^- 


TiO) 


1/2 


í  X 2  X4  x6  x8 

1  H - i - b  * - 1 - b 

2  8  48  384 


/? 


=  vil 


2 
2c„ 


x2" 

bí«!2" 


r  nxrn 

yxe 


„= o 


With  exponent  r2  ~0:  c,  =  0,  c„  =  — — 

2n  - 1 


3^2  (x)  =  Xo 


1  + 


2x2  4x4  8x6  16x8 


-  +  - 


21  231  3465 


n _ 2/i 


-  1  +  Z^ 

n=l  J  ' 


2"x 


•(4/1-1) 


The  differential  equations  in  Problems  27-29  (after  multiplication  by  x)  and  the  one  in  Problem 
31  are  of  the  same  form  (1)  above  as  those  in  Problems  21-24.  However,  now  the  exponents  r\ 
and  r2  =  r\  -  1  do  differ  by  an  integer.  Henee  when  we  substitute  the  smaller  exponent  r  =  r2 
into  Equation  (3),  we  find  that  c0  and  c\  are  both  arbitrary,  and  that  c„  is  given  (for  n  >  2) 
by  the  recurrence  relation  in  (4).  Thus  the  smaller  exponent  r2  yields  the  general  solution 
y(x)  =  c0y,  (x)  +  c,y2  (x)  in  terms  of  the  two  linearly  independent  Frobenius  series  Solutions 
y,(x)  and  y_,(x). 


27.  Exponents  rt  =  0  and  r2=- 1;  with  r  =  -1 :  cn  = 


9c„ 


y(x) 


9x2  21 xA  81x6 

-  + - +  ■ 


8 


80 


^  c  A 


n{n  —  1) 

3  °'7-5  81x7  A 

+ 


3x  27x 

x - 1 - 

2  40 


560 


J 


1- 


9x2  81x4  729x6 


-  +  - 


24 


720 


-+  ■ 


3x 


3x- 


27x3  243x5  2X2,1 x1 


120 


5040 


y(x)  =  e( 


eos  3x  1  sin  3x 
.  ■  . —  — [“  —  £*  1 


The  figure  at  the  top  of  the  next  page  shows  the  graphs  of  the  independent  Solutions 

.  ,  cos3x  .  .  .  sin3x 

Ti(x)  = -  and  y2(x)  = - . 
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28. 


y 


4c 

Exponents  rx  =  0  and  r2  -  -1;  with  r  =  -1 :  cn  = - 

n(n-l) 


y(x) 


,  0  2  2jc4  4x 
l  +  2x¿  + - +  - 


3  45 

,  4x2  I6x4  96x6 

2  24  720 


+  - 


f  2x3  2x5  4x7 

X  _} - ¡ - j - . 

v  3  15  315 


^  c\ 

f 

8x3 

32x5 

128x7  1 

+  — í- 

2x  + 

+ 

+  +  ’  *  * 

J  2x 

V 

6 

120 

5040  J 

~  v 

.  .  cosh2x  1  sinh2x 

y(x)  =  c0 - +-c, - 

x  2  x 

The  figure  below  shows  the  graphs  of  the  independent  Solutions 

,  .  cosh2x  .  .  .  sinh2x 

Ti(*)  = -  and  y2(x)  = - . 


y 
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29.  Exponents  r¡=  0  and  r2  =  -1;  with  r  =  - 1:  c; 


30. 


4«(n-l) 


y(x)  =  ^ 

X 


^  X  X  X 

” ~8~  +  384  ~~  46080 


+  ■ 


X  X 

x - +  - 


24  1920  322560 


■+  ■ 


-  +  - 


2  *2  2  *24  2o -720 

x 


-+  ■ 


+  • 


2  c, 


3 


X 


X 

2~2r^6  +  25-120  _27-5040 


_v(x)  =  —  eos—  +  ^-sin— 
x  2  x  2 

The  figure  below  shows  the  graphs  of  the  independent  Solutions 

,  *  cosx/2  .  .  .  sinx/2 

Mx)  = -  and  y2(x)  = - . 


+  ■■■ 


The  given  differential  equation  xy" -y'  +  4 x3y  =  0  has  indicial  equation 
r2  -  2r  =  r(r  -  2)  =  0,  so  its  exponents  are  r,  =  2  and  r2  =  0.  Taking  r  =  0, 

oo 

substitution  of  the  power  series  y  =  ^cnx"  gives 

n= 0 

-c,  +2c3x2  +(4c0  +8c4)x3  +(4  c,  +  15c5)x4  +(4c2  +24c6)x5  + 

(4c3  +  35c7)x6  +(4c4  +  48c8)x  +(4c3 +  63c^)x*  +  ••■  =  0. 

We  see  that  c,  =  c3  =  0  and 

= - l£g=i_  for  „  >  4 

n(n-2 ) 

Henee  the  odd  subscripts  all  vanish,  and  we  obtain 
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31. 


y(x)  =  c0x 


f  v4  8  12 

j  A  ^  A  A 

V  _"2~+24_720 


+ 


x6  |  x10  x14 

VX  6  + 120  5040 


y(x)  =  c0  eos  x2  +  c2  sin  x2 . 


The  figure  below  shows  the  graphs  of  the  independent  Solutions 
yx (x)  =  eos x2  and  y2(x)  =  sin x2 . 


y 


The  given  differential  equation  4 x2y"  -  4 xy'  +  (3  -  4 x2)y  =  0  has  indicial  equation 
4r2  -8r +  3  =  (2r-3)(2r-l)  =  0,  so  its  exponents  are  rx  =  3/2  and  r,  =1/2. 
With  r  =  3/2,  the  recurrence  relation  =  c„_2/«(n-l)  yields  the  general  solution 


/ 


TO) 


J/2 


,  X  X  X 

1  +  —  +  —  +  —  +■ 
2  24  720 


í 


+  c,x 


1/2 


XXX 
X  H - 1 - 1 - 

6  120  5040 


y(x)  =  c0Vxcoshx  +  c,Vxsinhx. 


The  figure  below  shows  the  graphs  of  the  independent  Solutions 
yx(x)  =  Jx coshx  and  y2(x)  =  Vx sinhx. 


y 
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32. 


The  two  indicial  exponents  are  r\  =  1  and  r2  =  -1/2. 

With  r\  =  1:  Substitution  of  y  =  x^cnx"  in  the  differential  equation  yields 

(5c,  -c0)x2  +  14c2x3  +  (c2  +  27c3)x4  +  (2c3  +44c4)x4  +  (3c4  +65c6)x6  +  ••■  =  0. 

Henee  we  see  that  c,  =  c0  /  5  and  c2  =  c3  =  c4  =  c5  =  •  •  •  0.  Thus  the  series  terminates 
and  we  obtain  the  polynomial  solution 

r  \  íi  x)  x2 
I  S)  5 

With  r2  -  -1/2:  We  substitute  y  =  x"1/2^cJ1x"  and  obtain  the  Frobenius  solution 

,  ,  1  f,  5x  15x2  5x3  x4  ) 

y2(x)  =  —¡=  1 - + - . 

2  J^c  2  8  48  384 


Remark:  The  Mathematica  DSolve  function  yields  the  two  closed  form  Solutions  y,(x) 
and 


y3(x)  =  x‘ 


2e~x‘2  (x2  +  4x  -  2)  +  ^  x  (x  + 1)  erf 


Inquiring  minds  naturally  want  to  know!  The  Mathematica  Series  command  reveáis 
the  answer  that  y2 (x)  =  -  \ y3 (x). 

Exponents  r,  =1/2  and  r2  =  -1 .  With  each  exponent  we  find  that  co  is  arbitrary  and 
we  can  solve  recursively  for  c„  intermsof  c„- \. 


,  .  llx  llx2  671x3  9577x4 

y,(x)  =  vx  1h - 1 - h  •  • 

1  20  224  24192  387072 


y2(x) 


1  +  1  Ox  +  5x  + 


2  lOx  7x 


Exponents  r¡  =  1  and  r2  =  -1/2.  With  each  exponent  we  find  that  c\  -  0  and  we  can 
solve  recursively  for  cn  in  terms  of  c„-2. 


(  2  4  '■>'"76 

.  .  ,  x  x  37x 

y,  (x)  =  x  1 - h - 

1  42  1320  2494800 


.  ,  1  f,  7x2  19x4  7661x6 

y,(x)  =  -7=  1 - + - +■ 

2  y[¿{  24  3200  43545600 
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35. 


Substitution  of  y  =  xr^c):x"  into  the  differential  equation  yields  a  result  of  the  form 
—rcQxr~'  +  (•  •  -)xr  +  (■  •  -)xr*'  H —  =  0, 

so  we  see  immediately  that  c0  &  0  implies  that  r  —  0.  Then  substitution  of  the  power 
series  y  =  ^  cnxn  yields 

(c0  -c,)  +  (4c,  -2c2)x  +  (9c2  -3c3)x2  +(16c3  -4c4)x4  +  •••  =  0 

Evidently  c„  =  ncn_v  so  if  c0  =  1  it  follows  that  cn  =  n\  for  n>  1.  But  the  series 

has  zero  radius  of  convergence,  and  henee  converges  only  if  x  -  0.  We 

therefore  conclude  that  the  given  differential  equation  has  no  nontrivial  Frobenius  series 
solution. 

36.  (a)  Substitution  of  y  =  xr^cnx"  into  the  differential  equation  x2y"  +  Ay’  +  By  =  0 
yields  a  result  of  the  form 

Arc0xr  +  (•  •  -)xr  4-  (•  •  ')xr+'  +  •  •  ■  =  0, 

so  we  see  immediately  that  A*  0  and  c0  *  0  imply  that  r  =  0. 

(b)  Substitution  of  y  =  xrJ'c„x"  into  the  differential  equation  x3y"  +  Axy’  +  By  =  0 
yields  a  result  of  the  form 

(Ar  +  B)c0xr  +(---)xr+l  +(---)xr+2  +  •••  =  0, 

so  we  see  immediately  that  c0  *  0  implies  that  r  =  -B/A. 

(c)  Substitution  of  y  =  xr^cnx"  into  the  differential  equation  x3y"  +  Ax2 y'  +  By  =  0 
yields  a  result  of  the  form 

Bc0xr  +  (--  -)xr+l  +(---)xr+2  +  ■■■  =  0, 

which  is  impossible  because  both  c0^0  and  B  ^  0 .  It  follows  that  no  Frobenius  series 
can  satisfy  this  equation. 

37.  Substitution  of  y  =  xr^cB: x"  into  the  differential  equation  x3y"  -  y’  +  y  =  0 
yields  a  result  of  the  form 

(r-l)2c0xr  +  (---)ji:''+1 +(---)^r+2  H —  =  0, 

so  it  follows  that  r—  1.  But  then  substitution  of  y  =  x'S\cnxn  into  the  differential 
equation  yields 

c,x 2  +  4 c2x3  +  9 c3x4  +  16c4x5  +  25 c5x6  -t —  =  0, 
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so  it  follows  that  c,  =  c2  =  c3  =  c4  =  ■■■  =  0.  Henee  y(x)  =  c0x. 


38.  Exponents  r,  =1/2  and  r2=- 1/2;  with  r  =  - 1/2:  cn  — - 

n(n  - 1) 

„  í  „2  „4  „6  \  _  í 


y(x)  =  -f= 

VX 


1- 


XXX 

T  +  24_720 


+  ■ 


Vx 


"•o 


\[x 


1  x  + x 
~  2¿.+  17 


y(x) 


v 

cosx 


6! 


X  X 
X - H - — 

6  120 

.j 


+ 


\/x 


X  X 
X - h - 

3!  5! 


5040 

7  \ 


■+  ■ 


7! 


-  +  ■ 


J 


— 7=-  +  c, 
Vx 


sin3x 

yfx. 


39. 


Exponents  rx  =  1  and  r2  =  -1;  with  r  =  +l:  c,  =0,  cn  - — — 

n(n  +  2) 


J'(x)  =  c0x 


X2  X4 
1 - +- 


6  8 
X  X 

-  +  - 


8  192  9216  737280 


V 

f  X2  X4 

1  —  .  . ..  +  ■ 


x6  X8 

-  +  - 


V 


2  1 ! 2 !  2  2! 3 !  263!4!  2S4!5! 


If  co  =  1/2,  then 

*x)  =  . 

2á»!(n  +  l)UJ 

Now,  consider  the  smaller  exponent  ri  =  -1.  A  Frobenius  series  with  r  =  — 1  is  of  the 

oo 

form  y  =  x“‘^]c„x"  with  c0  ^  0.  However,  substitution  of  this  series  into  Bessel's 

M=0 

equation  of  order  1  gives 


-c,  +  c0x  +  (c,  +  3c3)x2  +  (c2  +  8c4)x3  +  (c3  + 1 5c5)x5  +  • 


0, 


so  it  follows  that  co  =  0,  after  all.  Thus  Bessel's  equation  of  order  1  does  not  have  a 
Frobenius  series  solution  with  leading  term  cox~l.  However,  there  is  a  little  more  here 
that  meets  the  eye.  We  see  further  that  C2  is  arbitrary  and  that  c,  =  0  and 

cn  -  c„_2  /  n(n  -  2)  for  n>  2.  It  follows  that  our  assumed  Frobenius  series 

co 

y  =  x"1  ^  cnx"  actually  reduces  to 

n=0 

(  2  4  6  8  \ 

,  X  X  X  X 

1 - 1 - + - -  # 

8  192  9216  737280  J 

But  this  is  the  same  as  our  series  solution  obtained  above  using  the  larger  exponent 
r  =  +l  (calling  the  arbitrary  constant  C2  ratherthan  cq). 
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METHOD  OF  FROBEN1US  —  THE  EXCEPTIONAL  CASES 

Each  of  the  differential  equations  in  Problems  1-6  is  of  (or  can  be  written  in)  the  form 

xy"  +  (A  +  Bx)y'  +  Cy  =  0. 

The  origin  is  a  regular  singular  point  with  exponents  r  =  0  and  r  -  1  -  A,  so  if  A  is  an 
integer  then  we  have  an  exceptional  case  of  the  method  of  Frobenius.  When  we  substitute 
y  =  ’Lcnxn+r  in  the  differential  equation  we  find  that  the  coefficient  of  xn+r  is 

[(«  +  rf  +  (A  -  1  ){n  +  r)]c„  +  [B(n  +  r)  +  C  =  0.  (*) 

Casel:  In  each  of  Problems  1-4  we  have  A  >  2  and  B  =  C,  so  the  larger  exponent 

r\  =  0  and  the  smaller  exponent  r2  -  1  —  A  =  —N  differ  by  a  positive  integer.  When  we 
substitute  the  smaller  exponent  r  =  -N  in  Equation  (*)  above,  it  simplifies  to 

n(n  ~N)cn  + B(n -N)cn-i  =  0.  (1) 

This  equation  determines  c¡,  c2s  — ,  cn-\  intermsof  Co,  thereby  yielding  the  solution 

yi(x)  =  x"n{cq  +  cxx  +  ...  +  cN-ixn~l),  (2) 

provided  it  is  possible  to  choose  cN  =  0.  Butwhen  n  =  N,  Equation  (1)  reduces  to 

0-Cn  +  0-CAf_i  =  0, 

so  Cn  may  be  chosen  arbitrarily.  With  CN-  0  we  get  the  terminating  Frobenius  series  solution 
in  (2).  For  n  >  N,  Equation  (1)  yields  the  recurrence  formula  c„  -  — Bcn~\/n ,  whichif 
CN  *  0  gives  a  second  (non-terminating)  Frobenius  series  solution  of  the  form 

y2(x)  =  cN  +  cN+\x  +  cN+2x2  +■■■.  (3) 

Case  2:  If  A  <  0  then  the  larger  exponent  r¡  =  1-A  =  N  and  the  smaller  exponent 

r2  -  0  again  differ  by  a  positive  integer.  In  Problems  5  and  6  we  have  this  case  with  B  =  -1. 
When  we  substitute  the  smaller  exponent  r  =  0  in  Equation  (*),  it  simplifies  to 

n(n  -N)c„  -  (n  -  C  -  l)c„-,  =  0.  (4) 

This  equation  determines  c\,  c2,  c¡^-\  in  terms  of  co-  When  n  =  N  it  reduces  to 

0-Cn  -  (N  -  C  -  \)cn-\  =  0.  (5) 
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If  either  N-C-l  =  O  or  cN-\  =  0  (the  latter  happens  in  Problem  5)  then  cN  can  be  chosen 
arbitrarily,  and  finally  cn+\,  cn+2,  —  are  determined  in  terms  of  cN.  Thus  we  get  two  Frobenius 
series  Solutions 

yi  =  co  +  C\x  +  ■■•  +  (terminating) 

y2  =  cnxn  +  cN+lxN+l  +■■• .  (not  terminating) 

On  the  other  hand,  if  (as  in  Problem  6)  neither  N-C-l  =  0  ñor  cyv-i  =  0,  then  cn  cannot 
be  chosen  so  as  to  satisfy  Equation  (5),  and  henee  there  is  no  Frobenius  series  solution 
corresponding  to  the  smaller  exponent  r2  =  0.  We  therefore  find  the  single  Frobenius  series 
solution  by  substituting  the  larger  exponent  r\  =  N  in  Equation  (*)  and  using  the  resulting 
recurrence  relation  to  determine  c¡,  C2,  C3,  ■  •  •  in  terms  of  co- 

Problems  1-4  correspond  to  case  1  above.  We  give  first  the  indicial  roots  and  the  critical  Índex 
N,  then  the  recurrence  relation  that  defines  c„  in  terms  of  c„_  1,  for  both  the  7V-term  solution 
_y,(x)  in  (2)  and  the  non-terminating  series  solution  y2(x)  in(3). 


r,  =0,  r2  =  -2,  N  =  2;  cn 


_  c»-i  . 


y,(x)  =  x'2(l  +  x); 


V  v2  r3  00  Yn 

y2(x)  =  1  H - h - + - h***  =  1  +  2V - 

2  3  3-4  3-4-5  +  2)! 


rx  =0,  r2=  -4,  N  =  4,  cn 


u n-\  . 
5 

n 


>i(*)  =  x 


(  i  i  \ 

l  +  x  +  -x2+-x3 

{  2  6) 


,  x  1  X  X  X  1  X 

y2(x)  =  1  h - 1 - i - h  ■  ■  •  —  1  +  24/  - 

2  5  5-6  5-6-7  tt(n  +  4)\ 


6  =0,  r2=- 4,  N  =  4,  cn  =■ 


3c, 


n- 1  . 


y¡(x)  =  x~ 


1  -3x  +  — x 


9,9^ 


yjW  =  1_3£+3V_j!íL+...  =  1+24y 

2  5  5-6  5-6-7  tí 


V 

n  n 


(-l)"3''x 
tt  («  +  4)! 


3c„ 


r\  =0,  r2=  -5,  N  =  5,  c„  =  — 

5  n 


yx(x)  =  x~ 


1  3  9  2 

1 — x  + —  x - 

5  50  250 


9  3  27  4 

X  + - X 


5000 


3x  32x2 
y2(x)  =  +  7Í — 


3  3 


3  x 


5-6  5-6-7  5  -6-7-8 


1  +  120]T 


(-iy'3"x" 
tí(n  +  5)\  5" 


Problems  5  and  6  correspond  to  case  2  described  above. 
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5. 


for  n  &  5 


n=  5,  r2  =  0,  N=5,  cn  =  (-n  4)^ 

n{n  -  5) 

,3  1  2  1  3 

y  (x)  =  lH - XH - X  H - X 

y'y)  4  4  24 

With  n  =  5  the  recurrence  relation  is  0  -  c5  -  c4  =  0.  Because  c4  =  0  we  can  choose 
c5  =  1  arbitrarily  and  proceed: 

5  2x6  3x7  4x8  5 

y-,{x)  =  x  +  —  + - + - —  -  x 

2  6  6-7  6-7-8 


1+120y  <s±2al 

(«  +  5)! 


Here  A  -  -3,  B  =  -1,  C  =  1/2,  n  =  N  —  4,  and  ^  =  0,  so  Equation  (4)  above  is 
n(n  -  4)c„  -  (n  =  0. 

Startingwith  c0  =  1,  this  equation  gives  ci  =  1/6,  C2  =  -1/48,  c3  =  1/96.  With 
n  =  4  it  reduces  to 

0  •  c4  -  —  •  —  =  0, 

4  2  96 

so  C4  cannot  be  chosen.  We  therefore  start  over  by  substituting  r\  -  4  in  Equation  (*) 
above  and  get  the  recurrence  relation 


2n  +  5 


/i— i 


"  2n(n  +  4) 

co 

for  the  coefficients  in  y  =  x4^c„x”.  This  yields  the  single  Frobenius  series  solution 


»=o 


y,(x)  =  x4 


.  7x  7 -9x2 
1+ - +  - 


7-9-1  lx2  ^ 

-  + 


=  x 


2-1-5  2  -1  -2-5.6  2  -1-2-3-5-6-7 

x  x  8^(2»  +  5)!!xM 
V  5  2" n\(n  +  4)\  J 


J 


7.  The  indicial  exponents  are  r  =  - 2,  1.  Substitution  of  .y  =  ^  2XU-oc»JC”  *n  the 
differential  equation  leads  to  the  recurrence  relation 

«(«-3)c„  +  3(í7-3)c„_,  =  0 

that  reduces  to  0  -  c3  +  0  •  c2  -  0  when  n-  3  so  —  having  found  c¡  and  C2  —  c3  can  be 
chosen  arbitrarily.  With  co  =  2  and  c3  =  0  we  get  the  terminating  Frobenius  series 


yi(x)  =  x~2(2  -  6x  +  9x2). 
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Starting  afresh  with  c3  =  3/3  !=l/2,  the  recurrence  relation  cn  =  -3 cn_x  ¡ n  for  n>  3 
yields  the  second  Frobenius  series  solution 


y2(x) 


3x^__3V  3V 
3!  4!  +  5! 


h  (»  +  2)¡ 


8.  The  exponents  are  r  =  0,4.  When  we  substitute  y  =  ^°n=Qcnx"  Ec„x"  (corresponding 
to  r  -  0)  in  the  differential  equation  we  get  the  recurrence  relation. 


(n  -  4)c„  —  («  —  3)c„_i  =  0 


for  n  >  1.  Starting  with  cq  =  e,  we  compute  c\  =  2,  =  1,  and  c3  =  0.  Because 

of  the  latter,  we  can  select  C4  =  0  and  get  the  terminating  Frobenius  series  solution 

yi(x)  =  3  +  2x  +  x2. 

But  we  also  can  choose  C4  =  1 .  Then  our  recurrence  formula  above  yields  c5  =  2,  C(, 
=  3,  C7  =  4,  •••.  Henee  the  second  Frobenius  series  solution  is 

y2(x)  =  x4(l  +  2x  +  3x2  +  4x3  +•••)=  x4/(l  -xf, 

with  the  closed  form  Corning  from  the  derivative  of  the  geometric  series  1/(1  -  x)  = 

Ex". 


In  Problems  11-15,  we  give  first  the  Frobenius  series  solution  _y,(x)  corresponding  to  the  larger 
indicial  exponent  r\  of  the  given  differential  equation.  Then,  writing  the  equation  in  the  form 
y"  +  P(x)y'  +  Q(x)y  =  0,  we  apply  the  reduction  of  order  formula 


y2(x)  = 


"exp 

y¿*)2 


dx 


to  derive  a  second  independent  solution  y2(x). 


0 


2  4  6  8 

.  XXX  X 

y  =  1  4 - 1 - 1 - 1 - 

1  4  64  2304  147456 


+ ... 


P(x)  =  1/x; 


y2  =  Ti 


exp 


(-JP(x)<ic) 


1/x 


x2  X4  x6  x8 
1  H - 1 - 1 - 1 - 

4  64  2304  147456 


dx 
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=  y\ 

=  y\ 


y2  =  y  i 


r  f 


1  + 


lnx  — 


x2  3x4  5x6  35jc8  n 

2  32  576  73728  J 

x^_  5x4  23x6  677x8 

2  +  32  576  +  73728  "*  j 

5x4  23x6  677x6  " 

+ 128  3456 + 589824 


¿6c 


10. 


r2  =  1 


-V. 


^  x2  .  *4  X6  ,  X8 

v  “  T  +  64  ~  2304  +  147456  ~  " ", 
P(x)  =  -1/x;  exp(- Jp(x)¿£cj  =  x 


^2  =  yt 

=  y\ 

=  y\ 

y  i  =  j2. 


r 


v-2 


X  X  X 

~T  64  ~ 2304  + 147456 


-i 


.  x2  3x' 

1 - + 

2 


5x°  35x 

-  + 


8 


32  576  73728 

,  x2  5x4  23x6  677x8 

2  32  576  73728 


í£c 


J 


f .  X2  5x4  23x6  677x6  N 

ln  X  H - 1 - 1 - 1 - b  •  • 

4  128  3456  589824 


11. 


r2  =  2 


( 


yt  =  x 


1  — 2x  + 


V 


P(x)  =  1  —  3/x; 
y 2  =  j2) 


xV'-JC-4 


3x2  2x3  5x4 

_  — +  — 


exp^-|P(x)£¿cj  =  x3e” 
f  3x2  2x3  5x4 


l-2x  +  : 


24 


=  J2! 

=  l2. 

=  l2. 


f 


x~VJ 


l-4x  +  7x  - 


2  22x  16x 


\ 

J 

V 


-2 


Í¿C 


V 


y 


t  x2  x3  x4 

1  -x  + - +  — 

2  6  24 


f 


l  +  4x  +  9x  + 


2  46x  67x 


-  +  - 


+ 


V 


1  +  3x  + 


1 lx2  49x3  87x4 

- j - j - 

2  6  8 


dx 


\ 

•••  dx 
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y2  =  y  i 


.  1  lx2  49x3  87x4  A 

ln  x  +  3x  + - + - + - +  •  • 

4  18  32  j 


12.  rx  =  2,  r2  =  -1 

2  f .  x  3x2  X3  x4  ^ 

'  t  2  20  30  168  J 

P(x )  =  1;  exp^-  jp(x)dx^j  =  e~ 

y 2  =  36 


e~x  •  x-4  1--  +  - 


2  20  30  168 


V2 

y 


=  yi 

=  36 

=  36 

y2  =  yt 


x’V* 


1  —  x  + 


V 


llx2  13x3  569x4 


20 


r  ( 
-4 


2  3 

,  XXX 

1  —  X  + - +  — 

2  6  24 


60 

4 


-  +  - 


8400 

\f 


dx 

y1 


dx 


,  9x2  7x3  19x4 

1  +  x  +  —  +  —  + - +  ■ 


r  V 


--4 


^  2  4 

,  X  X 
1 - +  - 


47x6 


20  700  1512000 

47x3 


llx 
■  + - + 


3x  20x  700  4536000 


20  60  1050 


dx 


-t —  dx 


[no  logarithmic  term] 


13. 


6=3,  r2  =  1 


( 


yt  =  x 


1  -2x  +  2x 


2  4x  2x 


V 


3  3  J 

P(x)  =  2-3/x;  exp^- |P(x)í¿cj  =  x3e 


-2* 


y  2  =  y, 

=  36 

=  36 


xV^-x"6 


1  -  2x  +  2x 


2  4x  2x 


•  +  - 


v 


dx 


x  3e  2x 


2  32x  .  32x 


(.  A  0  2  32x3 

1  —  4x  +  8x - - — h 

V 


dx 


,  0  „  2  4x3  2x 

1  -2x  +  2x2  -  - 


V 


*r 

f 


-3 


■  +  - 
3  3 

4x3  2jc4 


1  +  4x  +  8x2  + 


32x3  32x4 


\ 


dx 


1  +  2x  +  2x  h - f- 

3  3 


dx 


36  =  36 


1  2  4x  x¿ 

2  ln  x - x, - 1 - 1 - (■  ■ 

x  3  3 


2x2 
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14. 


2 


r\  =  2,  r2  = 
í 

y,  ~  ~2 


j  2x  x  2x  x  x 
__5~  +  Io_  105  +  336  ""  2520 


P(x)  =  1  +  1  /x;  exp^- J/>(x)í¿cj  -  x  ]e  x 

y 2  =  yt 


x  le  x  ■  x  4 


2x3  X4 


j  2x  x' 

T  10 ~ 105  336  2520 


+  • 


dx 


=  y  i 

=  y\ 


x'V* 


llx5 


1_4x  +  9x^_62x^  13  lx4 

4  +  25  525  +  4200  1575 


x 

T 


j 

v> 


+  ■ 


dx 


y\ 


y 2  =  y  i 


r  r 

5 


,  X  X 
1 - + 


X3 

x4 

x5 

— + 

6 

24 

~  120 

4x 

7x2 

1  + 

V 

5 

+  25 

13x3 

29x5 

+  - 


46x5 


••• 


v 


5  50  1750  196875 

13 


1  15  1 

4x4  +  x3  +  1 00x2  1750x 


+  01nx- 


dx 

29x 

196875 


Thus  the  second  solution  y2{x)  contains  no  logarithmic  term. 
15.  rx  =  r2  =  0 

2  4  6  8 

T  X  X  X  X 

JJx)  —  1 - 1 - 1 - 

4  64  2304  147456 


P(x)  -  1/x;  exp^- Jp(x)£¿cj  =  1/x 


y2{x)  =  J0(x) 


=  •/„(*) 


8 


x-'-l  1-- 


f 


4  64  2304  147456 

2  3x4  5x6  35x8 


j_  x_  + _ 

T  +  ÜT_  576  +  73728 


J 

V' 


-2 


dx 


J 


=  Jo(x)  x~ 


.  x¿  5x4  23X6  677x8 

1  +  —  + - + - + - + 

2  32  576  73728 


dx 


dx 


( 


=  JÁX) 


.  x2  5x4  23x  677x6 

ln  x  H - 1 - i - 1 - 

4  128  3456  589824 


=  J0(x)lnx  + 


x2  x4 
1 - +- 


4  64  2304  147456 


vx^  5x^  23x6  677x6 

,v  4  + 128 + 3456 + 589824 
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X2  3x4 

yJx)  =  JJx)  lnx  +  - —  —  + 
2  0  4  128 


llx6 

13284 


16.  The  indicial  exponents  are  r  =  ±  y.  We  start  with  the  larger  exponent  rx=  +  \  and 

substitute  y  =  x3/2^J=oanx"  into  Bessel's  equation  of  order  Wefindthat  c,  =  0,  and 
then  the  recurrence  relation 


a„  -  - 


An~l 


n{n  +  3)  ’ 


implies  that  all  odd  subscripts  vanish.  Starting  with  aO  =  1,  this  recurrence  relation 
yields  in  the  usual  manner  the  first  solution 


y,(x)  =  x 


.3/2 


-  +  - 


=  X 


.3/2 


2-5  2-4-S-7  2-4-6-5*7*8 

(- \)"x2n 


4-  *  • 


i+Y— 

Á-j  o17 


ti'2"rt!-5-7 . (2n  +  3) 


Now  we  start  afresh  with  the  smaller  exponent  r,  =  -  f  and  substitute 
y  =  *-”2  2L».  x"  into  Bessel’s  equation  of  order  This  time,  we  find  that 

n(n  -  3 )bn  +  bn_2  =  0  for  n>  2.  We  can  satisfy  the  critical  case  0  ■bJ+b]  =0  by 

choosing  ¿i  =  0,  which  then  implies  that  all  odd  coefficients  vanish.  Then  the 
recurrence  relation 

b  = - , 

"  n(n-  3) 

yields  routinely  the  second  solution 


y2(x)  =  x 


-3/2 


-3/2 


2*(-l)  2 -4 -(—1)  - 1  2  *  4  -  6  -  (—1)  - 1  -  3 

(- \)nx2n 


1  +  Z^r 


ti,2"«!-(-l)-l-3 . (2/i-3) 


17. 


The  given  first  solution 


y,(x)  =  xe* 


1  + 


2  6  24  120 


can  be  derived  by  starting  with  the  single  exponent  r-  1,  substituting  y  =  x^]”  Qc„x” 

into  the  differential  equation,  and  calculating  successive  coefficient  recursively  as  usual. 
We  can  verify  the  alleged  second  solution  by  applying  the  method  of  reduction  of  order 
as  in  Problems  9-14: 
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P(x)  =  -1-1  /  x;  exp(-  JP(x)í&j  =  xex 
y 2  =  y}  jxe*  -(xe*)  dx  =  yi  ^x~x  e~x  clx 


a 


_!■  t  X  X  X  X 

1  —  X  + - + - +  ••• 

2  6  24  120 


dx 


yi 


X2  X 3  X4  x5 

lnx-xn - 1 - — — 

4  18  96  600 


.  (  x2  X3  X4  X5 

=  v,  lnx+  1  —  x  H - h - +■ 

2  6  24  120 


x2  x3  x4  x5 

~X  H - - - 1 - 1- 

4  18  96  600 


yl  lnx- 


2  3x  llx4  25x  137x 

X*-  _j _ j _ j _ j_. 


36  288  7200 


«>  ij  Y>¡+i 

y2(x)  =  xex  lnx  — - - 

^  n\ 


n=l 


\ 

J 


18. 


When  we  substitute 


y(x)  =  C  ji  ln  x  +  ^6„x" 

n=0 


in  the  difíerential  equation  x^"-x  =  0  wefindthat  b¡ 

(2n  +  1)C 


n(n  + 1)6, 


n+l 


-h  = 


n\{n  + 1)! 


for  n  >  1.  To  solve  this  recurrence  relation  we  take  C 
c„  /  («  -  1)!h!.  The  result  is 


-6o  =  —C  andthat 


1  and  substitute  6„  = 


=  2m  +  1  _  _j_ _ 1_ 

”+I  "  n(n  +  1)  n  n  +  l 

Starting  with  c¡  =  6|  =  -1,  it  follows  readily  by  induction  on  n  that 
cn  =  ~{Hn  + Hn+ 1). 


SECTION  3.5 

BESSEL'S  EQUATION 

Of  course  Bessel's  equation  is  the  most  important  special  ordinary  differential  equation  in 
mathematics,  and  every  student  should  be  exposed  at  least  to  Bessel  fimctions  of  the  first  kind. 
Though  Bessel  functions  of  integral  order  can  be  treated  without  the  gamma  function,  the 
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subsection  on  the  gamma  function  is  also  needed  for  Chapter  4  on  Laplace  transforms.  The  final 
subsections  on  Bessel  function  identities  and  the  parametric  Bessel  equation  will  not  be  needed 
until  Section  9.4,  and  therefore  may  be  considered  optional  at  this  point  in  the  course. 


1.  J'(x)  =  Dx  1  +  2^ 


2  m  \ 


-Z 


^  2  (m\) 

(-1)”'  x2"'-1 

-)2W-Iy 


=  z 


///=! 


-Z: 


(-1  )"'2mx2"‘-1 

2  2m{rn\f 

(_1),"+I  x2n,+í 


,„rí  -  l)!(m!)  +  1!) 


■-Z- 


(-ir* 


m 


t22'"+](m)\(m  +  V.) 


=  ~A(x) 


(a) 


fr1 


2n  —  l  ^,(2n-l 


2  V  2 

2n  - 1  2«  -  3 


2n-3 


J 


2n-\  2n  —  3 


3  1 


2  2  2  2 

(2»-l)(2«-3) . 3-1 

2" 


r- 


n 

U 


(b)  Jm(x)  =  £ 


S/n!  r(w7  +  f)2 


I 


2m+~ 


= 


x 


(2n-l)ü 


2" 

(-l)mjc2m+1 


*  5/h!2‘-i(2«  +  1)!!  4ñ  2 


2m+\ 


(-1  )'"x 


m  2//I+-1 


;rjt  ^(2-4 . 2m)(l-3 . (2m  +  l)) 


(-1  )'"x 


m  2/w+I 


nx  (2m  +  \)\ 


sinx 


J_,/2(x)  =  J — cosjc  similarly  (See  the  figure  below  for  the  graphs.) 
w  nx 
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00  r|m+|l  =  rí^t2 


3m  - 1  3m-4  j_/3?w-4 


(b)  J1/3(x)  =  £ 


3m  - 1  3w  -  4 
~3  3 

(-1)'" 
^m\T{m +  2  !3)\2  J 


'  J  V  J 

5  2  (2^  =  2-5-8  -.Qw-l)  m 

3  3  i,  3  J  3"' 


-3 


2/W-1/3 


(x/2) 


-1/3 


V3y 

m  'jm  „2m 


(-l)'"3'"x 


T(2/3)  ,t¿m!-2-3-8 . (3m  —  1) 


With  p  =  1/2  in  Equation  (26)  in  the  text  we  have 


1  12  I  2 

J3l2(x)  =  —JU2(x)-J_U2(x)  =  — , — sinx-J — cosx 

X  X\7TX  \7t: c 

=  —  ,/—  (sinx-xcosx)  =  ,  — ^-r  (sinx-  x  cosx) 
x  \7tx  Y  nx 


The  figure  below  shows  the  graphs  of  J3/2(x)  and  J_3/2(x). 


5.  Starting  with  p  =  3  in  Equation  (26)  we  get 


J4(*)  =  -J3(x)-J2(x)  =  - 

X  X 


-J2(x)- J,(x) 


-J2(x) 


24  ^ 

2  1 
*'  y 


-•/,(x)-J0(x) 


-~J¿X) 

X 


X2  -24  8(6 -x2) 

2  ^o(X)+  3  ,^|(X) 


8.  When  we  carry  out  the  differentiations  indicated  in  Equations  (22)  and  (23)  in  the  text, 
we  get 

pxp~'Jp(x)  +  xpJ’p(x)  =  xpJp_](x), 

-px-p-'Jp(x)  +  x-pJ'p(x)  =  -xpJp+l(x). 
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When  we  solve  these  two  equations  for  J'p(x)  we  get  Equations  (24)  and  (25)  in  the  text. 


10.  When  we  add  equations  (24)  and  (25)  we  get 

■W  =  ,(*)]. 

SO 

Replacing  p  with  p  -  1  and  with  p  +  1  in  the  first  equation,  we  get 

and 

■^00  = 

When  we  use  these  equations  to  substitute  for  J'p_x(x)  and  Jp+1(x)  in  the  equation  for 
J"p(x)  above,  we  find  that 

J"M)  =  ^[jp_2(x)-2Jp(x)  +  Jp+2(x)]. 


11.  r(p  +  m+l)  =  (p  +  m)(p  +  m  -  1) 

(-1)'" 


0  +  2)0+  i)ro+ 1),  so 


j 


^w!r(p  +  AK  +  l)v2  ) 


(-1)” 


(jc/2)p  ^ _ 

r(p  +  l)¿Sm!(p  +  l)(p  +  2) . ip  +  m) 


12.  Substitution  of  the  power  series  of  Problem  1 1  yields 

,  v  2  x5n(A  +  -~)  +  x-5n{B  +  ---)  x\A  +  ---)  +  {B  +  ---) 

y(x)  =  X  •  —rpr - ¡7^ -  =  - 1 - ~ - 1 

xl  2  (C +••■)  +  x~]  2 (D  - )  X(C+— )  +  (£>+— ) 

where  A  =  1 /(25/2r(7/2)),  B  =  1  /(2~5/2T(-3/2),)  C  =  l/(21/2r(3/2)),  and 
D  =  (l/2~l/2)r(l/2).  Henee 

=  0-(¿  +  -)  +  (fl  +  -)  _  B_  _  2~1/2r(l/2)  =  22r(l/2) 
y{  }  0 •(€  +  •••)  +  (£>  +  •••)  £>  ~  2'5/2r(-3/2)  ~  (4/3)r(l/2 


The  graph  of  y{x)  shown  at  the  top  of  the  next  page  corroborates  this  valué. 
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In  Problems  13-21  we  use  a  conspicuous  dot  •  to  indícate  our  choice  of  u  and  dv  in  the 
integration  by  parís  formula  Jwí/v  =  uv-  jvdu.  We  use  repeatedly  the  facts  (from  Example 

l)that  Jx/0(x)£¿c  =  xJ,(x)  +  C  and  Jj,(x)í£c  =  —J0(x)  +  C. 


13.  Jx2J0(x)í¿c  =  ^x°xJ0(x)dx 

=  x2Jx(x)-^x°Jx{x)dx 
=  x2J,(x)-^-x./0(x)+ Jj0(x)  ¿ftrj 
=  xV,(x)  +  xJr0(x)- |j0(x)£¿C  +  C 

14.  Jx3J0(x)¿¿t  =  Jx2oxJ0(x)í¿c 

=  xiJx(x)-2^x2*Jx{x)cbc 
=  xV1(x)-2^-x2J0(x)  +  2  JxJ0(x)¿&j 

=  x3Ji(x)  +  2x2J0(x)-4xJ,(x)  +  C  =  (x3 -4x)J,(x)  +  2x2J0(x)  +  C 

15.  Jx4J0(x)í£c  =  Jx3*xJ0(x)<¿x: 

=  x4  J,  (x)  -  3  Jx3  «J,  (x) 

=  x4  J,  (x)  -  3  (-x3  J0(x)  +  3  Jx»xJ0  (x) 

=  x4J,(x)  +  3x3J0(x)-9^x2Ji(x)-  Jx»J,(x)í¿cj 
=  x4Jl(x)  +  3xV0(x)-9x2J1(x)  +  9^-xJ0(x)  +  Jj0(x)£¿c^ 

-  (x4  - 9x2 ) J, (x)  +  (3x3  - 9x)J0(x)  +  9  Jj0(x)<±c  +  C 


xJx(x)dx  =  |x*J,(x)í¿x  =  -xJ0(x)  +  jj0(x)£&  +  C 
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17.  ^x2Jx(x)dx  =  Jx2*/,(x)í¿c 

=  -x2/0(x)  +  2  Jx./0(x)í¿£:  =  -  x2J0{x)  +  2xJx(x)  +  C 

18.  J x3Jx(x)dx  -  ^x*»Jx(x)dx 

=  -x3/0(x)  +  3  ^x»xJü(x)dx 
=  -x3J0(x)  +  3^x2J,(x)—  Jx«y,(jc)  íZxrj 
=  -  x3J0(x)  +  3x2Jl(x)  -  3  ^-xJ0(x)  +  Jj0(x)£&j 
=  (-X3  +  3  x)J0  (x)  +  3x2J,  (x)  -  3  J  J0  (x)  dx  +  C 

19.  Jx4J,(x)cá;  =  jx4  •  Jx  (x)  dx 

=  —  x4J0(x)  +  4  Jx2*xJ0(x)í¿c 
=  -  xV0  (x)  +  4  J,  (x)  -  2  Jx2  •  J,  (x)  £&  j 

=  -x4J0(x)  +  4x3J,(x)-8^-x2J0(x)  +  2  JxJ0(x)áx:j 
=  (-x4  +  8x2 )  J0  (x)  +  (4x3  - 1 6x)J,  (x)  +  C 

20.  With  p=l,  Eq.  (23)  in  the  text  gives  J x~'J2(x)dx  =  -x~lJ¡(x)  +  C.  Henee 

|j2(x)c6c  =  ^x*x~'J2{x)dx 

=  x(-x"'j,(x))+ Jx_lJ,(x)  =  -y,(x)+ Jx''J,(x)í¿x. 

But  Eq.  (26)  with  p=l  gives  x"'J,(x)  =  |[J0(x)  +  y2(x)],  so 
^J2{x)dx  =  -  J¡{x)  +  \ ^J0(x)dx+\  |j2(x)í¿c. 

Finally,  we  can  sol  ve  this  last  equation  for 

jtf j  (x)  dx  =  -2  J,(x)  + Jj0(x)c¿c  +  C. 

21.  With  p  =  2,  Eq.  (23)  in  the  text  gives  Jx~2J3(x)c£c  =  -x~2J2(x)  +  C.  Henee 

jj3(x)dx  =  Jx2*x_2J3(x)í¿c 

=  x2  (-x'2J3(x))  +  2  Jx''J2(x)£¿c 
2 

=  -J2(x) — J,(x)  +  C  (by  Example  3) 

x 
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(2  \ 

-J,(x)-J0(x) 

V*  ; 


J,(x)  +  C 

X 


=  J0{x)--Jx{x)  +  C. 

X 


(By  Eq.  (26)  with  /?  =1) 


22. 


Let  us  define 

and  note  first  that 


g(x)  =  cos(xsin 0) d.6 
g(0)  -  cos(0)d<9  =  n  =  nJ0{ 0). 


Differentiation  under  the  integral  sign  yields 

g'(x)  =  -  sin(x  sin  6)  sin  OdO. 


When  we  intégrate  by  parts  with 


u  =  sin(x  sin  0)  dv  =  sin9d6 

du  =  (x  eos  0)cos(x  sin  0)  d.6  v  =  -eos  6 

we  get 

g'(x)  =  ~xj[  eos1 6  cos(x  sin  6)  d6. 


But  differentiation  of  the  first  equation  for  g'(x)  yields 

g"(x)  =  -  £  sin2  6 cos(x  sin  6)  d6. 

Finally,  because  cos2#+  sin2^  =  1,  it  follows  that 

g"(x)  +  —  g’(x)  =  -  r  cos(xsin6,)£/6,  =  -g(x). 

x  Jo  •  - 

Thus  y  =  g(x)  satisfies  Bessel's  equation  of  order  zero  in  the  form  y"  +  (l/x)y'  +  y 
0.  Therefore  the  function  g  takes  the  form 

g(x)  =  a  J0(x)  +  b  7o(x). 

Since  g( 0)  =  7i  is  finite  and  J0( 0)  =  1 ,  we  must  have  a  =  n  and  b  =  0,  so 
g(x)  =  n  Jq(x),  as  desired. 

23.  This  is  a  special  case  of  the  discussion  below  in  Problem  24. 

24.  Given  an  integer  n  >  1 ,  let  us  define 
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g,Xx)  =  cos(n0  —  x  sin  0)  d 0. 

Differentiation  yields 

g'„(x)  =  ^  sin(n0-xsm0)sin0d0. 

Integration  by  parts  with  u  =  sin(n0-x  sin  0)  and  dv  =  sin  0d0  yields 

g'Áx)  =  n  eos  0  eos {n0  -  x  sin  0)  d0  -  x  eos2  0  eos (n0  -  x  sin  0)  d0. 


But  differentiation  of  the  fírst  equation  for  gn'(x)  yields 

g"„(x)  =  -  sin2  0  cos(n0-xsin0)d0. 

It  follows  that 

£"(*)  +  -£«<»=  -g„(x)  +  -  T  cos 0  cos{n0  —  x sin 0)d0 

=  -g„{x)~  — y  [(n-xcos^-njcosfn^-xsin^)^ 


-gÁx)~- 7  [sin(«6»  -  x  sin  0]¡  +^-g„  (x) 


1-^ 


£»(*)• 


Upon  equating  the  first  and  last  members  of  this  continued  inequality  and  multiplying  by 
x2,  we  see  that  y  =  gn(x)  satisfíes  Bessel's  equation  of  order  n  >  1 .  The  initial  valúes 
of  gn(x)  are 

g„( 0)  =  cos (n0)d0  =  0  and  g'(0)  =  sxn(0)s\n(n0)d0  =  0. 

If  n  -  1  then  gi'(0)  =  tt/2,  whereas  g„'(0)  =  0  if  n  >  1 .  In  either  case  the  valúes  of 
g„(0)  and  g„'(0)  are  n  times  those  of  J„( 0)  and  J„'( 0),  respectively.  Now  we  know 
from  the  general  solution  of  Bessel's  equation  that  g„(x)  =  c  J„(x)  for  some  constant  c. 
If  77  =  1  than  the  fact  that 

tt/2  =  g„'(  0)  =  cJi'(0)  =  c/2 
implies  that  c  =  n,  as  desired.  But  if  n  >  1  the  fact  that 


0  =  g„'(  0)  =  cJn\  0)  =  c-0 


does  not  suffice  to  determine  c. 


The  graph  shown  at  the  top  of  the  next  page  illustrates  the  interlaced  zeros  of  the  Bessel 
functions  Jl0(x )  and  Jn(;c). 
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SECTION  3.6 

APPLICATIONS  OF  BESSEL  FUNCTIONS 


Problems  1-12  are  routine  applications  of  the  theorem  in  this  section.  In  each  case  it  is 
necessary  only  to  identify  the  coefficients  A,  B,  C  and  the  exponent  q  in  the  differential 
equation 

x2y"  +  Axy'  +  (5  +  Cxq)y  =  0.  (1) 

Then  we  can  calcúlate  the  valúes 

«-1^.  P-í  (2) 

2  2  q  q 

and  finally  write  the  general  solution 

y(x)  =  xa[clJp(kxp)  +  c2J_p(kxp)j  (3) 

specified  in  Theorem  1  of  this  section.  This  is  a  "témplate  procedure"  that  we  illustrate  only  in  a 
couple  of  problems. 


1. 


We  have  A--\,B  =  \,C-\,q  =  2  so 


a  = 


i-H) 


^(1-(~1))2-4(1) 

*  O 


so  our  general  solution  is  y(x)  =  x[ciJo(x)  +  c2Fo(x)],  using  To(X)  because  p  —  0  is  an 
integer. 


2.  y(x)  =  x  1[c1J,(x)  +  c2T,(x)] 

3.  y(x)  =  x[c|Ji/2(3x2)  +  c2J-i/2(3x2)] 
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4. 

5. 


y(x)  =  x\cxJ2(2xm)  +  c2Y2(2xm)] 

To  match  the  given  equation  with  Eq.  (1)  above,  we  first  divide  through  by  the  leading 
coefficient  16  to  obtain  the  equation 

,  „  5  ,  (  5  1  3\ 

xy+-xy+^-  +  -xjy  =  0 


with  A  =  5/3,  B  =  -5/36,  C  =  1/4,  and  q  =  3.  Then 


_ 1  —  5/3  _  1  n_3  ;  _  2VlA4  _  1 _ -s/(l  —  5  /  3)2  —  4(-5  /  36) 

CC  -  -  i  ¡j  —  ,  K  —  —  ,  P  — 

3  3  2  3  3  3 

so  our  general  solution  is  y(x)  =  x“1/3  [ciJi/3(x3/2/3)  +  c2J_i/3(x3/2/3)]. 


6.  y(x)  =  x~m  [cx  J0(2x3/2)  +  c2Fo(2x3/2)] 

7.  y(x)  =  x_1  [ciJoW  +  c2Y0(x)] 

8.  y(x)  =  x2  [c,J,(4x1/2)  +  c2r,(4x1/2)] 

9.  y(x)  =  xm  [c¡  Ji/2(2x3/2)  +  c2Xi/2(2x3/2)] 

10.  y(x)  =  x-,/4[ciJ3/2(2x5/2/5)  +  c2J-3/2(2x5/2/5)] 

11.  y(x)  =  x1/2[ciJ,/6(x3/3)  +  c2X,/6(x3/3)] 

12.  y(x)  =  x1/2[c1J,/5(4x5/2/5)  +  c2J-I/5(4x5/2/5)] 


13.  We  want  to  solve  the  equation  xy"  +  2 y'  +  xy  =  0.  If  we  rewrite  it  as 

x2y"  +  2xy' +  x2y  =  0 

then  we  have  the  form  in  Equation  (1)  with  A  =  2,  B  =  0,  C  =  1,  and 
q  -  2.  Then  Equation  (2)  gives  a  -  -1/2,  ¡3  =  1,  k  =  1,  and  =  1/2,  so  by 

Equation  (3)  the  general  solution  is 


y(x)  —  x  [^i*/|/2(x)  4"  ^j‘/-i/2(x)] 

=  —  (a,  cosx  +  a2  sinx), 
(with  a,  =  c,V 2/n)  using  Equations  (19)  in  Section  3.5. 
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15.  The  substitution 


u'  ,  ( u'f  u" 

y  =  — ,  y  =  M - 

u  u  u 

immediately  transfbrms  y'  =  x2+y2  to  u”  +  x2u  =  0.  The  equivalent  equation 

x2w"  +  x4«  =  0 

is  ofthe  form  in  (1)  with  A  =  B  =  0,  C  =  \,  and  q  -  4.  Equations  (2)  give  a  = 
1/2,  fi  =  2,  k  =  1/2,  and  p  =  1/4,  so  the  general  solution  is 

«(x)  =  x,/2[ciJ1/4(x2/2)4-c2J-i/4(jc2/2)]. 

* 

To  compute  w'(x),  let  z  =  x2/2  so  x  =  2mzm.  Then  Equation  (22)  in  Section  3.5 
with  p  =  1/4  yields 

y~(x'uJm(x2  /  2))  =  |-(2l'4zl'V1,í(z))~ 

=  2''V'V.„,<z)-£ 

dx 

r1/2 

=  21,4~J.3/a(x2I2)-x  =  x3/2J3/4(x2/ 2). 
Similarly,  Equation  (23)  in  Section  3.5  with  p  =  -1/4  yields 

£(x,/2J  i/4(x2/2))  =  ^(21/4z1/4J  1/4(z))~  =  -x3/V3/4(x2/ 2). 
Therefore 

w'(x)  =  x3/2[CiJ_3/4(x2/2)  -  c2J3/4(x2/2)]. 

It  follows  finally  that  the  general  solution  of  the  Riccati  equation  y'  =  x2  +y2  is 

_  11  =  x  ^3/4  (j*  )~C^-3/4(2-y  ) 

n  c  J1/4  (y  X2  )  +  J_1/4  (y  X2  ) 

where  the  arbitrary  constant  is  c  =  C]/c2. 


16. 


Substitution  of  the  series  expressions  for  the  Bessel  fimctions  in  the  formula  for  y(x)  in 
Problem  15  yields 


,  ,  4(^)“(i+...)-ea(jx*)*(i+...) 

y(x)  =  x — - - - - - - - - 


cC(ix2)  (l  +  •••)  +  £>(} x2)  (l  H  ) 
where  each  pair  of  parentheses  endoses  a  power  series  in  x  with  constant  term  1 ,  and 
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A  =  2"3/4/r(7/4) 
C  =  2~1/4/f(5/4) 


B  =  23/4/r(l/4) 
D  =  2,/4/r(3/4). 


Multiplication  of  numerator  and  denominator  by  xm  and  a  bit  of  simplification  gives 
_  2-3/4^3(1  +  ---)-23Mc^(1  +  -) 


y(x) 


2~l/4cCx(l  +  •••)  +  2l/4  £>(!  +  ••■) 


It  now  follows  that 


y(P) 


_  -23/4d?  _  -2l/2(23/4/r(l/4)) 


=  -2c- 


r(3/4) 


(*) 


21/4D  2l/4/r(3/4)  r(l/4) 

(a)  If  y(0)  =  0  then  (*)  gives  c  -  0  in  the  general  solution  formula  ofProblem  15. 

(b)  If  j^(0)  =  1  then  (*)  gives  c  =  -r(l/4)/2r(3/4).  More  generally,  (*)  yields  the 
formula 


y(x)  =  x 


for  the  solution  of  the  initial  valué  problem 

y'=x2+y2,  y(0)  =  y0. 

If  we  write  the  equation  x4y"+  /y  =  0  in  the  form 

x2y"+ /x~2y  =  0, 

then  we  see  that  it  is  of  the  form  in  Equation  (3)  of  this  section  with  A  =  B  =  0, 
C  =  /,  and  q  =  -2.  Then  Equations  (5)  give  a  =  1/2,  ¡5  =  -1,  k  =  y,  and 
p  =  -1/2,  so  the  theorem  yields  the  general  solution 

y(x)  =  x'l2[c\J\n{ylx)  + cjl-xaiylx)]  =  x[A  cos(y/x)  +  B  sin(y/x)], 

using  Equations  (19)  in  Section  3.5  for  J\n(x)  and  J~\n(x).  With  a  and  b  both 
nonzero,  the  initial  conditions  y{á)  =  y{b)  =  0  yield  the  equations 

A  eos  (y/ a)  +  B  sin  (y/  a)  =  0 
A  eos (y/b)  +  B  sin (y/b)  =  0. 

These  equations  have  a  nontrivial  solution  for  A  and  B  only  if  the  coefficient 
determinant 
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A  =  ún{y!b)  cos{yla)  -  sin{y/a)  cos(y/6) 
=  sin(y/b  -  y/ a)  =  sin (yL/ab) 


isnonzero.  Henee  yLlab  musí  be  an  integral  múltiple  nn  oí  n,  andthenthe  «th 
buckling  forcé  is 


P  _  Ehrl  _  £4  r nnah 

¿4  ¿,4 


^4 


(nn^ 

2 

(V 

u  J 

18.  The  substitution  L  =  a  +  bt  in  Ld”  +  2L'ff  +  g&  =  0  yields  the  transformed  equation 

I2  £"<X)  +  2L6'(L)  +  (g/b2)L0  =  0 

with  independent  variable  L  that  is  ofthe  form  in  (1)  with  A  =  2,  £  =  0,  q  =  1,  and 
C  =  g/o  .  Henee 

a  =  -1/2,  p  =  1/2,  i  =  2gm/b,  and  p  =  1, 

SO 


9(0  -  ^ 
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CHAPTER  4 


LAPLACE  TRANSFORM  METHODS 


SECTION  4.1 


LAPLACE  TRANSFORMS  AND  INVERSE  TRANSFORMS 

The  objectives  of  this  section  are  especially  clearcut.  They  inelude  familiarity  with  the  definition 
of  the  Laplace  transform  £{/(/)}  =  F(s)  that  is  given  in  Equation  (1)  in  the  textbook,  the  direct 
application  of  this  definition  to  calcúlate  Laplace  transforms  of  simple  functions  (as  in  Examples 
1-3),  and  the  use  of  known  transforms  (those  listed  in  Figure  4.1.2)  to  find  Laplace  transforms 
and  inverse  transforms  (as  in  Examples  4-6).  Perhaps  students  need  to  be  told  explicitly  to 
memorize  the  transforms  that  are  listed  in  the  short  table  that  appears  in  Figure  4.1.2. 


1.  £{t}  =  J°  e  SItdt  {u  =  -st,  du  —  -sdt) 

■du = ^t("-»'r  -  7 


-co  r  -  i 


2.  We  substitute  u  =  -st  in  the  tabulated  integral 

ju2e“du  =  eu{u2  -  2u  +  2}  +  C 
(or,  altematively,  intégrate  by  parts)  and  get 


£¡/2}  =  |°  e-s't2dt  = 


-e 


{t2 


2 1  2 
+  ~  +  ~J 


s  s 


Jí=0 


3. 

4. 


5-3 


£{e3'+,j  =  e~°'e3l+l  dt  =  e  J[  e"(í'3)'  dt  =  — 

With  a  = 


-s  and  b  =  1  the  tabulated  integral 

a  eos  bu  +  b  sin  bu 


Je""  eos  bu  du  =  ea 


a2  +b2 


+  C 


yields 


.Cíeos/}  =  f°  e~s' cosí  dt  = 
1  ’ 


e  "(-seos/ +  sin/) 

7~+\ 


J/=0 
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5. 


£{sinh¿}  =  ¿£{e'-éf'}  =  i-J[  e-«(e' -e")dt  =  ( 


e  <i_l^  —  e 


1  1 


5-1  5+1 


í2-l 


6.  £{sin2/}  =  jj°  e  "sin  2tdt  =  \  jj°  e“"(l-cos2  t)dt 


v  ^ 


-s  eos  2t  +  2  sin  2 1 
s2  +  4 


1  5 


5  5+4 


7.  £{/«}  -  |  «'*  dt  = 


ni 


l-e~s 


8.  £{/(*)}  =  J \e-*dt  = 


e~s  -  e~2s 


9. 

10. 

11. 

12. 

13. 

14. 

15. 


£{/(/)}  =  f  e-*'tdt  = 

Jn 


£  {/(O}  =  |  (1 -/)«'"  dt 


—.y/ 

( i  / 

ni 

— 

—e 

- - 

^  5 

^  yj 

£{77  +  3/)  = 

£{3/5/2-4/3} 

£{í-2e3'}  = 

£{/3/2+<T10'} 

£{l  +  cosh  5/} 


£(3/2)  _1_  3 

53/2  52  253/2  52 

F(7/2)  3!  _  45^7 

57/2  54  857/2 

J _ 2_ 

5 2  5-3 

r(5/2)  1  _  3^ 

5S/2  +5  +  10  “  45?/2  + 

1  5 

~  5  +  52  -25 


1 

5  +  10 


(.^)dt 
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16. 

17. 


18. 


19. 

20. 


2  5 

-C  {sin  2 1  +  eos  2/}  =  — - h 


5  +  2 


5+4  5  +4  5  +4 


£^cos22íj  =  —  £{l+cos4r}  =  - 


1 


A 


2U  s2+ 16) 

£  (sin  3/  eos  3/}  =  —  £{sin6í}  =  ---y— —  =  — 

2  2  5  +36  5  +36 


2!  3! 

4 


•e{(1  +  ')!)  =  £{í  +  3t  +  3t2  +  r3}  =  I  +  3.ii+3.|+j 

Integrating  by  parts  with  u  =  t,  dv  =  é~(s~x),dt,  we  get 
£{te'}  =  J[°  e-*te‘  dt  =  £  te^’  dt 


OO 

.  1  í 

5  —  1 

— S 

1 

<>3 

h 

o 

i 

(S- 1)2’ 


21.  Integration  by  parts  with  u  =  t  and  dv  =  e  s,cos2 1  dt  yields 


£{ícos2t}  =  jf°  te  ''cos2 1  dt  =  — jf  e  *  (~scos2t  +  2sin2¿)  dt 
=  — ^-^-[-j£{cos2í}  +  2£{sin2í}] 


s  +  4 


-s2  4 

-  +  - 


s  +4  í+4 


52-4 

(s’+4f 


22. 


jC  |sírth2  3r|  =  —  £{cosh6t-l}  =  — íy— - — 

2  2 1 5  36  i  J 


24. 


25. 


2 _ H5/2)]  =  1  2  jil2  =  ¡  St3/2 

r(5/2)  s5/2  J  3n/+ 
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27.  =  i.£-'  j — 1 — 1  =  3e*' 

s- 4J  5-4 


28.  £ 


-.P*  +  ll  =  3.Je-.J  í  1  ,  1  2 


5+4 


5+4]  2  5+4 


=  3cos2t  +— sin2/ 


29.  £ 


J  5-35 1  _  ^  £-i  í — 3 — 
1 52  +  9  J  3  I  52  +  9 


■3 -£~l 


5+9  3 


-sin  3/ -3  eos  3/ 


30.  £ 


9  +  5 


i.ü-J-2 

2  52  - 


_±_  _£-«  _L_ 

5  -  4  í  52  -  4 


•— sinh2t  -cosh2t 
2 


31.  £ 


i  [105-3 
*  25 -52 


}  +  -•£-' 

1 52  -  25  [  5  52  -25 


3 

- 1 0  cosh  5/  + — sinh  5 1 
5 


32.  £  <j  2 - >  =  2u(t-3)  =  2w3(í)  [See  Example  8  in  the  textbook.] 


£{sin&/} 


ikt  -ikt 

e  —  e 


4-! - L_ 

2  i\s  —  ik  5  +  ik 


2 i  (5  -  ik)(s  -  z'A:)  52  +  k2 


(because  i 2 


34.  £  {sinh  kt)  =  £ 


kl 

e  — e 


J_T _ 1 _ 1_>  _  1  2k  _  _ k_ 

2  ,s-k  5  + A:  J  2  s1 —k2  s2-k 2 


35.  Using  the  gi ven  tabulated  integral  with  a  =  ~s  and  b  =  k,  wefmdthat 


£ {eos fe}  =  e  "  eos  kt  dt  =  — — -^[-s  eos  kt  +  k  sin  kt) 


=  lim  (-5  eos  kt  +  k  sin  kt)  j — ,  -  -  2  (-5  •  1  +  fc  •  0)  =  —S  ■ 


5"  +k 


5  +  k 
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36.  Evidently  the  function  / (t)  =  sin(e'  )  is  of  exponential  order  because  it  is  bounded; 

we  can  simply  take  c  =  0  and  M=  1  in  Eq.  (23)  of  this  section  in  the  text.  However, 

2  é2 

its  derivative  f'(t)  =  2 te'  cos(e'  )  is  not  bounded  by  any  exponential  function  ea , 
because  e'  /  ec'  =  e'  ~c'— >co  as  t  ->oo. 

37.  f(t )  =  1  -  ua{t)  =  1  -  u(t  -  a)  so 

1  o~as 

=  £{\}-£{ua{t)}  =  --- —  =  5_1(l-e_a'). 
s  s 

For  the  graph  of  /  note  that  f{a)  =  1  -  u(á)  =  1-1  =  0. 


38.  f{f)  =  u{t  -  a)  -  u(t  -  b),  so 

-as  -A.t 

£{/(0}  =  £{ua(t)}-£{ub(t)}  =  - - —  =  s-He^-e-”*). 

s  s  '  7 

For  the  graph  of  /  note  that  / (a)  =  u(0)  -  u{a  -  6)  =  1  -  0  =  1  because  a  <b,  but 
f(b)  =  u(b  -a)-  u(0)  =  1-1  =  0. 


39. 


41. 


Use  of  the  geometric  series  gives 

00  00  n — US  1 

£{/(0}  =  =  X —  =  ~(i + + e~2i  +  e~31  +  •  •  • ) 


n~Q 


«= 0 


-  -(l  +  (e  ')  +  (e  ')2  +(e  ')3  +  •••  )  =  - —  =  —r - 

’  s  1-e  s(l-e  ') 


40.  Use  of  the  geometric  series  gives 


00  (-iyvm 


£{/(  0}  =  =  X 


n= 0 


w=0 


=  i(i+<-0+<-0I+(-01+-)  = 


1  1 


f  l-(-e~4)  í(l  +  e_v) 


By  checking  valúes  at  sample  points,  you  can  verify  that  g(t )  =  2/(0  - 1  in  terms  of 
the  square  wave  function  f(t)  ofProblem40.  Henee 


£{g(/)}  =  £{2/(r) -1}  = 


f(1  +  e_S) 


1  U  _2 _ ^  1  \-e 


s  1 1  +  c 


s  1  +e~ 


1  1  -  é~s  esn  1  esu  -e 


sf  2  -si  2 


1  i(Sn-e-") 


s  1  +  e~v  e“n  s  esl2+e*n  s  j[esn  +e  4/2  j 
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1  sinh(.s72)  1  ,  s 

- - - - —  =  — tanh— . 

s  cosh(í/2)  s  2 


42.  Let's  refer  to  (n  - 1 ,«]  as  an  odd  interval  if  the  integer  n  is  odd,  and  even  interval  if  n 
iseven.  Then  our  ñmction  h(t)  has  the  valué  a  on  odd  intervals,  the  valué  b  oneven 
intervals.  Now  the  unit  step  ñmction  / (t)  of  Problem  40  has  the  valué  1  on  odd 
intervals,  the  valué  0  on  even  intervals.  Henee  the  ñmction  ( )  has  the  valué 
(a  -  b)  on  odd  intervals,  the  valué  0  on  even  intervals.  Finally,  the  ñmction 
(a  -  b)f  (t)  +  b  has  the  valué  (a  —  b)  +  b  =  a  on  odd  intervals,  the  valué  b  oneven 
intervals,  and  henee  (a-b)f(t)  +  b  =  h(t).  Therefore 


L{h(t)}  =  L{(a  -  b)f  (í)}  +  L{b}  =  “  " 

í(l  +  e  ) 


b  _  a  +  be  1 
s  í(1  +  e~') 


SECTION  4.2 

TRANSFORMATIOM  OF  SNITIAL  VALUE  PROBLEMS 

The  focus  of  this  section  is  on  the  use  of  transforms  of  derivatives  (Theorem  1)  to  solve  initial 
valué  problems  (as  in  Examples  1  and  2).  Transforms  of  integráis  (Theorem  2)  appear  less 
frequently  in  practice,  and  the  extensión  of  Theorem  1  at  the  end  of  Section  4.2  may  be 
considered  entirely  optional  (except  perhaps  for  electrical  engineering  students). 

In  Problems  1-10  we  give  first  the  transformed  differential  equation,  then  the  transform  X(s)  of 
the  solution,  and  finally  the  inverse  transform  x(t)  of  ^(s). 


[s2X(s)  -  5 s]  +  4{X(s)  }  =  0 


X(s)  = 


5s 


s  +4 


5-- 


s~  +4 


x(t)  =  £_l{2f(^)}  =  5  eos  2/ 


[s2X(s)  -3s-4]  +  9[X(s)]  =  0 


X{s) 


3^  +  4 
s2  +9 


=  3-- 


s  4 
-  +  - 


s¿+9  3  í2  +  9 


x(t)  =  £~l{X(s)}  =  3  eos  3/  +  (4/3)sin  3 1 


[s2X(s)  -  2]  -  [sX(s)]  -  2[X(s)]  =  0 
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s  —s~  2  (5-2)(5  +  l)  3^5-2  5  +  1 


x(t)  =  (2/3)(e2‘  -  e-‘) 


[s2X(s)  -  2s  +  3]  +  8[íI(í)  -  2]  +  15[X(s)]  =  O 


25  +  13 


7  1  3  1 


s2+8s  +  15  2  5  +  3  2  5  +  5 

x(t)  =  £rl{X(s)}  =  (H2)e~3t  -  (3/2)e“5/ 


[/X(5)]  +  [X(^)]  =  2!(s2  +  4) 

2  2  112 

^  ~~  (í2  +  i)(í2  +4)  “  TTTITTTí 

x(t)  =  (2  sin  t  -  sin  2t)/3 

[í2X(í)]  +  4[X(í)]  =  £{cost}  =  í/(52  +  1) 

Y(S\  =  2  =  I._£ _ i.  í 

02+l)02+4)  3  52  +1  3  52  +4 

x(t)  =  £_1{X(5)}  =  (eos  t  -  eos  2t)/3 


[í2X(í)  -  s]  +  [X(í)]  =  sis1  +  9) 

(s2  +  l)X(s)  =  s  +  s/(s2  +  9)  =  (s3  +  10í)/(s2  +  9) 


X(í)  =  . . +~ -  = 

(52  +  l)(52+9) 

x(t)  =  (9  co5  t  -  eos  3 1)/8 


9  s  1  s 

iv+rsV+9 


[í2X(í)]  +  9[X(5)]  =  £{1}  =  1  !s 


X(s)  = 


1  _  l  j__J_  5 

í(52+9)  ~  9  5  9  52  +9 


x(t)  =  £''{X(í)}  =  (1  -  eos  30/9 


s2X{s)  +  4sX(s)  +  3  X(s)  =  1  ls 

X(s)  =  — ^ -  =  - - - 

5(52  +45  +  3)  í(s  +  1)(j  +  3) 

x(t)  =  (2  -  3e‘  +  e3l)/6 


I  I_I._L  +  I._L 

3  s  2  í+l  6  í+3 
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10.  [slYís)  -  2]  +  3[sX(s)]  +  2[X(s)]  =  £{t)  =  1  ¡s2 


11. 


12. 


(s2  +  3s  +  2)X(s)  =  2  +  1  /s2  =  (2s2  +  1)// 


X(.s)  = 


2s2  + 1 


2s2  +  1 


s  (s  +  35  +  2)  s2(s  +  1)(5  +  2)  4  s  2  s2  5  +  1 


3  1  1  1  -  1 
- j - —  3  •  - 


x(í)  =  JET1  {X(s)}  =  (-3  +2t+  \2e‘  -  9e2t)/A 

The  transformed  equations  are 

sZ(í)  -  1  =  2X(s)  +  Y(s) 
sY(s)  +  2  =  6X(s)  +  3K(s). 

We  solve  for  the  Laplace  transforms 

5-5  _  1_ 

s(s  -  5)  s 

25  +  10 


X(s)  = 

Y(s)  =  X(s)  - 


5(5  -  5) 


2 

s 


Henee  the  solution  is  given  by 
x(0  =  1, 

The  transformed  equations  are 


y{t)  =  -2. 


sX(s)  =  X(5)  +  27(5) 
sY(s)  =  X(s)+  1/(5  +  1), 


which  we  solve  for 


X(s)  = 


Y(s)  = 


(s-2)(s  +  l)2 
5-1 

(5-2)(5  +  l)2 


1  — 3-  1 


5-2  5  +  1  (5  +  1)2 


1  -6-  ' 


5-2  5  +  1  (5  +  1)2 


Henee  the  solution  is 


x(0  =  (2/9)(e2'  -  e~'  -  3/  e'1) 
y(t )  =  (l/9)(e2í  -  e"'  +  6/  e-'). 


9  1 

4*5  +  2 
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The  transformed  equations  are 


sX{s)  +  2[sF(s)  -  1]  +X(s)  =  0 
sX(s)  -  ¡sY(s)  -  1]  +  Y(s)  =  0, 


which  we  solve  for  the  transforms 


X(s,  = _ =  _2 _ 1 _  =  _  W | 

3j’--1  3  J2  — 1/3  73  ^-(1/73)’ 

w  .  3s  +  l  ^  +  1/3  s  1  1/V3 

X  (.S)  —  z —  -  —  - r-  H J=r  - 

3í2-1  j2-  1/3  S  ¿JvJ 


(,/73)- 


Henee  the  solution  is 


x(t )  =  -(2/yf3^j  sinh^//V3^ 

y{t)  =  cosh(V/^)  +  (l/V3)  sinh(//V3). 


The  transformed  equations  are 


s2X(s)  +  1  +  2X(s)  +  4T(s)  =  0 
s2Y(s)  +  1  +  X(s)  +  2Y(s)  =  0, 


which  we  solve  for 


X(í)  =  + 

52(í2+4) 


-J2-l 


T(s)  =  — . .  - 

52(52+4) 


1  f  1  „  2 

-  2-  — -3-— - 

4v  s~  s~  +4 


1L  _  2 

—  2 - r-  +  3  •  — ^ - 

8v  s 2  s"+4 


Henee  the  solution  is 


x(t)  =  (1/4X2/  -  3  sin  2t) 

y(t)  =  (-l/8)(2/ +  3  sin  2/). 


The  transformed  equations  are 


[s2X-s]  +  [sX-  l]  +  [sT-  l]  +  2X-  Y  =  0 
[s2T-5]  +  [íX-  1]  +  [sT-  1]  +  4X-  2Y  =  0, 


which  we  solve  for 
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16. 


.  .  s2  +  35  +  2 

2f(í)  =  -7 - = - 

5  +  3  s  +  3  s 


U2-+ 


s  +  3 


s  s2  +  35  +  3 


-  +  - 


5  +  3 


(> 


-  +  - 


5  +  3/2 


7(5) 


5  (5  +  3/2)2  +(yÍ3/2) 

s3  -2s2  +25  +  4 


-V3- 


5  (5  +  3/2)  +(3/4) 

V3/2 


(5  +  3/2)2+(73/2)2 


5j+352  +35 


1  f  28  9  25  +  15 

+  - 


21 


5  5-1  5  +35  +  3 


_1_ 

21 


28 


-  +  - 


25  +  15 


5  5-1  (5  +  3/2)2+3/4y 

_  28 _ 9_  +  2  5  +  3/2 

~  21 1^  5  5-l+  (5  +  3/2)2+(^3/2)2 


+ 


8>/3- 


>/3/2 


(5  +  3/2)2  +(-j3 /2)' 

Here  we've  used  some  fairly  heavy-duty  partial  fractions  (Section  4.3).  The  transforms 


.C  je"  eos  kt}  = 


s  —  a 


-fije"  sinfoj 


(s-a)2+k2’  1  ’  ( s-af  +  k 2 

from  the  inside-front-cover  table  (with  a  =  —3/2,  k  =  y¡ 3/2)  finally  yield 


x(0  =  ^|2  +  e  3,/2|^cosjV3í/2^  +  -v/3sinjV3//2 
y(t)  =  ^-{28-9e'+e-3'/2[2cos(V3í/2)  +  8V3sin(V3//2)]J 


The  transformed  equations  are 


5l(i)-l  =  X(s)  +  Z(s) 

5  7(5)  =  X(s)  +  7(5) 

5Z(5)  =  ~2X(s)  -  Z(5), 


which  we  solve  for 

X(5)  = 
7(5)  = 
Z(5)  = 


52-l 


(5-l)(52+l) 
5  +  1 

(5-l)(52+l) 

—2.S  +  2 
1)02 +1) 


5  +  1 

7+T 

1  5 


5-1  52+l 

_ 2_ 

52+r 
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Henee  the  solution  is 


17. 

18. 

:(í¡ 

20. 

21. 

22. 


24. 

25. 


x{t )  =  eos  t  +  sin  / 
y{í)  —  e‘  -  eos  t 
z(t)  =  -2  sin  /. 


m  =  [e3Tdt  =  ±e3']  =  i(e3'-l) 


3  _U  3 


m  =  i^dr  4-fH'  =  f(i---5') 

L  J  Jr=0  J 

. ,  I  I'  1 

/(/)  =  \sm2xdr  = - cos2r  =  —  (l-cos2/) 


v  2  1  l 

/ (/)  =  |  (2cos3r +  }sin3r)£/r  =  — sin3r — cos3r  =  — (6  sin  3/ -eos  3/ +  1) 


/(/)  =  sin/ dt  dx  =  £  (l-cosr)dr  =  [r-sinr] 

Ti  T  i 

/(/)  -  Jf  {sinh3r¿/r  =  — cosh3r  =  — (cosh3/-l) 


/  -  sin/ 


/(/)  =  |  J^sinh/J/  dt  =  ^  (coshr-l)Jr  =  [sinhr-r]r'=0  =  sinh/-/ 

/(/)  =  í  (e r-e-2')dr  =  Lr +1^1  =  Ue~2' -2e~'  +  l) 

1  L  ^  _lr=0  ¿ 


With  flj)  =  eos  kt  and  F( s)  =  s/^  +  k2),  Theorem  1  in  this  section  yields 


£{-k  sin  kt}  =  £{/■'(/)}  =  sF(s)  -  1  =  s- 


so  división  by  -k  yields  jC{sin¿/}  =  k/(s2  +  kl). 


s2+k2  s2+k 2 
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26.  With  flt)  =  sinh  kt  and  F(s)  =  k/(s 2  -  A2),  Theorem  1  yields 

•£{/'(*)}  =  cosh  kt}  =  ks/(s2  -  k2)  =  sF(s), 
so  it  follows  upon  división  by  k  that  £{cosh  kt}  =  s/(s2  -  A2). 

27.  (a)  With  fij)  =  i” ea'  and /'(t)  =  ntn~l  eat  +  af  eat ,  Theorem  1  yields 

+  =  s£{feat} 

so 

w£{rV'}  =  (s  -á)£{feat} 

and  henee 

£\fea'}  =  ~^-£Ítn~leal}. 

1  }  s  —  a  {  } 


(b)  n  =  l :  £¡tea'}  =  -^—£Íea'l 
K  ’  s-a  1  ’ 


1  1 


1 


n  =  2:  £\t2ea,\  =  -^—£\tea,\ 
1  ’  s-a  1  ’ 


s-a  s-a  (s-a) 

2  1  2! 


n  =  3:  £{iV'} 
And  so  forth. 


s-a 


£{t2e°'}  = 


s-a  (s-a)2  (s-a)3 

3  2!  3! 


s-a  (s-a)  (s- a) 


28.  Problems  28  and  30  are  the  trigonometric  and  hyperbolic  versions  of  essentially  the  same 
computation.  For  Problem  30  we  let  J(t)  =  t  cosh  kt,  so  /(O)  =  0.  Then 

f'(t)  =  cosh  kt  +  kt  sinh  kt 
f"(t)  =  2A  sinh  kt  +  A2/  cosh  kt, 

andthus  /'(O)  =  1,  so  Formula  (5)  in  this  section  yields 

£{2A  sinh  kt  +  1¿t  cosh  kt}  -  s2£{t  cosh  Ai}  -  1, 

2A --j—j  +  A2 F(s )  =  s2F(s)  -  1. 
s  -A 

We  readily  solve  this  last  equation  for 

v2  +A2 

£{t  cosh  Ai}  =  F(s)  =  - T. 

O*-*1) 

29.  Let  J(t)  -  i  sinh  Ai,  so  J(0)  =  0.  Then 
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/'(O  =  sinh  kt  +  kt  cosh  kt 
f"(t )  =  2k  cosh  kt  +  k^t  sinh  kt. 


30. 

31. 


32. 


33. 


34. 


and  thus  /'(O)  =  O,  so  Formula  (5)  in  this  section  yields 
£{2k  cosh  kt  +  k^t  sinh  kt}  =  í2£{sinh  kt), 

2k  -—y~ — Y  +  ^F(s)  =  ^O)- 
s  k 

We  readily  solve  this  last  equation  for 
£{t  cosh  kt}  =  F(s) 


2  ks 


{s2-k2f 

See  Problem  28. 

Using  the  known  transform  of  sin  kt  and  the  Problem  28  transform  of  t  eos  kt,  we  obtain 

k  k  s2-k2 


£  {^(sinkt-ktcoskt)  =¿V+,2  2,3 


2  k2 


1 


s2-k2 


s2+k 2 


(s2+k2J 


(s2+k2)2 
2  k2 


2k 


(,s2+Á:2)  (,s2+á:2) 


If  fit)  =  u(t  -  a),  thentheonlyjumpin  fij)  is  j\  =  1  at  t\  =  a.  Since  _/(0)  =  0  and 
f'{t)  =  0,  Formula  (21)  in  this  section  yields 

0  =  íF(s)-0-e“(l). 

Henee  £{u(t  -  a)}  =  F(s)  = 

/(/)  =  ua(t)-uh{t)  =  u(t  -  a)  -  u(t  -  b),  so  the  result  of  Problem  32  gives 


£{f(t)}  =  £{u{t-a)}-£{u(t-b)}  = 


-as  ~bs 


-as  -bs 

e  -e 


The  square  wave  function  of  Figure  4.2.9  has  a  sequence  {/„}  ofjumpswith  tn 
and  ]n  =  2(—  1 )"  for  n  =  1,2,3,....  Henee  Formula  (21)  yields 


=  n 


0  =  sF(s)~  1  -  ¿e'm-2(-l )". 


M=  I 


It  follows  that 
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sF(s)  =  1  +2  £(-l)"e~"' 

ll— \ 

=  -1  +2(1  -  e_i  +  0-  0  +  •  •  •) 
=  -1  +2/(1  +  0 
=  (1- 0/0+ O 
=  (O  -  02)/(0  +  O2) 


s  F(s )  =  tanh(s/2). 


35.  Let's  write  g(t)  for  the  on-off  function  of  this  problem  to  distinguish  it  from  the  square 
wave  function  of  Problem  34.  Then  comparison  of  Figures  4.2.9  and  4.2.10  makes  it 
clearthat  g{t)  =  y(l +  /(/)),  so  (using  the  result  of  Problem  34)  we  obtain 


G(s)  =  —  +  —  F(s)  =  — +— tanh—  =  — 
2s  2  2s  2s  2  2  s 


.v/2 


1  +  - 


,i/2 


_1_ 

2  s 


í 


1  + 


1 


1  +  e' 


1 


1 


2s  1  +  e~s 


((i+e-)' 


36.  If  g(t)  is  the  triangular  wave  function  of  Figure  4.2.1 1  and  f(t)  is  the  square  wave 
function  of  Problem  34,  then  g'(t)  =  f(t).  Henee  Theorem  1  and  the  result  of  Problem 
34  yield 

£{g'(0}  =  5£{ga)}-g(0), 

F(s )  =  s  G(s),  (because  g(0)  =  0) 

£{g(t)}  =  s~'F(s)  =  5_2tanh(í/2). 

37.  We  observe  that  /(O)  =  O  and  that  the  sawtooth  function  has  jump  -1  at  each  of  the 
points  tn  =  n  =  1, 2, 3,  Also,  /'(O  =  1  wherever  the  derivative  is  defíned.  Henee 
Eq.  (21)  in  this  section  gives 

-  =  sF(s)  +  ^e-ns  -  iF(í)-1  +  ¿'“  =  sF(s)- 1+  1_M, 

s  //=i  /i=o  a  —  e 

QO 

using  the  geometric  series  ^x"  =  l/(l-x)  with  x  =  e~'.  Solution  for  F(s)  gives 
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F(s)  =  -4  +  --  ,  ‘ 

5  s  í(l-e-) 


s 2  s 


('--Y 


SECTION  4.3 

TRANSLATION  AND  PARTIAL  FRACTIONS 

This  section  is  devoted  to  the  computational  nuts  and  bolts  of  the  staple  technique  for  the 
inversión  of  Laplace  transforms  —  partial  fraction  decompositions.  If  time  does  not  permit 
going  further  in  this  chapter,  Sections  4.1— 4.3  provide  a  self-contained  introduction  to  Laplace 
transforms  that  suffices  for  the  most  common  elementary  applications. 


1.  £{f} 


so  £{Se*‘} 


(S-Tü)5 


£{t3'2}  =  so  £{?a  e41}  =  3y^  i¡2  • 

x  r  4s5  2  4(5  +  4)5/2 


3.  £{sin3 7ti)  =  ■  —  —  so  £{e“2/sin  2>7it)  =  - ^ - T. 

s2  +  9n2  (s  +  2)2  +  9n2 


cos2l  í-^-J  =  cosj^2/-^-j  =  -J=(cos2/  +  sin2í) 


_  (  n  )  1  5+2 

£\c,os2\t - >  =  —¡=-5 - 

I  l  8  J  í  y/2  s2  +4 


£<e  //2cos2|  — 


tt\\  =  1  (j  +  1/2)  +  2  =  1  25  +  5 

8  Jj  “  a/2  (5  +  I/2)2  +4  “  V2  452  +  45  +  17 


F(5)  =  -2-  =  SO  f(t)  =  |e2' 


(5  +  l)-2  =  1  2 

(5  +  I)3  “  (5  +  I)2  (5  +  I)3 


so  f{t)  =  te  1  -t2e  '  =  e"'(r-/2) 


F(s)  =  - y,  so  J[t)  =  te" 

(5  +  2) 


F{s)  =  - . — ,  so  fit)  =  e"2,cos  t 

(5  +  2)  +1 
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9.  F(s)  =  3- 


5-3 


,  so  J{t)  =  e3t[3  eos  4 1  +  (7/2)sin  4t ] 


(s-3)  +16  2  (í-3)'  +  16 


10.  F(s) 


2  s-: 


1 


25-3 


(3^-2)  +16  9  (5-2/3)  +16/9 

2  5-2/3  5  4/3 


9  (5-2/3)  +(4/3/  36  (5-2/3)  +(4/3)2 


m  = 

36  v 


fo  4/  F  .  4 1 
8cos — 


\ 

5  sin 

3  3) 


1t  -,*1111 

11.  F(s)  =  —  • 


4  5-2  4  5+2 


so 


f(t)  =  Ue2,-e2‘)  =  isinh2í 


12. 


F(s)  =  2-  — +  3-— — ,  so  f(t)  =  2  +  3e3' 
5  5-3 


13. 


F(s)  =  3 — - - 5-—,  so  f(t)  =  3e~21  -5e~51 

5  +  2  5  +  5 


14. 


F(5)  =  2-— — 3" — - — l — - — ,  so  /(O  =  2-3e"+e21 
5  5+1  5-2 


15.  F(s)  = 


25 


.  1  .  1  1 

-1 5— y  + 

5  5  5-5 


’  S°  f(t)  =  ¿(-1"5í  +  e5/) 


16.  F(s) 


(5 +  3)"  (5 -2)  125 


2  5 

-  +  - 


^  +  3  (5  +  3)  5-2  (5-2) 


m  =¿[e"1,(2+5')+e2'(  ~2+5'>] 


17. 


F(5) 


lí  1  > 

i  _  1  1 

í  2  2  1 

8v52  -4  52  +4y 

=  y^(sinh2/-sin2/) 

1  “  16 

^52— 4  52  +  4; 

18. 


^(5)  = 


11  48  64 

5-4  +  (5-4)2+(5-4)3+(5-4)“ 
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m 


f 

\+\2t  +  2At2  + 


J 


19. 


20. 


_  52-25  _  1  í  -2s  - 1  2£+4"| 

(í2+i)(í2+4)  31,  52  +  l  +  52+4> 

/(/)  =  ^(-2cost-sint  +  2cos2t  +  2sin2í) 

1  2 _ 1_  2 

■s  +  2  (í  +  2)2  s  —  2  (í-2)2y 

/(O  =  ~  [e_2í  (l  +  2/)  +  e2'  (-1  +  2/)] 


F(5) 


1 


1 


(s2 


-4^  ( s-2)  (s  +  2 Y 


32 


21.  First  we  need  to  find  A,B,C,D  sothat 


s  +3  As  +  B  Cs  +  D 

(s2+2s  +  2)2  s2+2s  +  2  +  (s2+2s  +  2)2' 

When  we  multiply  both  sides  by  the  quadratic  factor  s2  +  2s  + 2  and  collect 
coefficients,  we  get  the  linear  equations 

-2B-D  +  3  =  0 
-2A-2B-C  =  0 
-2A-B  + 1  =  0 
-A  =  0 


which  we  solve  for  A  =  0,  5  =  1,  C  =  -2,  D  =  1 .  Thus 


F(í)  = 


1  -2^  +  1 
■  + 


5  +  1 


- - + -  — _  -  - 1_ - 2 - — — _ -  +  3 _ 1 

(5  +  l)2+l  (5  + 1)2  + 1  (í  +  l)2+l  (5  +  I)2  +1  2  (5  +  I)2  + 1 


We  now  use  the  inverse  Laplace  transforms  given  in  Eq.  (16)  and  (17)  of  Section  4.3 
supplying  the  factor  e~'  corresponding  to  the  translation  5  ->  5  + 1  —  and  get 


/(O  =  e~ 


sin/-2“tsint  +  3~(sint-tcost) 


=  '(5sin/-2fsin/-3/cos/). 


22.  First  we  need  to  find  A,  B,  C,  D  so  that 
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2s3-s 2 


Cs  +  D 


_ As  +  B 

(4.r -4s  +  5)'  4í2-4j-  +  5  ^4j'2-45  +  5^2 

When  we  multiply  each  side  by  the  quadratic  factor  (squared)  5  we  get  the  identity 

2s3  -  s2  =  (As  +  B)(4s2  -  4s  +  5)  +  Cs  +  D. 

When  we  substitute  the  root  5  =  1/2  +  i  of  the  quadratic  into  this  identity,  we  find  that 
C  =  -3/2  and  D  =  -  5/4.  When  we  fírst  differentiate  each  side  of  the  identity  and  then 
substitute  the  root,  we  find  that  A  =  1/2  and  B  =  1/4.  Writing 

4s2  -  4S  +  5  =  4[(s  _  i/2)2  +  1], 

it  follows  that 

F(s)  =  -  +  1 _ L  3(J~i)+4 

Finally  the  results 


£-1{2s/(s2+  l)2}  =  /  sin  / 

£~l  {2/(s2  +  l)2}  =  sin /-/eos/ 

of  Eqs.  (16)  and  (17)  in  Section  4.3,  together  with  the  translation  theorem,  yield 


/(O  =  e' 


ti  2 


1  /  .  \  3  1.  4  1  ,  .  . 

-  ■  (eos  /  +  sin  /)  -  —  •  —  /  sin  /  -  —  • — (sin  /  —  /  eos  / ) 


32  2 


^j-e'/2[(8  +  4/)cos/  +  (4-3/)sin/J. 


23. 


■y3  _  J  f  s-n  í  +  a  ''j 

s4  +  4a4  ~  2U2-2as  +  2a3  +  s2  +2as  +  2a2 / 

and  s2  ±  2 as  +  2 a2  =  (s  ±  n)2  +  n2,  so  it  follows  that 


í  i  1 

A  1 

-C-1  "í  — 2 — -~rf  =  —  (eM  +  e~a,)cosat  =  cosha/cosa/. 
[s‘  +  4á J  2V  ’ 


s  _  1  (  a  a  ' 

s4 +4a4  4a2\s2-2as  +  2a2  s2  +2as  +  2a2  ]’ 

and  s2  ±  2 as  +  2 a2  =  (s  ±  a)2  +  a2,  so  it  follows  that 
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25. 


26. 


j'4  +4  a4 


1 

4a2 


(ea‘-e  a,)sina/  =  — sinha/ sin at. 
v  ’  2a 2 


1 


s  +  4  a  4  a 

=  _1  ( 
4  a 


s  -  2 as  +  2a  s  +  2 as  +  2a 


s-a 


a 


s  +  a 


\s2  -  2 as  +  2a1  s 2  -  2 as  +  2 a2  s 2  +  2 as  +  2 a2  +  s2  +  2 as  +  2 a2 

and  s2  ±  2 as  +  2 a2  =  (s  ±  af  +  a2,  so  it  follows  that 

2T1<¡— r— J — —  [>  =  -jí-[^e"'(cosat  +  sinaí)  -  e~al  (cosa/ -sin ai) j 

')■ 


.s4  +  4a4  J  4a 
2a 


~(ea,+e-al 

O  \ 


)sinaí  +  —  [ea‘  -e~a,\cosat 


2a 


(cosh  at  sin  at  +  sinh  at  eos  at) . 


s4  +  4a4  8a3 

1 


-s  +  2a 


s  +  2a  ^ 


s¿  —  2 as  +  2 a2  s 2  +  2 as  +  2a¿  J 


s-a 


-  +  - 


s  +  a 


8 a  v  s  —  2 as  +  2a *  s  -  2 as  +  2a  s~  +  2 as  +  2a  s  +  2 as  +  2a 

and  s2  ±  2 as  +  2a2  =  (s  ±  a)2  +  a2,  so  it  follows  that 


jV"  (-  eos  at  +  sin  at )  +  e  (eos  at  +  sin  at) J 
~(eal  +  e-°')sina/-“(ea'  -e~“')cosat 


s4  +  4a4  J  8a3 

1 

‘  4a3 

=  -^-(cosha/sinaí-sinhatcosar). 


In  Problems  27-40  we  give  first  the  transformed  equation,  then  the  Laplace  transform  X(s)  of 
the  solution,  and  finally  the  desired  solution  x(t). 

27.  [s2X(s)  -  2s  -  3]  +  6[sX(s)  -  2]  +  25X(s)  =  0 

v,  .  2s  +  15  _  .y +  3  9  4 

X(s)  =  -= -  =  2 - , - + - 5 - 

5"  +  65 +  25  (5  +  3)’ +16  4  (5  +  3)  +16 

x(t )  =  e~3'[2  eos  4t  +  (9/4)sin  4t\ 
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28. 


52X(5-)-6íZ(í)  +  8X(í)  = 


X(s)  = 


-  i  i+. 


5(5  -65  +  8)  4  v  5  5-4  5  -  2 


1 


x(í)  =  —  (l  +  e4'  -2e21) 


29.  52X(5)-4Z(í)  = 


X(s)  = 


30. 


31. 


32. 


!(í2-4)  4U2-4  5: 


O 

2 


J 


3  3  3 

x(t)  =  —  sinh2/-  — t  =  —  (sinh2í-2í) 


í2X(j)  +  4íZ(í)  +  8Z(í)  = 
X(s)  = 


1 


1 


5  +  1 

U  1 


(í  +  l)(52 +45  +  8)  5^  5  +  1  52  +  45  +  8 


5  +  3 


1 


( 


1 


5  +  2 


■y  +  1  (5  +  2)“+4  2  (5  +  2)  +4 


x(t)  -  ^[^2e  ' -e"2'(2cos2/  +  sin2r)J 


[53X(5)  -  5  -  1]  +  [52X(5)  -  1]  -  6[5JT(5)]  =  0 


S  4-9 

X(s)  =  -3-^± 


1  6  ^ 
-  + 


5+5-65  151  5  5  +  3  5-2 


X(0  =  ±(-5-e-3'+6e2‘) 

[54X(5)-53]-Z(5)  =  0 
53  l' 


X(S) 


5-1  2^5+1  5-1 


1 


x(t)  =  —  (cos/  +  cosh/) 
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33.  [j  I(j)  -  1]  +  X(5)  =  O 
1 


34. 


37. 


X(s) 


sA+ 1 


It  therefore  follows  from  Problem  26  with  a  =yJl/4  =  1  /  yÍ2  that 


x(t)  = 


\ 


— p=-.  cosh-4=sin-i=-sinh-4=cos-W 
V2\  V2  V2  V2  V2. 


[s4X(s)  -  2í2  +  13]  +  13[/Z(í)  -  2]  +  36  X(j)  =  0 
2s2  +  13  1  1 

Wy)  =  - - - —  =  — - +  — - 

54  +  13í2  +36  52  +4  s2+9 

x  (/)  =  —  sin2/  +  — sin  3/ 

2  3 


35.  [/X(í)-l]  +  8rX(5)  +  16X(í)  =  0 


X(s)  = 


1 


54  +852  +  16 


(í2  +4j 


x(t)  =  —  (sin2/-2/cos2/)  (by  Eq.  (17)  in  Section  4.3) 

16 


36.  /X(5)  +  2í2X(í)  +  X(í) 


X(s)  = 


s-2 


(5-2)(í4+252  +  l)  25 


1  s  +  2  5(í  +  2) 


s-2  52  +  l 


,(/)  =  -^-|V2' -cosí -2sinr-5~ísin/-10~(sin/-/cos/) 
=  -^^2e2'  +  (10/  -2)cos/-(5/  +  14)sin/J 


[í2X(5)-2]  +  45X(5)  +  13X(5)  =  ^—^5 


Xis)  =  2-^],{S  +  l)2 


2s2  +45  +  13 


52  +45  +  13  (5  +  l)2(52  +45  +  13) 
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1  5  5  +  98 

■  H - —  +  • 


j _ _ 

50  [  5  +  l  +  (5  +  l)2  (s  +  2)2  +  9 

50 


1  5  s  +  2 

+  — - — —  +  - — - h  32  • 


$  +  1  o  +  l)2  (S  +  2Y+9  (5  +  2)2  +9 

x(t)  =  -^[(-1  +  5t)e~‘  +  e-2'(cos3/  +  32  sin  3/)  J 


38. 


[í2x(í)-í+i]+6[5jr(í)-i]+i8X(í)  = 


X(s) 


s  +  5 


X(s) 

x(t)  -- 


52  +  65  +  18  (52+4)(í2+6í  +  18) 

5  +  5  1  (7s  +  \2 

—  .  . |_ 

75  +  54 

~  52  +  65  +  I8  170 ^  52  +4 

í2  +  65  +  18 

1 

í  7s  +  12  163s  +  796  ) 

“  170 

V.  s2  +  4  s2  +  65  +  18; 

1  I 

^  75  +  12  '  163(5  +  3) 

^  "H  ^  -f 

307  1 

170 
1 


s  +  4  (5  +  3)  +9  (5  +  3)  +9 


^-(7  eos  2t  +  6  sin  2t )  +  (489  eos  3/  +  307  sin  3/) 


39.  x"  +  9x  =  6  eos  3t,  x(0)  -  x'(Q)  =  0 

65 


^X(5)  +  9X(í) 


52  +  9 


X(s)  = 


6  5 


1 


x(t )  =  6 - /sin  3/  =  /sin  3/ 

2-3 


(by  Eq.  (16)  in  Section  4.3) 

The  graph  of  this  resonance  is  shown  in  the  figure  at  the  top  of  the  next  page. 
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40.  jc"  +  0.4x'  +  9.04jc  =  x"  +  -x'  +  —  =  6e_'/5cos3 1 

5  25 


^  2  2  226  ^  .  6(í  + 1  /  5) 

v5  +r+-^ra)  = 


(s  + 1  /  5)  +  9 


X(s)  = 


6(5  +  1/5) 


[(s  +  1/5)2  +9] 
x(í)  =  íe~'/5sin3/  (by  Eq.  (16)  in  Section  4.3) 


SECTION  4.4 

DERIVATIVES,  INTEGRALS,  AND 
PRODUCTS  OF  TRANSFORMS 

This  section  completes  the  presentation  of  the  standard  "operational  properties"  of  Laplace 
transforms,  the  most  important  one  here  being  the  convolution  property  £{f*g}  =  £{f)-£{g), 
where  the  convolution  J*g  is  defined  by 

f*g(t )  =  f(x)g(t-x)cbc. 

Here  we  use  x  rather  than  r  as  the  variable  of  integration;  compare  with  Eq.  (3)  in  Section  4.4 
of  the  textbook. 
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1. 


With  /(/)  =  /  and  g(/)  =  1  we  calcúlate 


2. 


-x2 

2 


t*l  =  xl dx  = 

With  /(/)  =  /  and  g(t)  =  eal  we  calcúlate 


2 


*  0a<  - 


t*  e 


=  e 


ea('-x) 

dx 

-••j 

"x-e^dx 

a 

T-- 

1 . 

(  du  s 

ai 

e  r 

\e 

— 

=  — y  1 

X  a 

) 

V  a  J 

a 2  L 

t*ea‘  = 


iu  (with  u  =  -ax) 

K  «  J  «  *" 

ea‘  r  -|- 

— 2 -  («  -  l)e“  (integral  formula  #46  inside  back  cover) 

a  L  J~ 


To  compute  (sin/)*  (sin/)  =  £smxsin(/-x)£¿c,  we  first  apply  the  identity 
sin  A  sin  B  =  [cos(^4  -  B)  -  eos  (A  +  B)]/2.  This  gives 


(sin  / )  *  (sin  /)  =  |  sin  x  sin(/  -x)dx 


=  —  |  [cos(2x  -  /)  -  eos  /]  dx 


sin(2x-/)-xcos/ 


J*=0 


(sin  /)*  (sin  t)  =  —(sin/ -/eos/). 


4.  To  compute  /2*cos/  =  j*  x2cos(/-x)í£c,  we  first  substitute 

cos(/  -  x)  =  eos  /  eos  x  +  sin  /  sin  x, 
and  then  use  the  integral  formulas 

Jx2cosxí¿c  =  x2sinx  +  2xcosx-2sinx  +  C 
fx2  sinx  dx  =  -x2  cosx  +  2x sinx  +  2cosx+C. 
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from  #40  and  #41  inside  the  back  cover  of  the  textbook.  This  gives 


/2*cos/  — 


t 2  *cos  t  = 


x2  (eos  t  eos  x  +  sin  t  sin  x)  dx 

(cosOjV  cosxc£c  +  (siní)  j[  x 2  sinxífo 

(cosí)|^x2sinx  +  2xcosx-2sinxJ 

+  (sinr)[-x2  cosx  +  2xsinx  +  2cosx] 


2(/-sin/). 


jc=/ 

jf=0 


5.  e*  * eal  =  ^eaxea(-x)dx  =  J# ea'dx  =  e*  [x]'^  =  te* 

6.  eal*ebl  =  J =  eb‘  ^e(a~h)ldx 


1 

1  ? 

!  o 

* 

_ l 

x=t 

ebl  (e{a-b)l -l) 

1 

i 

>> 

i 

& 

1 

O 

i _ 

x-0 

a-b 

a-b 

7. 


8. 


9. 


10. 


m  =  l*e3'=e3'*l  =  J>.ldr  =  l^3'-1) 

i  r'i  i 

/(/)  =  1*— sin2/  =  J  — sin2xc¿c  =  —  (l-cos2/) 


1  Ir'. 

f(t)  =  —  sin3í*sin3í  =  —  sin3xsin3(/-x)í¿r 
=  ^  sin  3x  [sin  3 1  eos  3x  -  eos  3/  sin  3x]  dx 

J  1  rt  2 

=  — sin3í  sin3xcos3x¿¿c — eos 3/ 1  sin  3xdx 
q  Jo  q  Jo 


1  f  ■ 


—sin  3 1 

1  •  2  n 

—sin  3x 

X  =1 

1  , 
— cos3í 

r 1  í  i . ,  v 

—  x - smox 

9 

L6  J 

x=0 

9 

[2{  6  JJ 

m 


— ( sin  3 1  —  3 1  eos  3 1) 
54 v  ’ 


1  cl 

/(/)  =  t*(sinkt)/ k  =  —  sin  kx-(t-x)dx 
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t  Pt  1  l»í 

=  —  sin  kxdx - x  sin  kx  dx  = 

ir  h  Ir  JO 


11.  f(t)  =  cos2t*cos2í  =  £  cos2;t  cos2(t-x)dx 
=  £  cos2x(cos2tcos2x +  sin2tsin2x)dx 
=  (eos  2t )  eos2  2 xdx  +  (sin  2 1)  j*  eos  2 jc  sin  2 xdx 


12. 


13. 


14. 


15. 


=  (cos2i) 
f(t)  =  ^-(sin2í  +  2ícos2í) 


"l 

(  i  .  Y 

x=í 

1  .  2 

x  H — sin  4x 

+  (sin2t) 

-sin  2x 

V 

l  4  y. 

x=0 

4 

Jj=0 


fit)  =  (<?“2/sin  í)*(l)  =  £  e~2x  smxdx  =  I[l-e  2,(cos/  +  2sin/)] 

f(t )  =  e3'*cost  =  |  (cosx)e3('~x)dx 
=  ey  e~3x  eos  xdx 


=  e 


-Ix 


10 


(-3  cosx  +  sinx) 


(by  integral  formula  #50) 


x=0 


f{t )  =  —  (3e3' -3cos/  +  sint) 

f(t )  =  eos  2t*  sin  t  =  eos  2.x  sin(¿ -*)£&; 

=  eos 2x (sin icos x  —  eos t sin x)dx 

=  (sin  t )  [  eos  2  x  eos  xdx-  (eos  t)  eos  2x  sin  x  dx 

=  i(sin0j[  (cos3x  +  eos x)dx-~^ (cosí)  (sin3x-sinx)<íx; 
/(O  =  •j(cosí-cos2í) 


£{,sin'!  =  -Í(£ísta,,)  = 


6  s 


(í2  +9) 
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16. 


j £{t2  cos2í} 


d 2 

ds 2 


(£{cos2t}) 


d2  í  s  )  2s(s2-12) 

ds2  v í2  +  4 J  ~  (/+4)3 


17.  £{e2‘cos  3t}  =  (s  -  2)1  {s2  -  4s  +  13) 

£{fó2'cos  3/}  =  ~(d/ds)[(s  -  2)/(s2  -  4s  +  13)]  =  (s2  -4 s-  5)/(s2  -4 s+  13)2 


18.  £{sin2/}  =  £{(1  -  eos  2/)/2}  =  2/s(s2  +  4) 

£{g-'sin 2tj  =  2/[(í  +  l)(s2  +  2s  +  5)] 

£{te-‘sin2t}  =  ~(d/ds)[2/((s  +  l)(s2  +  2s  +  5))] 

=  2(3?  +  6s  +  1)1  [{s  +  1)V  +  2s  +  5)2] 


19. 


--tan  ‘í  =  tan  ’í— 1 

2  UJ 


1  s 

20.  £{l-cos2í}  = - ¿ so 

5  5+4 
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25. 


26. 


27. 


28. 


no  =  -ir1  {/*(*)} 

/(')  =  -j£-'{F'(s)} 

no  =  -y£-'{r(í)> 


An  empirical  approach  works  best  with  this  one.  We  can  construct  transforms  with 
powers  of  (s2  +  1)  in  their  denominators  by  differentiating  the  transforms  of  sin  /  and 
eos  /.  Thus, 


£{/sin/|  =  - 
ií{/cos/}  =  - 


f 


ds 


1 


v 

d_< ' 
ds 


2s 


(s2+\y 

s2- 1 


s2+\ 


('♦O 


1  - 

(  \ 
s1- 1 

2  s3-6s 

>  ds 

m 

+ 

rM 

1 

From  the  first  and  last  of  these  formulas  it  follows  readily  that 

=  -(/sin/ -t2  eos/). 


F,+1) 


Alternatively,  one  could  work  out  the  repeated  convolution 


h’+i) 


=  (eos/)*  (sin/*  sin/). 


29.  -[s2X{s)  -  jc'(O)]'  -  [íI(í)]'  -  2[il(i)]  +  X(s)  =  0 

s(s  +  1  )X'(s)  +  4.S-  X(s)  =  0  (separable) 
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with  A  *  O 


A 

(s  +  l)A 

CPe~‘  with  C  *  O 

30.  -[s2X(s)  -  x'(0)]'  -  3[íI(í)]'  -  [íI(j)]  +  3X(s)  =  O 

-(s2  +  3s]X'(s)  -  3 sX(s)  =  O  (separable) 

X(s)  =  — with  A  *  O 
(5  +  3)3 

x{t)  =  Ct2  e~2‘  with  C  í  O 

31.  -[í2X(í)  -  x'(0)]'  +  4[sX(s)]'  -  [sX(s)]  -A[X(s)\  +  2X(s)  =  O 
(s2  -  As  +  4)X'(5)+(3  j  -  6)X(s)  =  O  (separable) 

(s  -  2)X'(s)+  3X(s)  =  O 

X(s)  =  — — — 7  with  A  O 
(s-2f 

x(()  =  C/V'  with  C  í  O 

32.  ~[s2X(s)  -  x'(0)]'  -  2[sI(í)]'  -  2[s  Z(j)]  -  2 X(s)  =  O 
-( s 2  +  2^)X'  (s)  -  (4s  +  4)X(s)  =  O  (separable) 

v/  n  A  1  1  1 

j2(í  +  2)2  |_5  s 2  s  +  2  (s  +  2)2_ 

x(t)  =  C(1  -  t  -  e~2'  -  te'21)  with  C  =  -AJA  *  O 


m  = 

x(t)  = 


33.  -[s2X(s)  -  x(0)]'  -  2[sX(s)]  -  [X(j)]'  =  O 

(s2  +  1  )X'(^)+  4.?  X(s)  =  O  (separable) 

X(s)  =  — 7-- . -  with  A  *  O 

(*2+l)2 

x{t)  =  C(sin  t  -  t  eos  /)  with  C  *  O 


-(s2  +  4s  +  13)X'(í)  -  (4s  +  8 )X(s)  =  O 

c  c 

X(S)  =  — r - - - 7  =  - 

i5,  +4í  +  13)  j^(.y  +  2)2  +  9] 
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It  now  follows  from  Problem  3 1  in  Section  4.2  that 


x(t )  =  Ae~2‘( sin  3 1  -  3 1  eos  3 1)  with  A  *  0. 


35. 


JT 


(S~l)yfs 


dx 


36.  s2X(s)  +  4 X(s)  =  F(s ) 


x(t )  =  ^-/(0*sin2í  =  -i  J^/(í-r)sin2r¿/r(l/2) 


37.  í2Z(í)  +  2íX(í)  +  X(í)  =  F(s) 

X(s)  =  F(s ) - Í-t- 

(5  +  I)2 

x(/)  =  te~'*f(t )  =  ||re_r/(7-r)£/T 


38.  52Z(í)  +  45Z(5)  +  13X(5)  =  F(í) 


X(5)  =  2  F(5) — 

í2 +4^  +  13 


1  ,  3 

-F(5) - T - 

3  (5  +  2)2+9 


x(t)  =  ^-f(?)*e~2'sm3t  =  -  fe  2r/(¿-r)sin3r£/r 


SECTION  4.5 

PERIQDIC  AND  PIECEWiSE  CONTINUOOS 
FORC1NG  FUNCTIONS 

In  Problems  1  through  10,  we  fírst  derive  the  inverse  Laplace  transform  / (/)  of  F(s)  and  then 
show  the  graph  of  / (/). 
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4.  F(s)  =  e  *£{/}  -  e2e  2sIÍ{t}  so 


/(/)  =  e'  lu(t-  l)-e2e'  2u(t-l)  = 


0  if  /  <  1, 
e"1  if  \<t  <2, 
e'-'-e'  if  />2. 


f  (t) 


5. 


F(s )  =  e  “¿{sin/}  so 

/(O  =  w(/-?r)-sin(/-7r)  =  -  w(/-7r)sin/ 


í  0  if  /  <  71, 
[-sin/  if  t>7T. 


6. 


F(s)  =  e  '¿{eos  nt)  so 

/(/)  =  «(/-!)•  eos  7r(/-l)  =  -w(/-l)cos;r/  = 


í  0  if  /  <  1, 

[-COS7Z7  if  />!. 


7. 


F(s)  =  £{sin/}-e~2“¿{sin/}  so 

/(/)  =  sin/-w(/-2;r)sin(/-2;r)=  [l  -  w(/-2^)]sin/  = 


í  sin  /  if  /  <  2 7T, 
[  0  if  /  >  2/t. 
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10. 


F(s)  =  e  *s£{2  cos2r}  +  e  2’ri£{2cos2í}  so 


/(O  =  2u{t-n)cos2{t-7c)-2u{t-27r)cos2{t-27t) 

í  0  if  t  <  n  or  t  >  2 n. 


2\u(t-n)-u(t-2n)\cQs2t  - 


[2cos2í  if  n<t<2n. 


f(t) 


11.  f(t)  =  2 - w(7  —  3) •  2  so  F(s )  =  -~e~3í-  =  -(l-<T3j). 

5  s  s ' 

12.  /(O  =  w(í-l)-w(í-4)  so  F(j)  =  —  =  -( e-s-e~3s) 

s  s  sy  ' 


13.  f(t )  =  [l-«(/-2;r)]siní  =  siní-w(/-2^)sin(í-2^)  so 


1 


F(s)  = 

s~  +  1 


-2tts  1 


1-e 


-2tcs 


S  + 1  5+1 


14.  /(/)  =  [1  - u(t  -2)]co$7rt  =  eos nt  —  u{t  —  2) eos #(/  —  2)  so 


27/  \  ^  -2.v  «y 

FO)  =  — - T-e 


S2  +7T2 


S2  +7T2 


ízlÜ 
2  .  2  ' 
S  +  71 


15.  f(t)  =  [1  -u{t  -37iy\smt  =  siní  +  w(í-3^)]sin(í-3ff)  so 

e .  1  +  e 


F(s )  = 


1  e~3"  =  1  +  e~3*' 

s2  + 1  +  s2  + 1  s2  +  1 


16.  f(t)  =  [u(t  —  7r')-u{t-2n)\sm2t  =  w(/-^-)sin2(/-^r)- M(í-2^-)sin2(/-2^)  so 

2  _  2(g-"-g-2**) 


F(s)  =  ( 


-7CS  -2tc s  } 


e  ""  -  e  "■ )  • 


5  +4 


5+4 
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17-  /(O  =  [w(/-2)-w(7-3)]sin;zt  =  w(í-2)sin;r(í--2)  +  w(í-3)sin;r(/-3)  so 

+  e_3í) 


fW  = 


£  +7T 


«2  ,  7 
y  +  ;r 


18. 


/(O  =  [«(/-3)-w(/-5)]cosy  =  w(í  -  3)  sin — (/  —  3)  +  u(t  -  5)  sin — (í  -  5) 

2  2  2 


so 


F(j)  =  (e-3l'  +  e-5í). 


*72 


«s*  +7T I A 


2n{e~3s  +  e”5í) 
4  í2  +  n 2 


19. 


20. 


21. 


22. 


23. 


If  g(t)  =  í  +  1  then  f(t)  =  u(t-\)-t  =  u(t-\)-g(t-\ )  so 


F(s)  =  e~’G(s)  =  e~'L{t  + 1}  =  e 


1  O 

4-_ 

S  S) 


e~s(s  + 1) 


If  .g(0  =  /  +  lthen  /(/)  =  [l-w(í-l)]í  +  w(í-l)  =  /-w(í-l)g(/-l)  + w(í-l) 


F(5)  =  -L-e-.G(í)  +  - 


2  w  —  v-y  -  ~  2  e 

S  S  S 


(  1  n  e-1 


+  - 


1  -e~ 


If  g(/)  =  t  + 1  and  h{t)  =  t  +  2  then 

f(t)  =  í[l-tt(/-l)]  +  (2-0[K(í-l)-«(/-2] 

=  t  -  2t  u{t  - 1)  +  2w(7  - 1)  -  2u(t  -2)  +  tu(t  -  2) 

=  /  -  2u(t  -  l)g(t  - 1)  +  2u(t  - 1)  -  2 «(/  -  2)  +  u(t  -  2  )h(t  -  2) 


so 


F(í)  =  4-2e" 


fl  n  2e-'  2e"2í  _,.M  2^ 


— +  -  +■ 
\s  s  J  s 


+  e2i\  —  + 

S  \S  S  J 


(i-e-f 


fif)  =  [wi(0  -  U2(t)]  t3  =  U\{t)g(t  -  1)  -  u2(t)h(t  -  2)  where 

g(0  =  (t+  l)3  =  t3  +  3?  +  3t  +  1, 
h(t)  =  (/  +  2)3  =  t3  +  6?  +  12/+8. 

It  follows  that 

F(s)  =  e'sG(s )  -  e-lsH(s) 

=  [O3  +  3s2  +  6s  +  6)e~s  -  (8 s3  +  12s2  +  12 s  +  6)<T2í]//. 
With  /(/)  =  1  and  p  =  1 ,  Formula  (12)  in  the  text  gives 


£{1} 


1 

\  —  e~ 


H  1  1 

e~s‘ 

ni 

i 

5 

ii 

Jo  1  -  e  v 

s 

S 


so 
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24.  With  fif)  -  eos  kt  and  p  =  2  ríle.  Formula  (12)  the  integral  formula 

acosbt  +  bsin.bt 


26. 


27. 


28. 


JV"  eos  btdt  =  ea 


a2  +b2 


+  C 


give 


£{cOS^}  =  JI?™*  £*'* e~*  ' cosktdt 


1 


1  -  e~lK5,k 

1 


sl  f-ícos^í  +  ArsinAí^ 

s2+k2  J 


-\t=27r/k 


J/=0 


l-é 


-Inslk 


-Ixslk 


s2+k 2 


e-°(s) 


s2  +k2 


25.  With  p  =  2a  and  fij)  =  1  if  0  <  t  <  a,  fit)  =  0  if  a  <t  <  2a,  Formula  (12)  gives 


II 

7 

e-s,~ 

Jo  ]-e¿as 

s 

1  —  e 


s(  l-e-")(l  +  e-“)  j(l +  «-")' 

With  p  =  a  and  fii)  =  tía,  Formula  (12)  and  the  integral  formula  jue"  du  =  (u-l)e“ 
(with  u  =  -st )  give 


£{fm  = 


a(l 

-as  \  Jh 

—  e  i  ** 

i 

„  2 

/ 1  —a^  \ 

os 

(1_e  ) 

1  1 

e  sl  -t  dt  = 


a(l-e;-) 


U\(  du 
S  ) 


]-as 
0 


as 


as  s 


G(s )  =  £{t  la- /(*)}  =  ( 1  / as2)  -  F{s).  Now  substitution  of  the  result  of Problem  26 
in  place  of  F(s )  immediately  gives  the  desired  transform. 

This  computation  is  very  similar  to  the  one  in  Problem  26,  except  that  p  =  2a: 
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29.  With  p  =  2 nlk  and  fií)  =  sin  Ai  for  O  <  í  <  jdk  while  /(/)  =  0  for  nlk<t  <2n¡k. 
Formula  (12)  the  integral  formula 


Je"  sin  bt  dt  =  ea 


asmbt  —  b  eos  bt 
a2  +  b2 


1  rx¡k 

£í/(')>  =  y 


e  s‘  •  sin  kt  dt 


1  _sl  f —s  sin  kt-  Arcos  kt 
r2”rt  e  l  s2+k2 


1  e~ns,k  (A:)  -  (-A:) 
z~2KS,k  s2  +  k2 


(l  -  e-*s,k  )  (l  +  e-*slk)(s2  +  k2 )  (s2  +  A:2 )  (l 

30.  h(t)  =  /(0  +  g(0  -  f(t)  +  u(t-7r/k)f(t-7r/k),so  Problem29  gives 


//(s)  =  F(s)  +  e~*"kF(s)  =  (l  +  e~’rs,k)F(s) 

_  / 1  ,  -jtslk  \  _ _  _ 

~  v  /  ír!j.FUi_ »-*slk \  ~  c 


k  1  +  e-™'*  e“/2i 


A:  e^+e 


(s2  +  A:2 )  (l  —  e~KS,k  )  s2+k2  l-e~*',k  e 

xsnk+e-*s,2k  k  cosh(7rs/2k)  k 


2  .  1.2  xs/2k  ~jts!2k  2  ,  ;  2 


j-2  +  A:2  e 


A:  cosh(2T5/2A:)  A:  .  /Tí 

- - - =  — - -coth — . 

52+A:2  sinh(7rs/2A:)  s2+k2  2k 


In  Problems  31-42,  we  first  write  and  transform  the  appropriate  differential  equation.  Then  we 
solve  for  the  transform  of  the  solution,  and  finally  inverse  transform  to  find  the  desired  solution. 

31.  x"  +  4x  =  1  -  u(t  -  7t) 

1  —  P~KS 

s2X{s)  +  4X(s)  =  — - 


m  =  7  f 

s(í2+4)  4 v  ' 


1  s 
s  s2  +  4 


x(t)  =  (1/4)[1  -  u(t  -  x)]  [1  -  eos  2{t  -  n)}  =  (1/2)[1  -  u(t  -  ar)]sin2t 


The  graph  of  the  position  function  x(t)  is  shown  at  the  top  of  the  next  page. 
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x(t) 


x"+9x  =  [1  -«(/-  2;r)l  sin  t 


34.  x"  +  x  =  [1  -u(t-\)]t  =  where  f(t )  =  t  + 1 

^)  +  Z(í)  =  \-e-'G(s)  =  + 

It  follows  that 


=  1  e~vQ  +  l) 
“  ¿V  +  i)  íV  +  i) 

-  (.-oí4-^l 


e-  [i-¿- 

U  S~  +  1 


=  (1  -e~x)G(s)-e-'H(s) 


where  g(t )  =  t  -  sin  t,  h(t )  =  1  -  eos  t.  Henee 

*(0  =  g( 0  ~  u(t-  1  )g(t  -  1)  -  u{t-  \)h{t  -  1) 

and  so 

x(t)  =  /  -  sin  /  if  t  <  1 , 

x(í)  =  -sin  t  +  sin(7  -  1)  +  cos(/  -  1)  if  />  1. 

The  right-hand  figure  above  shows  the  graph  of  this  position  function. 

35.  x"  +  4x'  +  4x  =  [1  -  u(t  -  2)]/  =  t  -  u{t-  2 )g{í  -  2)  where  g(t)  =  t  +  2 

(s  +  2)2X(s)  =  + 

í  \s  s  ) 
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36.  100/(5) +  1000^  =  100 

'»  -  -  ('-'-wn 

/(/)  =  <T10'- w(/-  l)g-,0(,-1) 


/'(/)  +  104  Ji(0  dt  =  100[1  -  u(t  -  2  7T)} 


40)  _  mn1-^ 


sl(s)  + 104^^  =  100^- 
s  s 


100(l-O)  ,  ,  .  , 

I(s)  =  -i+1^ . ■■  =  (l-4").e{sinl00/} 


/'(/)  -  sin  100/  -  w(/-2;r)sin  100(/  -  2ii)  =  [1  -  w(/-27r)]sin  100/ 


38.  /'(/)  +  1 0000  J/(/)  dt  =  [1  -  u(t-7r)](\ 00  sin  1 0/) 

5/(5)+  10000 1(s)/s  =  1000(1  -0/4+100) 
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m  =  (i -«-”)■ 


10005 


(í2+100)(í2 +10000) 


10 

99 


5  +10  s  +100 


10 

99 

10 


(l  -  )  £  {eos  1 0/  -  eos  1 00/} 


10 


/(/)  =  ^-(coslO/  —  eos  100/)-— u(t-n)  [cosí  0(/-7T)-  cosí  00(r  —  tt)] 


10 

99 

10 


KO  = 


99 


[l  -  u(t  —  7r)J(coslO/-coslOO/) 
(coslOr-coslOO/)  if  t<n. 


0  if  t>n 


39.  /'(/)  +  150  i(t)  +  5000  Ji(/)  dt  =  100/[1  -  u(t  -  1)] 


5/(5) +  150/(j)  + 5000^-  =  —  -lOOe' 


(\_  2 

v5  S2 


I(S )  = 


100 


5(5  +  50)(í  +  100) 


-e 


100(5  +  1) 


5(5  +  50)(5  +  100) 


1  (i 


-  +  ■ 


1  ■)  1 


50^5  5  +  50  5  +  100/ 


50 


1  98 


99 


- h 

v5  5  +  50  5  +  100 


/(/)  =  (1/50)[1  -  2e~50‘  +  e-mt]  -  (1/50)^  -  1)[1  +  Ose-500"0  -  99e~100('-|)] 


40.  /'(/)  +  100  /(/)  +  2500  Ji(/)  dt  =  50/[l  -  u{t  -  1)] 

5/(5) +  100/(5) +  2500^  -  ^-50Éfsf-  +  4 

5  5  ^55/ 


lis)  = 


50 


_ ^  50(5  +  1) 

5(5 +  50)2  5(5 +  50)2 


50 

1 


1 


1 


50 


5  5  +  50  (5  +  50) 


_JL  -,(  1  50  2450 

50  6  [s  5  +  50  +  (5  +  50)2 


/(/)  =  ■^(l-e-5O'-5O/e'S0')-^w(/-l)(l-e‘50<M)+2450/e'5O('',)) 
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41.  x"  +  4x  =  j{f),  x(0)  =  x'(0)  =  O 


(í2+4)X(í)  =  if . g  | 


(í2+4)X(5)  =  -  +  -£(-l)V 

S  S  n= 1 

Now  let 


g(0  =  £-'■ 
Then  it  follows  that 


í(í2+4)^ 


(by  Example  6  of  Section  4.5) 
(as  in  Eq.  (16)  of  Section  4.5) 

=  l-cos2í  =  2sin2í. 


*(0  =  g(0  +  2¿(-l)"u„(t)g(í-mF)  =  2  sin2  /  +  4¿  (- 1)"  wn?r  (í )  sin2  í . 


n= 1 


n= 1 


Henee 


x(t)  = 


2  sin2 1  if  2 rm  <t<  (2 n  +  X)n, 


-2  sin2 1  if  (2  n  —  \)n<t<  2rm. 
Consequently  the  complete  solution 

x(t)  =  2  [sin  t\ sin  t 


is  periodic,  so  the  transient  solution  is  zero.  The  graph  of  x(t) : 


X(t) 
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42.  x”  +  2x'+  l(k  =/0»  x(0)  =  x'(0)  =  O 


As  in  the  solution  of  Example  8  we  find  first  that 


(, s2  +  2s  +  10)X(s )  =  — +  — 


so 


If 


X(s) 


10 


■  + 


2X 


lOÍ-l/V" 


s(s +  2s  +  10)  ^5(5+25  +  10) 


g(t)  =  £■' 
then  it  follows  that 


10 


j[(5  +  1)2+9]J 


1-^-e  '  (3cos3/  +  sin3t), 


n= 1 


x(t)  =  g{t)  +  2YJ{-\)nunír{t)g{t-rm). 
The  graph  of  x(t) : 

X(t) 


SECTION  4.6 

IMPULSES  AND  DELTA  FUNCTIONS 

Among  the  several  ways  of  introducing  delta  functions,  we  consider  the  physical  approach  of  the 
first  two  pages  of  this  section  to  be  the  most  tangible  one  for  elementary  students.  Whatever  the 
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approach,  however,  the  practical  consequences  are  the  same  —  as  described  in  the  discussion 
associated  with  equations  (11 )— ( 1 9)  in  the  text.  That  is,  in  order  to  solve  a  differential  equation 
of  the  form 


ax"(t)  +  bx'(t)  +  cx(t)  =  f(t) 


where  fit)  involves  delta  functions,  we  transform  the  equation  using  the  operational  principie 
*£{4(0}  =  e~a\  then  solve  for  X(s),  and  finally  invert  as  usual  to  find  the  formal  solution  x(t). 
Then  we  show  the  graph  of  the  inverse  transform  x(t). 


2. 


s¿X(s)  +  4X(s)  =  1  + 
l  +  e-** 


X(s)  = 


í2  +  4 


x(t)  =  -^-[l  +  w(r-^-)]sin2/ 


— sin2/  if  t<n, 
<  2 

sin2/‘  if  t>n. 

V 


X 
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s2X(s)  +  4rf(s)  +  4X(s)  =  -  +e-2s 

s 


X(s)  = 


1 


-2  s 


líl 


s(s+2y  (s+2y 


i 


s  s  +  2  (s  +  2) 


x(í) 


-  [l  -  e~2‘  -  2t  e~2‘  ]  +  u(t  -  2 )(t  -  2)éf  2('_2) 


X 


[/Z(5)  -  1]  +  2íX(í)  +  X(í)  =  1  + 


X(s)  = 


2s2  +  1 


2  1 
— - 1 - r-  +  ' 


2 


5Z(5  +  1)¿  S  S- 

x(t )  =  -2  +  /  +  2e  1  +  3te  1 


j  +  1  (s  +  1)2 


X 
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(í  +  1)2  J  +  1  (s  + 1)2  0  +  l): 

(2  +  5t)e~‘  -  u(t  -  2)(t  -  2)<T('~2) 

X 
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s2X(s)  +  4 X(s)  =  F(s) 

m  =  -t— 

s  +4 

x(t )  =  y  (sin  2 u)f{t-ü)du 

10.  s2X(;y)  +  6s  X(s)  +  9X(s)  =  F(s) 
X(5)  =  — ^-t-F(í) 

(s  +  3)2 

x(t)  =  Jf  ue~3u f(t  -u)du 

11.  (s2  +  6s  +  8)Z(í)  =  F(s) 

X(s)  =  - -2 - F(s) 

V  (í  +  3)2  - 1 

x (t)  =  e”3"(sinh u)f(t-u)du 


12.  s2X(s)  +  4  sX(s)  +  8Z(í)  =  F(s) 

1 


m  = 


■F(s) 


(s  +  2f+4 
x(0  =  \  ^  e'2"(sin2w)/(í- u)du 


13.  (a)  mxe"(t)  =  (p/s)[u0(t)  -  uJitj\ 

ms2X¿s)  =  {pls)[\ls  -  e~a/s] 
mX¿s)  =(p/é)[(  1-O/í3] 

=  (p/ 2s)[i2  -  -  ¿)2] 

(b)  If  /_>  s  then 

mx¿t)  =  (p/2^)[/2  -  (í2  -  2£í+  f2)]  =  (p/2é)(2st  -  t?). 
Henee  mx¿{t)  — *•  pí  as  s  — >  0. 

(c)  mv  =  (mi)'  =  (pt)’  =  p. 
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14.  sX(s)  =  e~as\  Z(í)  =  e'as/s;  x(t)  =  u(t  -  a) 

15.  Each  of  the  two  given  initial  valué  problems  transforms  to 

7 

(ms  +  k)X(s)  =  mvo  =  po- 

16.  Each  of  the  two  given  initial  valué  problems  transforms  to 

(as2  +  bs  +  c)X(s)  -  F(s)  +  av o 


17.  (b)  r+100/  =  Sl(t)-51(t\  /(O)  =  0 

—s  -2  s 

m  =  £— ^ zrKs) 

5  +  100 

/(O  =  Wl(Oe-100(M)  -  W2(/)e-100('-2) 


18.  (b)  /"(/)  +  100  /(/)  =  10  ¿(0  -  10  ¿(/  -  ;r) 

(s2  +  100)7(5)  =10-  10<Tro 
10  10e“” 


7(5) 


52  +  100  52+100 


/(/)  =  sin  10/  -  «a(/)sin  10(/  -  tí) 

ísinlO/  if  t<n, 
=  [1  -  u(t- ;z)]sin  10/  =  \ 

L  0  if  t>n 


19.  (52  +  100)/(5>  =  10¿(-l)"e-""' 

10¿(-1)"« 


«=o 

-«/rs/io 


7(5)  = 


n=  0 


52+100 


-z 


M=0 


^ _ |yi  g-nizs!  10 


10 


52  +  100 


/(/)  =  l)"K„wl0(/)sinl0(/-H7r/10)  =  ]Tw(/-wz710)sinl0/ 


w=0 


>1=0 


because  sin(10/  -  mi)  =  (-l)"sin  10/.  Henee 
/(/)  =  (n  +  l)sin  10/ 
if  hjt/10  <  /  <  (n  +  1)7//10. 
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20»  (s2  +  100)/O)  =  10^(-l)"e-'m/5 

n- 0 


io£(-i)v 


s2  +  100 


=  S  (-D"e- 


s2+100 


K0  -  (-1)” u(t -  wr  /  5)  sin  1 0/ 


Henee 

i(t)  =  sin  10/  +  (-l^sin  10/  +  •  •  -  +  (-l)"sin  10/ 

if  wr/5  <  /  <  («  +  l)?r/5,  n> 0.  Thus  /(/)  =  sinl0/  in  this  interval  if  «  iseven,  but 
is  zero  in  this  interval  if  n  is  odd. 


21.  (s2+60s  +  1000)  I(s)  =  10£(-l)"e-"^10 

w=0 

10¿(-1)V”™  .  s 

/(5)  = es» _ =  y  r — i)"g“nM/|0 _ i_ _ 

■s2  +60í +  1000  til  (s  +  30)2  +  100  J 

/(/)  =  E  (-l)"wna/io(/)  g(/  -  htz/10) 
where  g(/)  =  e"30' sin  10/,  and  so 

g(t  -  n^/10)  =  exp[-30(/  -  nn/XQi)]  sin  10(/  -  nri  10) 

=  e3"V30'.(-i)"sin  10/ 

Therefore 

/(/)  =  ¿w(/-nW10)e3"'V30'sin/. 

11=0 

If  nn!  1 0  <  /  <  («  +  \)nt  1 0  then  it  follows  that 

<3m+I)jt  _  i 

/(/)  =  (1  +  e3*  +  ■■■  +  e3n7!)e"30,sm  10/  =  — z - e~301  sinlO/. 

e3n  -1 

The  graph  of  /(/)  is  shown  at  the  top  of  the  next  page. 
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i(t) 


22. 


(s2+\)X(s)  =  JV2'”" 

#1= O 


X(s)  = 


oo  -2ims 
h=0  ¿  +  1 


x(0  =  ^w2„jr(l)sin(l-2«^-)  =  ^M(l-2n^-)siní 

w=0  #i=0 


Henee  x(t)  =  («+l)sinl  if  2nn<t<2(n  +  \)n.  The  graph  of  x(t). 


X(t) 
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CHAPTER 5 


LINEAR  SYSTEMS  OF 
DIFFERENTIAL  EQUATSONS 


This  chapter  is  designed  to  offer  considerable  flexibility  in  the  treatment  of  linear  Systems, 
depending  on  the  background  in  linear  algebra  that  students  are  assumed  to  have.  Sections  5. 1 
and  5.2  can  stand  alone  as  a  brief  introduction  to  linear  systems  without  the  use  of  linear  algebra 
and  matrices.  However,  the  remainder  of  the  chapter  employs  the  notation  and  terminology  of 
elementary  linear  algebra.  For  ready  reference  and  review,  Section  5.3  ineludes  a  complete  and 
self-contained  account  of  the  needed  background  of  determinants,  matrices,  and  vectors.  The 
additional  linear  algebra  that  is  needed  in  subsequent  sections  is  introduced  aíong  the  way. 


SECTION  5.1 

FIRST-ORDER  SYSTEMS  AND  APPLICATIONS 

1.  Let  xl=x  and  x2=x\-x',  so  x2=x"=-7x-3 x'  +  t2. 

Equivalent  system: 

x\  =  X2,  x'2  =  -lx\  -  3x2  +  í2 

2.  Let  x,  =  x,  x2=x¡  =  x',  x3=x2=x ”,  x4=X3  =  x'",  so  x¡  =  x(4)  =  x  +  3x' -  6x"  +  eos  3/. 
Equivalent  system: 

x[  =  X2,  x'2  =  X3,  X3  =  X4,  x'  =  — X]  +  3X2  -  6x3  +  eos  3 1 

3.  Let  x,=x  and  x2  =  x[  =  x',  so  x'  =x"=^l-/2)x-/x'J/t2. 

Equivalent  system: 

x[  =  X2,  ^Xj  =  (1  -  /^)X|  -  tX2 

4.  Let  x,=x,  x2=x[  =  x',  x3=x'=x",  so  x\  =  xm  =  (-5x-3fcc'-2t2x"  +  lní)//3. 
Equivalent  system: 

x[  =  X2,  x2  =  X3,  í3  x 3  =  -5xi  -  3tX2  +  2^x3  +  ln  t 

5.  Let  x,  =  x,  x2  =  x[  =  x',  x3  =  x2  =  x\  so  x3  =  xm  -  (x')2  +  eos  x. 
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Equivalent  system: 

x\  -  X2,  x'2  =  X3,  x\  =  xf  +  eos  Xi 

6.  Let  x,  =  x,  x2  =  x[  =  x',  y,  =  y,  y2  =  y[  =  y'  so  x'2  =  x"  =  5x  -  4y ,  y'  =  y"  =  -  4x  +  5y . 
Equivalent  system: 

x,'  =  X2,  x2  =  5xi  -  4yi 

y¡  =  J2,  y'2  =  -4xi  +  5yi 

7.  Let  x,=x,  x2=x,'  =  x',  y,  =  y,  =  >*'  so  x2  =  x"  =  -&x/(x2 +y2)3/2, 

y'2=y"=-kyl{x2+y2f2. 

Equivalent  system: 

x¡  =  x2,  x'  =  -kxj(x2  +y2f2 

y[  =  yi,  y'2  =  -kyj(xl+ylf2 

8.  Let  x,  =  x,  x2=xí=x',  y,=y,  y2=y,'  =  y'  SO  x2  =x"  =  -4x  +  2y-3x', 
y'  =  y"=3x-  y  —  2y'  +  cosí. 

Equivalent  system: 

x\  =  X2,  x2  =  -4xi  +  2y¡  -  3x2 

y¡  =  yi ,  y'2=  3xi  -  yx  -  2 y2  +  eos  t 

9.  Let  x,  =  x,  x2  —  x¡  =  x',  y,  =  y,  y2  =  y¡  =  y',  z,  =  z,  z2  =  z[  =  z',  so 
x2  =  x”  =  3x-y  +  2z,  y2  =  y"=x  +  y-4z,  z2  =  z"  =  5x-y-z. 

Equivalent  system: 
x¡  -  x2,  x2  =  3xi  -yi  +  2zi 

y¡  =  yi,  y'2  =  Xi  +  yi-  4zi 

zj  =  Z2,  4  =  3xj  -yi  -  Z| 

10.  Let  x,=x,  x2=x,'=x',  y,=y,  y2  =  y,'  =  y'  so  x' =  x"  =  x(l  -  y),  y'2  =  y"=  y(l  -x). 
Equivalent  system: 

x,'  =  x2,  x'  =  xi(l  -y,) 

y¡  -  yi  y'2  =  ^íO  -*ú 
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The  computation  x"  -y'  -  -x  yields  the  single  linear  second-order  equation 
x"  +  x  =  0  with  characteristic  equation  r2+l  =0  and  general  solution 

x(t)  =  A  eos  t  +  B  sin  t. 

Then  the  original  first  equation  y  =  x'  gives 

y(t)  =  B  eos  /  -  A  sin  /. 

The  figure  on  the  left  below  shows  a  direction  field  and  typical  solution  curves  (obviously 
circles?)  for  the  given  system. 


12.  The  computation  x"  =  y'  =  x  yields  the  single  linear  second-order  equation 
x"  -  x  =  0  with  characteristic  equation  r2  -  1  =0  and  general  solution 

x(t)  =  A  e1  +  Be~l. 

Then  the  original  first  equation  y  -  x'  gives 
y(t)  =  Ae‘  -Be'1. 

The  figure  on  the  right  above  shows  a  direction  field  and  some  typical  solution  curves  of  this 
system.  It  appears  that  the  typical  solution  curve  is  a  branch  of  a  hyperbola. 

13.  The  computation  x"  =  -2 y'  —  -4x  yields  the  single  linear  second-order  equation 
x"  +  4x  =  0  with  characteristic  equation  rl  +  4  =  0  and  general  solution 

x(t)  =  A  eos  2/  +  B  sin  2 1. 
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Then  the  original  first  equation  y  -  -x'/2  gives 
y(t)  =  -5  eos  2 1  + A  sin  2 /. 

Finally,  the  condition  x(0)  =  1  impliesthat  A  =  1,  and  then  the  condition  /O)  =  0 
gives  5  =  0.  Henee  the  desired  particular  solution  is  given  by 

x(t)  =  eos  2/,  y(t)  =  sin  2 /. 

The  figure  on  the  left  below  shows  a  direction  field  and  some  typical  circular  solution 
curves  for  the  given  system. 


*  * 

The  computation  x"  =  10/  =  -lOOx  yields  the  single  linear  second-order  equation 
x"+ lOOx  =  0  with  characteristic  equation  r2  +  1 00  =  0  and  general  solution 

x(t)  =  A  eos  10/  +  B  sin  10/. 

Then  the  original  first  equation  y  =  x'/10  gives 

y(t)  =  B  eos  10/  —  A  sin  10/. 

Finally,  the  condition  x(0)  =  3  impliesthat  A  =  3,  and  then  the  condition  y(0)  =  4 
gives  5  =  4.  Henee  the  desired  particular  solution  is  given  by 

x(/)  =  3  eos  10/  +  4  sin  10/, 
y(t)  =  4  eos  10/  -  3  sin  10/. 

The  typical  solution  curve  is  a  circle.  See  the  figure  on  the  right  above. 
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15.  The  computation  x"  —  y'/ 2  —  -4x  yields  the  single  linear  second-order  equation 
x"  +  4x  =  0  with  characteristic  equation  ^  +  4  =  0  and  general  solution 

x(t)  =  A  eos  2 1  +  B  sin  2 1. 

Then  the  original  fírst  equation  y  =  2x'  gives 

y(t )  =  4 B  eos  2 1  -  4 A  sin  2 /. 

The  figure  on  the  left  below  shows  a  direction  field  and  some  typical  elliptical 
solution  curves. 


X 


16.  The  computation  x"  -  8y' - 16x  yields  the  single  linear  second-order  equation 

x”+  16x  =  0  with  characteristic  equation  r2+16  =  0  and  general  solution 

x(t)  =  A  eos  4t  +  B  sin  4 1. 

Then  the  original  fírst  equation  y  =  x'/8  gives 

y(t)  =  (B/2)cos  4t  -  (¿4/2)sin  4t. 

The  typical  solution  curve  is  an  ellipse.  The  figure  on  the  right  above  shows  a  direction 
field  and  some  typical  solution  curves. 

17.  The  computation  x"  =  y'  =  6x- y  =  6x  -x'  yields  the  single  linear  second-order 
equation  x"  +  x'-6x  =  0  with  characteristic  equation  r2  +  r  -  6  =  0  and  characteristic 
roots  r  -  -3  and  2,  so  the  general  solution 

x{t)  =  A  e"3'  +  B  e2'. 
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Then  the  original  first  equation  y  =  x'  gives 
y(t)  =  -3Ae-3,  +  2Be2‘. 

Finally,  the  initial  conditions 

x(0)  =  A  +  B  =  1,  y(0)  =  -3 A  +  2B  =  2 

implythat  A  =  0  and  B  =  1,  so  the  desired  particular  solution  is  given  by 
x(t)  =  e2',  y(t)  =  2  e2t. 

The  figure  on  the  lefi  below  shows  a  direction  field  and  some  typical  solution  curves. 
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The  computation  x"  =  -y'  =  -\0x  +  ly  =  —  IOjc  —  lx'  yields  the  single  linear  second- 
order  equation  x"  +  lx'+  lOx  =  0  with  characteristic  equation  r2  +  Ir  +  10  =  0, 
characteristic  roots  r  -  -2  and  -5,  and  general  solution 

x{t)  =  A  e~2'  +  B  e~5‘. 

Then  the  original  first  equation  y  =  -x'  gives 
y{t)  =  2A  e'21  +  5B  e'5' . 

Finally,  the  initial  conditions 

x(0)  =  A  +  B  =  2,  y{  0)  =  2A  +  5B  =  -7 
implythat  A  =  17/3,  B  =  -11/3,  so  the  desired  particular  solution  is  given  by 


-5  -4  -3  -2  -1  O  1  2  3  4  5 
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x(t)  =  (17  e~2t  -  11  e'J')/3, 


XO  =  (34e“2'-  55e'J')/3. 


It  appears  that  the  typical  solution  curve  is  tangent  to  the  straight  line  y  =  2x.  See  the 
right-hand  figure  on  the  preceding  page  for  a  direction  field  and  typical  solution  curves. 

The  computation  x"  =  -y'  =  -I3x  -  4 y  =  -I3x  +  4x'  yields  the  single  linear  second- 
order  equation  x"  -  4x'+  I3x  =  0  with  characteristic  equation  r2  -  4r+  \3  =  0  and 
characteristic  roots  r  =  2  ±  3  i,  henee  the  general  solution  is 

x(t)  =  e2l(A  eos  3t  +  B  sin  3/). 

The  initial  condition  x(0)  =  0  then  gives  A  =  0,  so  x(t)  =  B  e2'sin  3 1.  ITien  the  original 
first  equation  y  -  -x'  gives 

y(t)  =  -e2‘(3B  eos  3 1  +  2 B  sin  3f). 

Finally,  the  initial  condition  y(0)  =  3  gives  B  =  -1,  so  the  desired  particular  solution  is 
given  by 

x(t)  =  -e2'sin  3 1,  y(t )  =  e2t(3  eos  3t  +  2  sin  3/)- 

1  he  figure  below  shows  a  direction  field  and  some  typical  solution  curves. 
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20.  The  computation  x"  =  y'  =  -9x  +  6y  —  — 9x  +  6x'  yields  the  single  linear  second-order 
equation  x"-6x'+9x  =  0  with  characteristic  equation  r2  -  6r +  9  =  0  and  repeated 
characteristic  root  r  =  3, 3,  so  its  general  solution  is  given  by 

x(/)  =  (A  +  Bt)e31. 
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Then  the  original  first  equation  y  =  x'  gives 

y(t)  =  (3A+B  +  3Bt)e3‘. 

It  appears  that  the  typical  solution  curve  is  tangent  to  the  straight  line  y  =  3x.  The  figure 
below  shows  a  direction  field  and  some  typical  solution  curves. 
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(a)  Substituting  the  general  solution  found  in  Problem  1 1  we  get 

x2  +  y2  =  ( A  eos  /  +  B  sin  tf  +  ( B  eos  t  -  A  sin  tf 
=  (A2  +  B2)(cos2í  +  sin2  i)  =  A2 +  B2 
x2  +y2  =  C2, 

the  equation  of  a  circle  of  radius  C  =  (A2  +  B2)'12. 

(b)  Substituting  the  general  solution  found  in  Problem  12  we  get 

x2-y2  =  {Ae  +  Be'')2  -  (Aé  -  Be ~')2  =  4 AB, 
the  equation  of  a  hyperbola. 

(a)  Substituting  the  general  solution  found  in  Problem  13  we  get 

x2  +  y2  =  (A  eos  2/  +  B  sin  2 tf  +  ( -B  eos  2/  +  A  sin  2 tf 
=  (A2  +  52)(cos22t  +  sin22/)  =  A2  +  B2 
x2+y2  =  C2, 
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the  equation  of  a  circle  of  radius  C  =  (A2  +  i?2)172. 

(b)  Substituting  the  general  solution  found  in  Problem  1 5  we  get 

16x2  +  y2  =  16(/1  eos  2/  +  B  sin  2 tf  +  (45  eos  2r  -  4A  sin  2/)2 
=  16(,42  +  52)(cos22/  +  sin2  2/)  =  1 6(A2  +  B2) 

I6x2+y2  =  C2, 

the  equation  of  an  ellipse  with  semi-axes  1  and  4. . 

23.  When  we  solve  Equations  (20)  and  (21)  in  the  text  for  e~*  and  e2‘  we  get 

2x-y  =  3^4e~'and  x+y  =  3  Be2'. 

Henee 

{2x-y)\x+y)  =  (3Ae4f(3Be2‘)  =  21  A2  B  =  C. 

Clearly  y  =  2x  or  y  =  -x  if  C  =  0,  and  expansión  gives  the  equation 
4r3  -  3xy2  +y3  =  C. 

24.  Looking  at  Fig.  5. 1 . 1 1  in  the  text,  we  see  that  the  fírst  spring  is  stretched  by  x, ,  the  second 
spring  is  stretched  by  x2-xv  and  the  third  spring  is  compressed  by  x2 .  Henee  Newton's 
second  law gives  mxx'¡  =  - kx(xx)  +  k2(x2 -x,)  and  m2x”2  =  - k2(x2  - xx) - k2(x2). 

25.  Looking  at  Fig.  5 . 1 . 1 2  in  the  text,  we  see  that 

my'l=  -  T  sin  6{+T  sin  02  *  -7tan5,  +  7’tan<92  =  -Tyx  /  L  +  T(y2-  y,)/ L , 
my¡=  -Tsin02-Tsm03  »  -  F  tan  <92  -  7  tan  6>3  =  -T(y2  -  yx)/ L-Ty2l  L. 

We  get  the  desired  equations  when  we  multiply  each  of  these  equations  by  L/T  and  set 
k  =  mL  /  T. 

26.  The  concentration  of  salt  in  tank  i  is  c,  =  x¡  / 1 00  for  /  =  1 , 2,  3  and  each  inflow-outflow 
rate  is  r  =  10.  Henee 

x[  =  -  re,  +  rc3  =  ,L(-x, +x3), 
x'  =  +  rcx  -rc2  =  ^(x.-x,), 
x'  =  +rc2-rc3  =  i(x2-x3). 

27.  We  apply  Kirchhoffs  law  to  each  loop  in  Figure  5.1.14  in  the  text,  and  immediately  get  the 
equations 
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2(  /;  -  /' )  +  50/i  =  1 00  sin  60/,  2(  /'-/[)  +  2572  =  0. 

28.  First  we  apply  Kirchhoff s  law  to  each  loop  in  Figure  5 . 1 . 1 4  in  the  text,  denoting  by  0  the 
charge  on  the  capacitor,  and  get  the  equations 

50 7,  +  10000  =  100,  25 12  -  10000  =  0. 

Then  we  differentiate  each  equation  and  substitute  0'  =  7,  -  I2  to  get  the  system 

=  -20(7,-72),  7'  =  40(7,-72). 

29.  If  6  is  the  polar  angular  coordínate  of  the  point  (x,y)  andwewrite 
F  =  k¡(x2  +  y2 ^-k Ir2,  then Newton’s second law gives 

mx"  =  -F  cos0  =  ~(k/r2)(x/r )  =  -kx/r3, 
my"  =  -Fs\n6  =  ~{klr2){ylr )  =  - kylr 3, 

30.  Ifwewrite  (x',yr)  for  the  velocity  vector  and  v  =  -J(x')2  +(y')2  for  the  speed,  then 

(x'/v,  y'/v)  is  a  unit  vector  pointing  in  the  direction  of  the  velocity  vector,  and  so  the 
componentsofthe  airresistance  forcé  Fr  aregivenby 

7 v  =  -kv2(x'/v,y'/v)  =  (-kvx\  -kvyr). 

31.  If  r  =  (x,y,z)  is  the  particle's  position  vector,  then  Newton's  law  mr"  =  F  gives 

i  j  k 

mr"  =  =  qx'  y'  z'  =  +  qBy’i - qBx'j  =  qB(-y',x',0). 

0  0  B 

SECTION  5.2 

THE  METHOD  OF  ELIMINATION 

1.  The  second  differential  equation  y'  =  2 y  has  the  exponential  solution 

y{t)  =  c2e2'. 
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Substitución  in  the  first  differential  equation  gives  the  linear  first-order  equation 

x  +  x  =  3c2e  with  integrating  factor  p  —  e  .  Solution  of  this  equation  in  the  usual  way 

gives 

x(t)  =  e-'(cl+c2e 31 )  =  cxe-+c2e2‘. 

The  left-hand  figure  below  shows  a  direction  field  and  some  typical  solution  curves. 
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2.  From  the  first  differential  equation  we  get  y  =  (x  -  xr)/2,  so  y'  =  (x'  -  x")/2. 
Substitution  of  these  expressions  for  y  and  y'  into  the  second  differential  equation  yields 
the  second-order  equation 

x"  +  2x'  +  x  =  0 

with  general  solution 

x(t)  =  (ci  +  C2t)e~‘. 

Substitution  in  y  =  (x  -  xr)/2  now  yields 

y(t)  =  (ci  -  c2/ 2  +  c2t)e~‘. 

The  right-hand  figure  above  shows  a  direction  field  and  some  typical  solution  curves. 

3.  From  the  first  differential  equation  we  get  y  =  (3x  +  xr)/2,  so  y'  =  (3x'  +  x")/2. 
Substitution  of  these  expressions  for  y  and  y'  into  the  second  differential  equation  yields 
the  second-order  equation 


with  general  solution 


x"-x'+6x  =  0 
x(/)  =  c,e"2'  +c2e2'. 
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Substitution  in  y  —  (3x  +  xr)!2  nowyields 


y(0  =  2c\e~2'  +3c2e3'. 

Imposition  of  the  initíal  conditions  x(0)  =  0,  >>(0)  =  2  now  gives  the  equations 

c¡  +c2  =0,  c,  / 2  +  3 c2  =  0  with  solution  c¡  =  -  4 15,  c2—  4/5.  These  coefficients  give  the 

desired  particular  solution 

x(t)  =  4(e'  -  e~2')!5,  y(t)  =  2(6e3t  -  e~2t)/5. 

The  left-hand  figure  below  shows  a  direction  field  and  some  typical  solution  curves. 
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Substitution  of  y  =  3x-x'  and  y'  =  3x'  -x"  —  from  the  first  equation  —  into  the 
second  equation  yields  the  second-order  equation  x"-4x  =  0  with  general  solution 

x  =  C\e2t  +  cie~2t. 

Substitution  of  this  solution  in  y  =  3x  -  x'  gives 

y  =  c\e2‘  +  5c2<T2'. 

The  initial  conditions  yield  the  equations  c\  +  c2  =  1,  ci  +  5c2  =  -1  with  solution 
c i  =  3/2,  c2  =  -1/2.  Henee  the  desired  particular  solution  is 

x(t)  =  (3e2>  -  e~2')/2,  y(t)  =  ( 3e2'  -  5e2,)!2. 

The  right-hand  figure  above  shows  a  direction  field  and  some  typical  solution  curves. 


Section  5.2 


277 


5. 


Substitution  of  y  =  -(x'  +  3x)/4  and  y'  =  -(x"  +  3x')/4  —  from  the  first  equation  — 
into  the  second  equatíon  yields  the  second-order  equation  x"  +  2x'  +  5x  =  0  with  general 
solution 

x(t)  =  e~'(c1cos2í  +  c2sin2/). 

Substitution  of  this  solution  in  y  =  -(x'  +  3x)/4  gives 

y( 0  -  +  c2)cos2í  +  (c, -c2)sin2/]. 

The  left-hand  figure  below  shows  a  direction  field  and  some  typical  solution  curves. 


Substitution  of  y  =  (x'-x)/9  and  y'  =  (x"  -  x')  /  9  —  from  the  first  equation  —  into 
the  second  equation  yields  the  second-order  equation  x"  +  4x'  + 1 3x  =  0  with  general 
solution 

x(t)  =  e~2'(c,cos3í  +  c2sin3/). 

Substitution  in  y  =  (x'-x)/9  now  yields 

y(t )  =  ^e_2'[(-c, +c2)cos3/  +  (-c, -c2)sin3t]. 

Imposition  of  the  initial  conditions  x(0)  =  3,  ^(0)  =  2  now  gives  the  equations 
ci  =  3,  —  c,  /  3  +  c2  /  3  =  2  with  solution  c,  =3,  c2=  9.  These  coefficients  give  the 
desired  particular  solution 
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x(t)  =  e  2'(3cos3t  +  9sin3t),  y(t )  =  e  21  (2  eos  3t- 4  sin  3/). 

The  right-hand  figure  on  the  preceding  page  shows  a  direction  field  and  some  typical 
solution  curves. 

7.  Substitution  of  y  =  x'  —  4x  —  2 1  and  y’  =  x"  —  4x'  —  2 — from  the  first  equation  — 
into  the  second  equation  yields  the  nonhomogeneous  second-order  equation 

x"  -  5x'  +  6x  =  2  -  2t.  Substitution  of  the  trial  solution  xp  =  A  +  Bt  yields 

.4  =  1/18,  i?  =  -1/3  so  xp  — 1/18  —  //  3.  Henee  the  general  solution  for  x  is 
x{t)  =  cxe2‘  +c2e31  -í/3  +  1/18. 

Substitution  in  y  =  x'  -4x-2t  now  yields 

y{t)  =  -2c]e21  -c2e2'  -2// 3 -5/ 9. 

8.  Substitution  of  y  =  x'-2x  and  y'  =  x"  —  2x'  —  from  the  first  equation  — 
into  the  second  equation  yields  the  nonhomogeneous  second-order  equation 

x"  4x'  +  3x  =  -  e2' .  Substitution  of  the  trial  solution  xp  =  Ae21  yields 

A  =  1,  so  xp  =  e2'.  Henee  the  general  solution  for  x  is 

x(/)  =  c,e'  +c2e3'  +e2'. 

Substitution  in  y  =  x'  -  2x  now  yields 

y{t)  =  -c,e'+c2e3'. 

9.  Substitution  of  y  =  (-x'  +  2x  +  2sin2/')/3  and  y'  =  (-x"  +  2x'  +  4cos2t)/3  — from 
the  first  equation  —  into  the  second  equation  yields  the  second-order  equation 

x"  -  x  =  7  eos  2t  +  4  sin  2 1  with  general  solution 


x{t)  =  c,e-'  +c2e'  (7 eos 2/ +  4  sin  2/). 

Substitution  in  y  =  (-x’  +  2x  +  2  sin  2/)  /  3  now  yields 

y(t)  =  c,e''  +  ~c2e' -^-(2cos2/  +  4sin2t). 

Imposition  of  the  initial  conditions  x(0)  =  3,  _y(0)  =  2  now  gives  the  equations 
c,  =  3,  -  c,  /  3  +  c2  /  3  =  2  with  solution  c,  =  3,  c2  =  9.  These  coefficients  give  the 
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desired  particular  solution 

x(t)  =  e  21  (3cos3t  +  9sin3t),  y(t )  =  e~2‘  (2 eos 3t  —  4 sin 3í), 

First  we  solve  the  given  equations  for  the  normal-form  first-order  equations 

=  2 x+y,  y'  =  x +  2 y. 

Substitution  of  y  =  x'  —  2x  and  y'  -  x"  -  2x'  —  ffom  the  first  equation  —  into  the 
second  equation  yields  the  second-order  equation  x”  —  4x'  +  3x  =  0  with  general  solution 

x(t)  =  c,e' +c2e3'. 

Substitution  in  y  =  x'-2x  now  yields 


y(t)  =  -cxe‘  +c2ei‘ . 

Imposition  of  the  initial  conditions  x(0)  =  l,  y(0)  =  — 1  now  gives  the  equations 
c,  +  c2  =  1,  -  c,  +  c2  =  - 1  with  solution  c,  =  1,  c2  =  0.  l'hese  coefficients  give  the 
desired  particular  solution 

*(0  =  y(t)  =  -e‘. 

First  we  solve  the  given  equations  for  the  normal-form  first-order  equations 

x'  -  3x-9y  +  e~'+2e', 
y'  =  2x  —  3y  +  e~'/2  +  3e‘  12. 


Substitution  of  y  =  (-x'  +  3x  +  e~'  +2e')/9  and  y'  =  (-jcff  +  3jc'-e“' +2e')/9  —  from 
the  first  equation  —  into  the  second  equation  yields  the  nonhomogeneous  second-order 
equation  x"  +  9x  =  {5e~‘  + 1  le' j/2.  Substitution  of  the  trial  solution  xp=Ae~'  +  Be' 

yields  A  —  — 1/4,  B  =  — 11/20  so  xp  =  —  e  1  / 4  —  1  le'  / 20.  Henee  the  general  solution  for 
x  is 

x(t)  =  c,cos3/  +  c,  sin3/-—  e"'-— e' . 

2  4  20 

Substitution  in  y  —  (—xf  +  3x-\-e~l  +2e*)!9  now  yields 

1  1 

y(  0  =  —  (c, -c2)cos3t  +  -(c,  +c2)sin3í  +  —  e~‘  +  —  e'. 

3  3  2  5 
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The  first  equation  yields  y  =  (x"  -  6x)/ 2,  so  y"  =  (x(4)  -  6x")/2.  Substitution  in  the 
second  equation  yields 

x(4)-  1 3x"  +  36x  =  0. 

The  characteristic  equation  is  r4  -  13r2  +  36  =  (r2  -  4 )(r2  —  9)  =  0,  so  the  general 
solutionfor  x  is 


x(t)  =  c\e2t  +  C2e  21  +  Ctf31  +  c^e'3'. 

Substitution  in  y  =  (x"  -  6x)/2  now  gives 

y(t)  =  -cíe2'  -  C2e~2l+  ^  c3e3'  +  -^-c^"3'. 

The  first  equation  yields  y  =  (x"+5x)/2,  so  y "  =  (xw  +  5x")/2.  Substitution  in  the 
second  equation  yields 

x(4)+  13x"  +  36x  =  0. 

The  characteristic  equation  is  rA  +13r2  +36  =  {r2  +4)(r2  +  9)  =  0,  so  the  general 
solutionfor  x  is 


x(t)  =  u,  eos  2t  +  c¡2  cos2r  +  b¡  eos  3t  +  b2  sin  3t. 

Substitution  in  y  —  (x"  +  5x)/2  now  gives 

y(0  ~  eos  2 1  +  -^a2  cos2/  -  2b¡  eos  3 1  -  2b2  sin  3 1. 

The  first  equation  x"  +  4x  =  sint  has  complementary  function  xc  =  c,cos2/  +  c2sin2/‘, 
and  substitution  of  the  trial  solution  x  =  Asmt  yields  the  particular  solution 
xp  =  (l/3)siní.  Henee  the  general  solution  for  x  is 


x(7)  =  c,cos2r  +  c2sin2r  +  — sint. 


Substitution  in  the  second  differential  equation  gives  the  equation 


y"  +  8y  =  4c,cos2/  +  4c2sin2r  +  (4/3)sin¿ 


with  complementary  function  yc  =  c3  eos  2/72  +  c4  sin2/V2.  Substitution  of  the  trial 
solution  yp  =  A  eos  2t  +  B  sin  2t  +  C  sin  t  now  yields  A  =  c¡,  B  =  c2,  C  =  4/21,  sothe 
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general  solution  for  y  is 

y(t)  =  c1cos2r  +  c2sin2/  +  c3cos2^  +  c4sin2íVl2  +  -^ysin/. 

15.  If  we  write  the  given  differential  equations  in  operator  notation  as 

0 D2-2)x-3Dy  =  0 
3Dx  +  (D2  -  2) y  =  0, 

we  see  that  the  system  has  operational  determinant 

(D2  -  2)2  +  9D2  =  D4+5D2+4  =  (D2  +  \)(D2  +  4). 

Therefore  (as  in  Example  3)  we  see  that  x  satisfies  the  fourth-order  differential  equation 
(D2  + 1  )(D2  +  4)x  =  0  with  characteristic  equation  (r2  +  l)(r2  +  4)  =  0  and  general 
solution 

x(t)  =  a,  cosí  +  a2sint  +  blcos2t  +  b2sin2t. 

Sunilarly,  the  general  solution  for  y  is  of  the  form 

y{t)  =  c,cost  +  c2sint  +  ¿/1cos2í  +  ¿/2sin2r. 

Now,  substitution  of  these  two  general  Solutions  in  the  fírst  equation  x"  -3y'-2x  =  0 
and  collection  of  coefficients  gives 

(-3a,  -  3c2 ) eos t  +  (3c,  -  3a2 ) sin t  +  (-66,  -  6d2  )cos2t  +  (3dl-  3 b2 ) sin 2t  =  0 . 
Thuswe  see  finally  that  c,  =a2,  c2=-a„  d,=b2,  d2  =-bv  Henee 
y(t)  =  a2  eos  t-a{  sin  t  +  b2  eos  2/  -  6,  sin  2t. 

16.  In  operational  form  our  system  is 

( D2  ~  4)x  +  13  Dy  =  6  sin  t 

-2Dx  +  (DZ-  9)y  =  0 

When  we  opérate  on  the  first  equation  with  D2  -  9,  on  the  second  with  13D,  and  subtract, 
the  result  is 

(D4  +  13D2  +  36)x  =  -60  sin/. 
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The  associated  homogeneous  equation  has  characteristic  equation  (r2  +  4 )(r2  +  9)  =  0  and 
complementary  fimction  xc  =  a,  eos  2/  +  a2  sin  2t  +  b{  eos  3t  +  b2  sin  3t.  Upon  substituting 
the  trial  solution  =  .4  sin/  we  find  that  A  =  5/2.  Thus  the  general  solution  for  x  is 

jc(í)  =  n,  eos  2/  +  a2  sin  2/  +  6,  eos  3/  +  é2  sin  3/  + — sin  í. 


We  find  similarly  that 


y{t)  =  c1cos2t  +  c2sin2i  +  í/1cos3t  +  J2sin3t  +  — cost. 


When  we  substitute  these  expressions  into  either  of  the  original  differential  equations  we 
find  that  c,  =  -4a2/13,  c2  =  4a¡  713,  d¡  =  —b2l3,  dl  =  bj  3.  Therefore 


4  1 

y(t)  =  — (-a2  eos  2/  +  a,  sin  2/)  +  — (-¿2  eos 3/  +  6,  sin  3/)  4- 


1 

— cosr. 
2 


If  we  write  the  given  equations  in  the  operational  form 

(D2-3D-2)x+  (D2-D  +  2)y=  0, 

(2D2 -9D-4)x  +  (3D2  -2D  +  6)y  =  0 

we  see  (thinking  of  the  operational  determinant)  that  x  satisfies  a  homogeneous  fourth- 
order  equation  with  characteristic  equation 

{r2 -3r-2^(3r2  -2r  +  6)-(r2 -r  +  2)(2r2  -9r-4) 

=  r4-3r2-4  =  (r2+l)(r2-4)  =  (r2  +  l)(r  +  2)(r-2)  =  0. 

Henee  the  general  solution  for  jc  is 

x(t)  =  a^cost +  a2sint +  bxe~2‘ +b2e2' , 

and,  similarly,  the  general  solution  for  y  is 

y(t )  =  c,  cosí  +  c2s\nt  +  d¡e~2t  +d2e2'. 

To  determine  the  relations  between  the  arbitrary  constants  in  these  two  general  Solutions,  we 
substitute  them  in  the  first  of  the  original  differential  equations  and  get 
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(-«,  eos  /  -  a2  sin  /  +  4  6,e~2'  +  4  b2e2' )  +  (-c,  cosí  -  c2  sin  t  +  4dle~2'  +  4  d2e21 )  + 

(3a,  sin  /  -  3 a2  eos  /  +  6 bxe~2'  -  6b2e2'}  +  (c,  sin  /  -  c2  eos  /  +  2 dxé~2‘  -  2 d2e2'}  + 

(~2a,  cos/-2a2sin/-26,e~2'  -2b2e2'^  +  (+2cxcost  +  2c2smt  +  2dxe~2'  +2 d2e2')  =  0 

If  we  collect  coeíficients  of  the  trigonometric  and  exponential  terms  we  get  the  equations 

-3a,  -  3a2  +  c,  -  c2  =  0,  86,  +  8 d,  -  0, 

and 

3 a,  -  3a2  +  cx+c2  =  0  -462  +  4 d2  =  0. 

The  first  two  of  these  equations  imply  that  c,  =  -3a2  and  c2  =  3a, ,  while  the  latter  two 
give  d ,  =  -b¡,  d2  =  b2  We  therefore  see  finally  that 

y(t )  =  -3a2cos/  +  3a,  sin/-6,e-2'  +b2e21. 

18.  From  the  first  and  third  equations  we  see  that  x’  +  z'  =  0,  so  z  =  -x.  Henee  the  first 
equation  reduces  to  x'  =  2 y,  and  substitution  in  the  second  equation  yields  y"  +  y'  -  12 y, 
so  it  follows  that 

y(t)  =  c¡e3‘  +  c2e~4t. 

Since  x  =  (y+y)/6 ,  it  follows  that 

x(t)  =  (  4c,e3/  -  3c2e"4')/6, 
z(t)  =  (-4cie3/  +  3c2e"4,)/6. 

19.  The  operational  determinant  of  the  given  system  is 

D-4  2  0 

L  =  4  D-4  2  =  Dz-\2D7  +  32D, 

0  4  D-4 

so  x,  y,  and  z  all  satisfy  a  third-order  homogeneous  linear  differential  equation  with 
characteristic  equation  r3  -12r2  +32r  =  r(r  -4)(r  -8)  =  0.  The  coiresponding  general 
Solutions  are 

x(/)  -  a,  +a2e4'  +  a3eSl,  y(t)  =  bx  +b2e41  +  b3eSl,  z(/)  =  c, +c2e4' +c3e8'. 

If  we  substitute  x(/)  and  y(t)  in  the  first  differential  equation  x'  =  4x  -  2  y  and 
collect  coeíficients  of  like  terms,  we  find  quickly  that  6,  =  2a,,  b2  =  0,  and  b3  =  -2 ay 
Similarly,  we  find  by  substitution  in  the  other  two  equations  that 
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c,  =  2 a,,  c2  =  —2 a2,  and  c3  =  2a3.  Thus  y  and  z  are  given  by 


y(t)  =  2a, -2a3e8'  and  z(t)  =  2a, -2a2e4'  +  2a3e8'. 


20.  The  operational  determinant  of  the  given  system  is 


and  we  find  that 
Henee 


L  -  D3  -  3D  -  2  =  (D  +  lf(D  -  2), 


Lx  =  Ly  =  Lz  =  0. 


x  =  a\e2t  +  ü2e~‘  +  ayte~t, 
y  =  b\e2t  +  b^e"'  +  btfe'1, 
z  =  C\e2t  +  C2e~‘  +  Cite"1. 


When  we  substitute  these  expressions  in  the  three  difFerential  equations  and  compare 
coefficients  of  e2t,  wefmdthat  ci\  =  b\  =  c\.  When  we  compare  coefficients  of  te~‘  we 
find  that  a3  +  ¿3  +  c3  =  0.  Comparison  of  coefficients  of  e~‘  yields 


a2  +  b2  +  c2  =  a3  -  1  =  ¿3  =  c3. 


It  follows  that  a3  =  2/3  and  Z?3  =  c3  =  -1/3.  If  a2  and  b2  are  chosen  arbitrarily,  then 
c2  =  -oí  -  b2  -  1/3.  Henee  the  general  solutionis 

x  =  aie2'  +  a2e"'  +  (2/3)te~‘, 
y  =  c¡\e2‘  +  b2e~‘  -  (l/3)te~l, 
z  =  ene2'  -  (en  +  b2  +  l/3)e~‘  -  (1/3  yte*. 

21.  LxL2  -  L2Ll  because  both  sides  simplify  to  the  same  thing  upon  multiplying  out  and 

collecting  terms  in  the  usual  fashion  of  polynomial  algebra.  This  "works"  because  different 
powersof  D  commute  —  that  is,  D'D'  =  D'D'  because  D‘(DJx)  =  D'+Jx  —  DJ(D'x). 


22.  I,  (L2x)  =  (tZ)  +  l)(Dx  +  íx)  =  t  D(Dx  +  tx)  +  (Dx  +  tx)  = 

=  t^D2x  +  tDx  +  x^  +  (Dx  +  tx)  =  tD2x  +  t2Dx  +  Dx  +  2tx 

I2(l,x)  =  (D  +  /)(tDx  +  x)  =  D(t  Dx  +  x)  +  t(t  Dx  +  x)  = 

=  [t  D1x  +  2Dx}  +  {t1Dx  +  tx}  =  tD2x  +  t2Dx  +  2Dx  +  tx 


23.  Subtraction  of  the  two  equations  yields  x  +  y  =  e“2'  -  e~31.  We  then  verify  readily  that  any 
two  differentiable  functions  x(t)  and  y{t)  satisfying  this  condition  will  constitute  a  solution 
of  the  given  system,  which  thus  has  infinitely  many  Solutions. 
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Subtraction of one  equation from  the other  yields  x+y  —  t1  -  t.  But then 

(P  +  2)x  +  (D  +  2  )y  =  D(x  +y)  +  2{x  +y) 

=  (2 1- l)  +  2(/2-  t)  =  2?-\*t. 

Thus  the  given  system  has  no  solution. 

Infinitely  many  Solutions,  because  any  solution  of  the  second  equation  also  satisfíes  the  first 
equation  (because  it  is  D  +  2  times  the  second  one). 

Subtraction  of  the  second  equation  from  the  first  one  gives  x  =  e~‘.  Then  substitution  in 
the  second  equation  yields  D2y  =  0,  so  y  =  btf  +  bj.  Thus  there  are  two  arbitrary 
constants. 

Subtraction  of  the  second  equation  from  the  first  one  gives  x  +_y  =  e1 .  fhen  substitution 
in  the  second  equation  yields 

x(t)  =  D2(x+y)  =  e~‘. 

It  follows  that  y(t)  =  0,  so  there  are  no  arbitrary  constants. 

Differentiation  of  the  difference  of  the  two  given  equations  yields 

(D2  +  D)x  +  D2y  -  -2e~l, 

which  contradicts  the  first  equation.  Henee  the  system  has  no  solution. 

Additionofthe  two  given  equations  yields  tfx  =  e'1,  so  x(t)  =  e"‘  +  axt  +  a2.  Then  the 
second  equation  gives  LP’y  =  a¡í  +  a2,  so 

y(f)  ~  (l/6)ait3  +  (l^ajt2  +  a2t  +  a¿[. 

Thus  there  are  four  arbitrary  constants. 


Substitution  of  y  —  20x'  +  6x  and  y'  =  20x"  +  6x'  —  from  the  first  equation  —  into  the 
second  equation  yields  the  second-order  equation  1 00x"  +  45x'  +  3x  =  0  with  general 
solution 


x(t)  =  c¡er>l  +  c2eri' ,  where  rt  =  — — r2 


40 


Substitution  in  y  =  20x'  +  6x  now  yields 

y(í)  =  |(3  +  V33)c,er''+i(3-V33)c2^'. 


-9-V33 
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Imposition  of  the  initial  conditions  x(0)  =  50,  _y(0)  =  100  now  gives  the  equations 
c, +c2  =  50,  (3  +  733)c,  +(3- \Í33^c2  =  200 with solution  c,  =  25(l  +  733)/733, 

c2  =  25 (- 1  +  733  j /  V33.  These  coefficients  give  the  desired  particular  solution 

x(/)  =  J=[(  1  +  733)^' +(-1  +  733)^'], 
y(/)  =  j^[(ll  +  3V33)e'i'+(l  1-3733)^']. 

31.  Substitution of  I2  =  (/;  +  257, -50)/25  and  /'  =  (/,''+25/1')/25  —  from the first 
equation  —  into  the  second  equation  yields  the  second-order  equation 

31”  +  30 I[  + 1257,  =  250  with  general  solution 

7,(t)  =  2  +  e~5' |7,  cos(5/76/3)  +  c2sin(5/76 /3)J. 

Substitution  in  72  =  (7,' +  257, -50)/ 25  now  yields 

0(0  =  ^e-5'[(l2c,+76c2)  eos  (5rV6/3)  +  (l2c2-V6c,)  sin  (5/76/3)]. 

Imposition  of  the  initial  conditions  7,  (0)  =  0,  72(0)  =  0  now  gives  the  equations 

c,  +  2  =  0,  4c,  /  5  +  y¡6  c2  / 1 5  =  0  with  solution  c,  =  -  2,  c2  =  476 .  These  coefficients  give 
the  desired  particular  solution 

7,(/)  =  2  +  e-5'[-2cos(5t76/3)  +  476sin(5t76/3)], 

72(0  =  ^e’5' sin  (5/76/ 3). 

32.  To  solve  the  system 

2(7,'  -7')  +50/i  =  100  sin  60/ 

2(7'- 7, ')  +25  7a  =  0 

we  first  note  fforn  the  second  equation  that  2(7,'  -  72)  =  2572,  so  the  first  equation  then  tells 
usthat  2572  +  507,  =  100  sin  60/,  henee  72  =  -27,  +4  sin  60/,  72  =-27,' +  240  eos  60/. 
Substitution  of  these  into  the  second  equation  gives  the  first-order  equation 

67,' +  507,  =  480cos60/  +  100sin60/ 
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with  complementary  fimction  /Ic  =  Ce~25"3.  Substituíion  of  the  trial  solution 

7,p  =  ,4  eos  60/ +  5  sin  60/  yields  ^4  =  -120/1321,  B  =  1778/1321.  Finally  the  initial 

condition  /,(())  =  0  gives  C=A.  Consequently  we  fmd  that 

hit)  =  (  120éT25'/3  -  120  eos  60/ +  1778  sin  60/)/ 1321, 
hit)  =  (-240e“25í/3  +  240  eos  60/  +  1728  sin  60/)/1321. 

(Yes,  one  coefFicient  of  sin  60/  is  1778  and  the  other  is  1728.) 

33.  To  solve  the  system 

h'  =  -20(7,  -h),  I2'  =  40(7,  - 12) 

we  first  note  that  7'  =  - 27,',  so  72  =  -  27,  +  72  Then  K  =  27, (0)  + 12 (0)  =  2(2)  +  0  =  4, 
so  I'2  =  —27,',  so  72  =  — 27, +4.  Substitution  of  this  into  the  first  equation  gives  the 
simple  first-order  linear  equation  I[  +  60  7,  =  80  with  general  solution 
7,(/)  =  4/3  +  ce"60'.  The  initial  condition  7,(0)  =  2  gives  c  =  2/3,  so 

7,(0  -  |(2  +  ^60'),  I2it)  =  |(l-^0'). 

34.  The  operational  determinant  of  the  system 

10jc[  =  -xx+x3,  10x'  =  x,  —  x2,  10x'  =  x2-x3 

is 

1075  +  1  0  -1 

L  =  -1  1075  +  1  0  =  1000753  +  300Z52  +  3075, 

0  -1  1075  +  1 

so  x, ,  x2 ,  and  x3  all  satisfy  a  third-order  homogeneous  linear  difíerential  equation  with 
characteristic  equation  1000r3 +  300r2 +30r  =  10r(100r2 +  30r  +  3)  =  0  and 
characteristic  roots  r  =  0,  (-31/ VI)/ 20.  The  corresponding  general  Solutions  are 

x,(/)  =  ul+e'3'/2°[¿,cos(/V3/20)  +  c,sin(/V3/20)], 

x2(t)  =  a2  +  e‘3'/2°^¿2cos|/V3/20j  +  c2sin^/V3/20jJ, 
x3(/)  =  u3+e'3'/20[é3cos(/V3/20)  +  c3sin(/V3/20)]. 

Substituting  in  the  original  difíerential  equations,  we  see  that  the  constant  terms  are  all 
equal:  at  =  a2  =  a3  -  a  (say).  Then  the  initial  conditions  x,(Q)  =  100,  x2(0)  =  x3(0)  =  0 


288 


Chapter  5 


imply  that  bx  =  1 00  -  a,  b2=b2  =  -a.  After  these  substitutions,  collection  of  coeffícients 
gives  the  equations 

I «  +  50  =  ~Y'a~~^ci  ~ci  ~50a/3  =  0, 

|íz  +  ^c2-100  =  0,  ^-a-cx~c2  =  0 

that  we  solve  for  a  =  1 00 / 3,  c,  =  0,  c2  =  1 00 / V3,  c3  =  - 1 00  / V3.  The  resulting  solution 
of  the  original  system  is  given  by 

xx(t )  =  -í^£l  +  2e~3'/20cos^A/3/20)J, 

*2(0  =  ~~~  ^l  +  e_3'/20|-cos^V3/20j  +  -v/3sin^>/3/20jjJ, 
x3(0  =  •^^j^l  +  e"3'/20^-cos^>/3/20^-V3sin^V3/20jjJ. 

35.  The  two  given  equations  yield 

mx<3)  =  qBy"  -  -q2Blx'lm, 
so  x(3)  +  o}x'  =  0.  The  general  solution  is 

x(7)  =  A  eos  cot  +  B  sin  cot  +  C. 

Now  x'(0)  =  0  implies  5  =  0,  and  then  x(0)  =  r0  gives  A  +  C  =  r0.  Next, 
cay'  =  x"  =  -Ac} eos 

so  y'(0)  =  -caro  implies  A  =  ro,  henee  C  =  0.  It  now  follows  readily  that  the  trajectory 
is  the  circle 

x(í)  =  r0cos  cot,  y{t )  =  -r0sin  cot. 

36.  With  co  =  qB/m  our  differential  equations  are 

x"  =  coy'  +  qE/m,  y"  =  -&re'. 

Elimination  gives 

x(4)  +  íoV'  =  ym  +  ca2y"  =  0, 
so 

x  =  a\  +  ¿>i/  + cíeos  cot  +  5isin  cot. 
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y  —  a2  +  b2t  +  C2COS  coi  +  d2 sin  coi. 


The  initial  conditions  x(0)  =  x'(0)  =  0  =  y(0)  =  y'(0)  yield 

c  1  =  -ai,  b\  =  -cod\,  c2  =  -a2,  b2  =  -cod2. 

Then  substitution  in  y"  =  -cox’  yields 

d\  =  b\  =  a2  =  c2  =  0  and  ¿2  =  a\. 

Finally,  substitution  in  x"  =  coy'  +  qE/m  yields  a  =  a¡  =  E/coB,  so  the  solution  is 
x(t)  =  a(  1  -  eos  coi),  y(t)  =  -a(cot  -  sin  cot). 

37.  (a)  Ifweset  mx  =  2,  m2- 1/2,  A:,  =  75,  k2  =  25  inEqs.  (3)  of  Section  5.1,  we  getthe 
system  2x"  =  -100x  +  25y,  y  y"  =  25x  -  25y  with  operational  determinant 

D4  +  100Z)2  + 1875  =  (Z)2  +  25^Z)2  +  75^.  Henee  the  general  form  of  the  solution  is 

x(t)  =  a,  eos  5t  +  a2  sin  5/  +  6,cos5tV3 +  62sin5tV3, 
y(t)  =  c,cos5/  +  c2sin5r  +  <Z]cos5/V3 +c/2sin5tV3. 

Upon  substitution  in  either  differential  equation  we  see  that  c,  =  2a, ,  c2  =  2a2  and 
dx  =  -26,,  <Z,  =  -2b2.  This  gives 

x(/)  =  a,cos5/+  a2sin5t  +  6,cos5ía/3+  62sin5tV3, 
y(0  =  2a1cos5t  +  2a2sin5t-261cos5¿s/3  -262  sin5t-v/3. 

(b)  In  the  natural  mode  with  frequeney  íUi  =  5  the  masses  move  in  the  same  direction, 
while  in  the  natural  mode  with  frequeney  coi  =  5  73  they  move  in  opposite  directions.  In 
each  case  the  amplitude  of  the  motion  of  m2  is  twice  that  of  m\. 

38.  Looking  at  Fig.  5.2.6  in  the  text,  we  see  that  the  first  spring  is  stretched  by  x,  the  second 
spring  is  stretched  by  y  —  x,  and  the  third  spring  is  compressed  by  y.  Henee  Newton's 
second  law gives  mxx"  =  -  kx(x)  +  k2(y  -  x)  and  m2y"  =  -  k2(y  -  x)  -  k3(y). 

39.  The  system  has  operational  determinant  8D4  +40D2  +32  =  8(Z)2  +  l)(Z)2  +4).  Henee 
the  general  form  of  the  solution  is 

x(t)  =  a,cos/  +  a2sint  +  61cos2/  +  62sin2í, 
y(t )  =  c,cosr  +  c2siní +  cos2t  +  ¿/2sin2z 
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Upon  substitution  in  either  diíferential  equation  we  see  that  c,  =  2a,,  c2  =  2 a2  and 
dy  =  -bv  d2  =  -b2.  This  gives 

x(t )  =  a,  eos  t+  a2  sin  i  +  6,  eos  2 1  +  b2  sin  2 1, 
y{t)  =  2a,  eos  /  +  2a2  sin  t  -  bx  eos  2t  -  b2  sin  2t. 

In  the  natural  mode  with  frequeney  cü\  =  1  the  masses  move  in  the  same  direction,  with 
the  amplitude  of  motion  of  the  second  mass  twice  that  of  the  first  mass  (figure  on  the  left 
below).  In  the  natural  mode  with  frequeney  coi  =  2  they  move  in  opposite  directions  with 
the  same  amplitude  of  motion  (figure  on  the  right  below). 


The  system  has  operational  determinant  2 D4  +  250 D2  +  5000  =  2  (Z)2  +  25^  ( D2  + 1 00 j . 
Henee  the  general  form  of  the  solution  is 

*(t)  =  a,  cos5i  +  a2sin5i  +  ¿,  cosl0t  +  ¿2sinl0i, 
y(t)  =  c,  cos5/  +  c2sin5í  +  c/,  cosl0t  +  d2  sinlOí. 

Upon  substitution  in  either  diíferential  equation  we  see  that  c,  =  2a, ,  c2  =  2 a2  and 
dy  =  -bv  d2  =  -b2.  This  gives 

x(t)  =  a,  cos5í+  a2sin5í+  b,  cosí 0t  +  b2  sin  10t, 
y(t)  =  2a,  eos  5/ +  2a2  sin  5/ —  b,  cosl0/-62sinl0t. 

In  the  natural  mode  with  frequeney  a>\  =  5  the  masses  move  in  the  same  direction,  with 
the  amplitude  of  motion  of  the  second  mass  twice  that  of  the  first  mass.  In  the  natural  mode 
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with  frequency  coi  10  they  move  in  opposite  directions  with  the  same  amplitude  of 
motion. 

The  sysíem  has  operational  determinant  D4  +10D2  +  9  =  (£>2  +  l)(Z)2  +  9).  Henee  the 
general  form  of  the  solution  is 

x(t )  =  a,  eos  t  +  a2smt  +  6,  eos  3t  +  b2  sin  3t, 
y(t )  =  c,  eos  t  +  c2  sin  t  +  di  eos  3í  +  d2  sin  3/. 

Upon  substitution  in  either  differential  equation  we  see  that  c,  =a¡,  c2  =  a2  and 
d{  =  -bv  d2  =  -b2.  This  gives 

x(t)  =  a,  eos  t  +  a2  sin  /  +  b¡  eos  3t  +  b2  sin  3t, 
y(t)  =  a,  eos  t  +  a2  sin  /  -  6,  eos  3t  -  b2  sin  3t. 

In  the  natural  mode  with  frequency  co\  =  1  the  masses  move  in  the  same  direction  (left- 
hand  figure  below),  while  in  the  natural  mode  with  frequency  ^  =  3  they  move  in 
opposite  directions  (right-hand  figure  below).  In  each  case  the  amplitudes  of  motion  of  the 
two  masses  are  equal. 


The  system  has  operational  determinant  2D4  +10D2  +8  =  2(Z)2  +  l)(f)2  +4).  Henee 
the  general  form  of  the  solution  is 

x(t)  =  <3|Cos/  +  a2siní  +  é,cos2t  +  ¿2sin2r, 
y(t)  =  c,  eos  t  +  c2  sin  t  +  d{  eos  2t  +  d2  sin  2t. 
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Upon  substitution  in  either  differential  equation  we  see  that  c,  =  a,,  c2-  a2  and 
d]  =  -bx 12,  d2=  -b2 12.  This  gives 

x(t )  =  a,cosí  +  a2sin/  +  blcos2t+  b2sin2t, 
y{t )  =  axcost  +  a2svnt-\bxcos2t-\b2sm.2t. 

In  the  natural  mode  with  írequency  co¡  =  1  the  two  masses  move  in  the  same  direction 
with  equal  amplitudes  of  oscillation.  In  the  natural  mode  with  írequency  ¿05  =  2  the  two 
masses  move  in  opposite  directions  with  the  amplitude  of  m2  being  half  that  of  mu 

The  system  has  operational  determinant  Z)4  +  6D2  +5  =  (i)2  + l)  ( D2  +  5  j .  Henee  the 
general  form  of  the  solution  is 

x{t)  =  a^cost  +  a2sint  +  b^ostyfl  +  62siníV5, 
y(t)  =  c,  eos  /  +  c2  sin  t  +  dx  eos  t-¡5  +  d2  sin  t^¡5. 

Upon  substitution  in  either  differential  equation  we  see  that  c,  =av  c2=  a,  and 
dx  =  —bv  d2  =  -b2.  This  gives 

x(t)  =  a,  eos t  +  a2  sin /+  é,  cosí 7?  +  62sintV5, 
y(t)  =  ax  eos  t  +  a2  sin  t  -  bx  eos  tyfs -b2  sin  t^¡5. 

In  the  natural  mode  with  írequency  a>\  -  1  the  masses  move  in  the  same  direction  (leñ- 
hand  figure  below),  while  in  the  natural  mode  with  írequency  oy¿  -  y¡5  íhey  move  in 
opposite  directions  (right-hand  figure  below).  In  each  case  the  amplitudes  of  motion  of  the 
two  masses  are  equal. 
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44.  The  system  has  operational  determinant  DA+6D2+  8  =  (Z)2  +2)(£>2  +4).  Henee  the 
general  form  of  the  solution  is 

x(t)  =  a,  eos  / V2  +  n2  sin  í  72  +  eos  2t  +  b2  sin  2t, 
y{  t)  =  Cj  eos  /\/2  +  c2  sin  /  V2  +  <Z,  eos  2/  +  d2  sin  2t. 

Upon  substitution  in  either  differential  equation  we  see  that  c,  =  a, ,  c2  =  a2  and 
=  -bv  d2  =  -Z>2.  This  gives 

x(t)  =  axcosty¡2  +a2sintj2  +  6,  cos2z  +  ¿2sin2í, 
y(t)  =  a,  cos/V2  +  a2  sin  í V2  -  6,  eos  2t  -  b2  sin  2t. 

In  the  natural  mode  with  frequeney  co\  —  \¡2  the  two  masses  move  in  the  same  direction; 
in  the  natural  mode  with  frequeney  ü>2  =  2  th sy  move  in  opposite  directions.  In  each 
natural  mode  their  amplitudes  of  oscillation  are  equal. 


45.  The  system  has  operational  determinant  2D4  +20D2  +32  =  2(Z)2  +2)(Z)2  +8).  Henee 
the  general  form  of  the  solution  is 

x(f)  =  n,cosí\/2  +a2sinty¡2  +  6,cosí^  +  62sin/V8, 
y(t)  =  c,  cos/V2  +  c2  sin/V2  +  dx  costy/8  +d2  sin/V8. 


294 


Chapíer  5 


Upon  substitution  in  either  differential  equation  we  see  that  c,  -av  c2  =  a2  and 
dy  =  -6,  /  2,  d2-  -b2  /  2.  This  gives 

x(í)  =  a,cos/s/2  +a2sin/72  +  6,cosía/8  +  62sinu/8, 

XO  =  ^cosíV^  +  ^siníV^-^^cosí^-^^sinrVs. 

In  the  natural  mode  with  frequency  ¿»i  =  v2  the  two  masses  move  in  the  same  direction 
with  equal  amplitudes  of  oscillation  (see  the  left-hand  figure  on  the  preceding  page).  In  the 

natural  mode  with  frequency  02  =  V8  =  2y¡2  the  two  masses  move  in  opposite  directions 
with  the  amplitude  of  nt2  being  half  that  of  m.\  (see  the  right-hand  figure  on  the  preceding 
page). 

46.  The  system has  operational  determinant  D4  +20D2  +64  =  (^D2  +4^D2  +  16).  Henee 
the  general  form  of  the  solution  is 

x(t)  =  axcos2t  +  a2sin2t  +  bxcos4t  +  b2sin4t, 

XO  =  -c,  eos  2t  +  c2  sin  2t  +  dy  eos  4t  +  d2  sin  4t. 

Upon  substitution  in  either  differential  equation  we  see  that  c¡  =a¡,  c2=  a2  and 
dx  -  -bx,  d2  =  -b2.  This  gives 

x{t)  =  a,cos2t+a2sin2í+  61cos4t  +  62sin4í, 
y(t)  =  alcos2t  +  a2sin2t-b¡cos4t  —  b2sin4t. 

In  the  natural  mode  with  frequency  <«1=2  the  masses  move  in  the  same  direction  with 
equal  amplitudes  of  motion.  In  the  natural  mode  with  frequency  C02  =  4  they  move  in 
opposite  directions  with  the  same  amplitude  of  motion. 

47.  (a)  Looking  atFig.  5.2.7  in  the  text,  we  see  that  the  first  spring  is  stretchedby  x,  the 
second  spring  is  stretched  by  y  -  x,  the  third  spring  is  stretched  by  z-y,  and  the  fourth 
spring  is  compressed  by  z.  Henee  Newton's  second  law  gives  mx"  =  -  k(x)  +  k(y  -  x), 
my"  =  -  k(y  -  x)  +  k(z  -  y),  and  mz"  =  -  k(z  -  y)-  k(z). 

(b)  The  operational  determinant  is 

( D 2  +  2 )[(D2  +  2)2  -  1]  +  [  -C D2  +  2)]  =  (D1  +  2)[(tf  +  2)2  -  2], 

and  the  characteristic  equation  (r2  +  2)[(r2  +  2)2  -  2J  =  0  has  roots 
±/  \Í2  and  ±iy  2±  V2  . 
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48. 


The  given  system  has  operational  determinant  D4  +10D2  +9  =  (i)2  +  l)(Z)2  +  9).  Henee 
the  general  form  of  the  solution  is 

x(t )  =  a,cos/  +  a2sin/1  +  ¿>1cos3í  +  62sin3z, 
y{t)  =  e,  eos  /  +  c2  sin  /  +  d¡  eos  3t  +  d2  sin  3t. 

Upon  substitution  in  either  differential  equation  we  see  that  c,  =  -a2,  c2  =  a.  and 
d]=b2,  d2=  -bv  This  gives 

x(t)  =  a,  cos/  +a2  sin/+  bt  eos  3t  +  b2  sin  3t, 
y(t )  =  -  a2  eos  t  +  a{  sin  t  +  b2  eos  3/  -  b{  sin  3t. 

When  we  impose  the  initial  conditions  x(0)  =  4,  y(0)  =  x'(0)  =  y'(0)  =  0  we  fmd  that 
=3,  6,  =  1,  and  a2=b2- 0. 


SECTION  5.3 

MATRICES  AND  LINEAR  SYSTEMS 

The  first  half-dozen  pages  of  this  section  are  devoted  to  a  review  of  matrix  notation  and 
terminology.  With  students  who've  had  some  prior  exposure  to  matrices  and  determinants,  this 
review  material  can  be  skimmed  rapidly.  In  this  event  serious  study  of  the  section  can  begin 
with  the  subsections  on  matrix-valued  functions  and  first-order  linear  Systems.  About  all  that's 
actually  needed  for  this  purpose  is  some  acquaintance  with  determinants,  with  matrix 
multiplication  and  inverse  matrices,  and  with  the  fact  that  a  square  matrix  is  invertible  if  and 
only  if  its  determinant  is  nonzero. 
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2. 
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The  producís  Ax  and  By  are  not  defined,  because  in  neither  case  is  the  number  of 
columns  of  the  first  factor  equal  to  the  number  of  rows  of  the  second  factor. 
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6.  (a) 
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7.  det(AB)  =  0  =  0-0  =  det(  A)  •  det(B) 

8.  det(AB)  =  det(BA)  =  144  (with  AB  and  BA  as  in  Problem  5) 
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12. 
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21.  W(t) 
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x(/)  =  c,x,  +  c2x2  =  c, 


In  most  of  Problems  22-30,  we  omit  the  verifications  of  the  given  Solutions.  In  each  case,  this  is 
simply  a  matter  of  calculating  both  the  derivative  x'  of  the  given  solution  vector  and  the  product 

Ax,  (where  A  is  the  coefficient  matrix  in  the  given  differential  equation)  to  verify  that 
x]  =  Ax,  (just  as  in  the  verification  of  the  Solutions  x,  and  x2  in  Problem  21  above). 
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25.  W(t)  = 
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1 
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28. 
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In  Problems  31-34  (and  similarly  in  Problems  35^-0)  we  give  first  the  scalar  components 
*,(0  and  x2(t)  of  a  general  solution,  then  the  equations  in  the  coeffícients  c,  and  c2  thatare 

obtained  when  the  given  initial  conditions  are  imposed,  and  finally  the  resulting  particular 
solution  of  the  given  system. 

31.  x,(/)  =  c,c3' +2c2e"2',  x  2{t)  =  3c,c3'  +  c2e~21 

c,  +  2c2  =  0,  3c,  +  c2  =  5 

x,(0  =  2c3' -2c"2',  x2(t)  =  6c3' -e"2' 
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32.  x,(f)  =  c,c2/+c2c2',  x2(t)  =  c,e2'  +  5c2e2' 

c,  +c2  =  5,  c,  +  5c2  =  -  3 

x,(f)  =  le2'  -2e~21,  x2(/)  =  7c2'-10e-2' 

33.  x,(0  =  c,e3'+c2c2',  x2(/)  =  -  c,e3' —  2c2e2' 

c¡  +c2  —  11,  -c, -2c2  =  -7 

x,(7)  =  15e3'-4e2',  x2(7)  =  -15c3' +8e2' 

34.  x,(Y)  =  3c,c2' +c2e-5',  x2(/)  =  2c, e2'  +  3c2e-5' 

3c,  +c2  =8,  2c,  +  3c2  =  O 

x,(0  =  |(9c2'-2c-5'),  x2(0  =  y(c2'-c-5') 

35.  X,  (t)  =  2c,c' -2c2e3' +2c3c5',  x2(t)  =  2c,c' -2c3c5',  x3(/)  =  c,e' +c2e3' +c3e5' 

2c,  -  2 c2  +  2c3  =  O,  2c,  -  2c3  =  0,  c,  +  c2  +  c3  =  4 

x,(0  =  2c'-4c3'+2e5',  x2(í)  =  2c' -2e5',  x3(0  =  e'  +  2c3'  +c5/ 

36.  x,(0  =  c,e2'+c2e-',  x2(/)  =  c,c2'+c3c-',  x3(/)  =  c,e2'  -c2c-'  —  c3e-' 

c,+c2  =  10,  c,  +  c3  =  12,  c, -c2-c3  =  -1 

x,(0  =  7c2'+3c-',  x2(0  =  7c2'  +  5c-',  x3(/)  =  7c2' -Se'1 

37.  x,(/)  =  3c, e-2'  +c2e'  +  c3e3',  x2(í)  =  -2c,e~2' -c2e' -c3c3',  x3(/)  =  2c,e-2'  +  c2c' 

3c, +c2+c3  =  1,  -2c,  -c2-c3  =  2,  2c, +c2  =  3 

x,(0  =  9c-2' -3c' -5e3',  x2(t)  =  -6c-2' +3c' +  5e3',  x3(t)  =  6c-2' -3c' 

38.  x,(0  =  3c,c-2' +c2c' +  c3c3',  x2{t)  =  -2c,c-2' -c2e' -c3c3',  x3(í)  =  2c,c-2'+c2c' 

3c,  +  c2  +  c3  =5,  -  2c,  -  c2  -  c3  =  -  7,  2c,  +  c2  =  11 

x,(/)  =  -  6c-2' +  15c' -4c3',  x2(/)  =  4c-2'-15e'+4c3',  x3(/)  =  -4e-2'+15c' 
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39.  x,(/)  =  Cjéf'+c/,  x2(/)  =  c3e',  x3(í)  =  c2e~'  +  3c4e',  x4(t)  =  c,e~'  -2c3e' 

c,+c4  =  1,  c3  =  1,  c2+  3  c4  =1,  c,  -  2  c3  =  1 

x,(0  =  3e"-2e',  x2(t)  =  e',  x3(t)  =  7e~‘ -6e',  x4(t)  =  3e~' -2e‘ 

40.  x,(í)  =  c^-'+c/,  x2(t)  =  c3e‘,  x3(0  =  c2e~'  +  3c4e',  x4(t)  =  cxe' -lc3e‘ 

ct+c4  =  1,  c3  =  3,  c2+  3 c4  =  4,  c,  -  2c3  =  7 

x,(0  =  13íT'-12e',  x2(t)  =  3e‘,  x3(t)  =  40e~' -36e',  x4<7)  =  13e" -6e' 

41.  (a)  X2  =  txi,  so  neither  is  a  constant  múltiple  of  the  other. 

(b)  fV(xi,x2)  =  0,  whereas  Theorem  2  would  imply  that  W 0  if  xi  and  x2  were 
independent  Solutions  of  a  system  of  the  indicated  form. 

42.  If  xi2(0  =  cxii(í)  and  x22(/)  =  cx2i<7)  then 

=  X\\(t)x22(t)  -  *12(0*21(0  =  CXU(t)X2\(t)  -  CX\  i(t)x2¡(t)  =  0. 

43.  Suppose  W(a )  =  xn(a)x22(a)~ xu(a)x2l(a)  =  0.  Then  the  coefficient  determinant  of 
the  homogeneous  linear  system  c,xu(a)  +  c2xl2(a)  =  0,  ctx2t(a)  +  c2x22(a)  =  0 
vanishes.  The  system  therefore  has  a  non-trivial  solution  (c, ,  c2 }  such  that 

c{X\(a)  +  c2x2(a)  =  0.  Then  x(t)  =  c,x,(/)  +  c2x2(t)  is  a  solution  of  x'  =  Px  such 
that  x(a)  =  0.  It  therefore  follows  (by  uniqueness  of  Solutions)  that  x(t)  =  0,  that  is, 
c,x,(0  +  c2x2(t)  =  Owith  c,  and  c2  notbothzero.  Thus  the  solution  vectors  xi  and 
x2  are  linearly  dependent. 

44.  The  argument  is  precisely  the  same,  except  with  n  solution  vectors  each  having  n 
component  fiinctions  (rather  than  2  solution  vectors  each  having  2  component  functions). 

45.  Suppose  that  c,x1(/)  +  c2x2(/)  +  •••  +  cnx„(0  =  0.  Then  the  ith  scalar  component  of  this 
vector  equation  is  c,x„  (/)  +  c2xi2 (/)  +  •••  +  cnxm (t)  =  0.  Henee  the  fact  that  the  scalar 
functions  x,.,(/),  x(2(r),  •••,  xm(t)  are  linear  linearly  independent  implies  that 

c\  =  c2  =  •  •  •  c„  =  0.  Consequently  the  vector  functions  x,  (t),  x2  (/),  ■  •  • ,  x„ (/)  are  linearly 
independent. 
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SECTION  5.4 

THE  EIGENVALUE  METHOD  FOR 
HOMOGENEOUS  LINEAR  SYSTEMS 

IneachofProblems  1-16  we  give  the  characteristic  equation,  the  eigenvalues  A¡  and  A2  ofthe 
coeffícient  matrix  ofthe  given  System,  the  corresponding  equations  determining  the  associated 
eigenvectors  v,  =  [a,  6,]T  and  v2  =  [a2  b2]J,  these  eigenvectors,  and  the  resulting  scalar 
components  x¡(t)  and  x2(t)  of  a  general  solution  x(/)  =  c1v1e't|'  +  c2  v2e4'  ofthe  system. 


1. 


Characteristic  equation  A2  -2A- 3  =  0 
Eigenvalues  A\  =  -1  and  A2  =  3 


Eigenvector  equations 


Eigenvectors  Vi  =  [1  -1]T  and  v2 

3/ 
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and 

2 

= 
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2_ 
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0_ 

_2  — 2_ 

J b2 . 

0_ 

[1  l]1 

3/ 


*i(0  =  c¡e ‘  +c2e  ,  x2(t)  =  -c¡e  +  c2e 

The  left-hand  figure  below  shows  a  direction  field  and  some  typical  solution  curves 
for  the  system  in  Problem  1 . 


2.  Characteristic  equation  A2-3A-4  =  0 
Eigenvalues  A¡  =  -1  and  A2  =  4 
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"3  3' 

a\ 
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'-2  3 ' 

a . 

"0' 
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and 
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_2  2_ 

A. 
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_  2  -3_ 

0 

Eigenvector  equations 

Lz 

Eigenvectors  v¡  =  [1  -l]1  and  v2  =  [3  2]T 

X\(t)  =  c¡e~l  +  3c2e4t,  x2(t)  =  -C\e~‘  +  2c2e4‘ 

The  right-hand  figure  at  the  bottom  of  the  preceding  page  shows  a  direction  field  and 
some  typical  solution  curves. 

Characteristic  equation  A2  -5A-6  =  0 
Eigenvalues  A\  =  -1  and  A2  =  6 

Eigenvector  equations 

Lj  JJLO.J  Luj 

Eigenvectors  vj  =  [1  -1]T  and  v2  =  [4  3]T 

x\ (0  =  cie~' +  4c2e6t,  x2(t)  =  -cíe'1  +  3c2e6í 

The  equations 

xi(0)  =  c\+  4  c2  =  1 
*2(0)  =  -ci  +  3c2  =  1 

yield  C\  =  -1/7  and  c2  -  2/7,  so  the  desired  particular  solution  is  given  by 

*i(0  =  +%ebt),  x2(t)  =  j(e~‘  +  6e6'). 

The  left-hand  figure  below  shows  a  direction  field  and  some  typical  solution  curves. 
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4. 


Characteristic  equation  A2  -3/1-10  =  0 
Eigenvalues  A\  —  -2  and  X  =  5 


Eigenvector  equations 
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'-1  1  ' 

a ? 

"0‘ 

1 
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and 
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_6 
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A. 
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Ai. 
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Eigenvectors  vi  =  [1  -6]T  and  V2  =  [1  l]1 


*i(0  =  c\e~2t  +  C2e5t ,  X2{t)  =  -6c¡e~2'  +  C2e5' 

The  right-hand  figure  at  the  bottom  of  the  preceding  page  shows  a  direction  field  and 
some  typical  solution  curves. 


5. 


Characteristic  equation  A2  -4A- 5  =  0 
Eigenvalues  A\  —  -1  and  2-2  =  5 


Eigenvector  equations 
Eigenvectors  vi  =  [1 


\ - 

r- 
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r- 
1 _ 

a, 

'0' 

'1  -1 

a0 

'0' 
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and 

2 

zz 

1  -1 

A. 

_o_ 

\  -1  _ 

Ai. 

0_ 

1]T  and  V2  =  [7  1]T 


*1(7)  =  c\e~'  +  lc2e5',  *2(0  =  c¡e  '+  c2e5í 

The  left-hand  figure  below  shows  a  direction  field  and  some  typical  solution  curves. 


6.  Characteristic  equation  AJ-lA  +  \2  =  0 
Eigenvalues  A¡  =  3  and  A2  =  4 


Section  5.4 


307 


ir  *  f  6  SYa,!  [Ol  |~5  5  Ifa,"]  [0 

Eigenvector  equations  =  and  = 

[_-6  5 J  J  [OJ  [_-6  -6J[_&2_  0 

Eigenvectors  v,  =  [5  -6]T  and  v2  =  [1  -1]T 

xi(0  =  5cie3'  +  c2e4t,  x2(t)  =  -6c\e3'  -  c2e41 

The  initial  conditions  yield  c\  =  - 1  and  c2  =  6,  so 

*i(0  =  ~5e3í  +  6e4',  x2(t)  =  6e3/  -  6e41. 

The  right-hand  figure  at  the  bottom  of  the  preceding  page  shows  a  direction  field  and 
some  typical  solution  curves. 
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Characteristic  equation  A2  +  4  =  0 
Eigenvalue  A  =  2 i 
Eigenvector  equation 


"1-2/ 

-5 

a 

"0" 

1 

-1-2/ 

b_ 

0 

x(f)  =  ve2''  = 


*  T 

Eigenvector  v  =  [5  1-2/] 

5  eos  2t  +  5/  sin  2/ 

(eos  2/  +  2  sin  2 1)  +  /  (sin  2/  -  2  eos  2t) 
xi(/)  =  5cicos2/+  5c2sin2/ 

X2(t)  -  ci(cos  2t  +  2  sin  2t)  +  C2(sin  2t  -  2  eos  2t) 

=  (ci  -  2c2)cos  2t  +  (2ci  +  C2)sin  2t 


The  right-hand  figure  at  the  bottoni  of  the  preceding  page  shows  a  direction  field  and 
some  typical  solution  curves. 


Characteristic  equation  A2  +  16  =  0 
Eigenvalue  A  =  4/ 

Eigenvector  equation 


"2-4/ 
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"0" 
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***** 
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_b_ 

_0_ 

i.-iT 


Eigenvector  v  =  [5  2-4/] 

The  real  and  imaginary  parís  of 


x(t)  =  ve*"  = 

yield  the  general  solution 

xi(/)  =  5cicos  4/  +  5c2sin  4/ 


5  eos  4/ +  5/ sin  4/ 

(2  eos  4t  +  4  sin  4/)  +  /  (2  sin  4 1  -  4  eos  4t ) 


xi(t)  =  ci(2  eos  4t  +  4  sin  4/)  +  C2(2  sin  4t  -  4  eos  4/). 


The  initial  conditions  xj(0)  =  2  and  *2(0)  =  3  give  ci  =  2/5  and  C2  =  -11/20,  so 
the  desired  particular  solution  is 

x¡(í)  =  2  eos  4 /  -  x  sin  4t 
xi(t)  =  3  eos  4/  +  y  sin  4t. 


The  left-hand  figure  below  at  the  top  of  the  next  page  shows  a  direction  field  and  some 
typical  solution  curves. 
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10.  Characteristic  equation  A2  +  9  =  0 
Eigenvalue  A  =  3/ 

Eigenvector  equation 

Eigenvector  v  =  [-2  3+3  z']T 

.  .  3¿(  f  -2  eos  3/  --  2/  sin  3t 

x(t)  =  yeJ  = 

(3  eos  3t  -  3  sin  3/)  +  i  (3  sin  3t  +  3  eos  3/) 

*i(0  =  ~2cicos  3 1  -  2c2sin  3/ 
xz (/)  =  ci(3  eos  3t  -  3  sin  3 1)  +  C2(3  eos  3t  +  3  sin  3  f) 

=  (3ci  +  3c2)cos  3 1  +  (3c2  -  3ci)sin  3 1 

The  right-hand  figure  above  shows  a  direction  field  and  some  typical  solution  curves  for 
the  system  in  Problem  1 0. 


11. 


Characteristic  equation  A2  -  2A  +  5  =  0 
Eigenvalue  A  =  1-2/ 


Eigenvector  equation 


Eigenvector  v  =  [1  z']T 


The  real  and  imaginary  parts  of 
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x(t)  =  [1  /]T  e*(cos  2t  -  i  sin  2t) 

=  e ‘  [eos  2 1  sin  2t]T  +  ie‘  [-sin  2 1  eos  2 /]T 
yield  the  general  solution 

xi(/)  =  e;(cicos  2 1  -  C2sin  2 1) 

X2(t)  =  e^cisin  2 1  +  C2C0S  2 /). 

The  particular  solution  with  xi(0)  =  0  and  x2(0)  =  4  is  obtained  with  c\  =  0  and 
c2  =  4,  so 

xi(Y)  =  -4e'sin  2 1,  x2(/)  =  4e'cos  2 1. 


12. 


Characteristic  equation  A2  -  4A  +  8  =  0 
Eigenvalue  1  =  2  +  2/ 

Eigenvector  equation 

Eigenvector  v  =  [-5  l+2/]T 


\e{2+2i)l  =e2' 


-5  eos  2t  -5/  sin  2/ 

(eos  2/  -  2  sin  2/)  +  /  (sin  2/  +  2  eos  2/) 


xi(/)  =  e2'(-5cieos  2 1  -  5c2sin2/) 
jc2(/)  =  e2’  [ci(cos  2/  -  2  sin  2/)  +  c2(2  eos  2/  +  sin  2/)] 
=  e2‘  [(ci  +  2c2)cos  2t  +  (-2ci  +  c2)sin  2í] 
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The  leñ-hand  figure  below  shows  a  direction  field  and  some  typical  solution  curves. 
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x(0  =  ve(3+4í)'  =  e3 


eos  4/  +  / sin  4/ 
sin4í-zcos4í 


x\(t)  =  e3'(cicos  4 1  +  C2sin  4/) 
X2<7)  =  e3/(cisin  4 t  -  C2COS  At) 


The  left  hand  figure  below  shows  a  direction  field  and  some  typical  solution  curves. 


II 

T 

T- 

i 

\L  \L1  b 

11 . A  \\  ,  \„  \ 

Characteristic  equation  T2  -  10/1  +  41  =  0 
Eigenvalue  A  =  5  -  Ai 


Eigenvector  equation 


"2  +  4/ 

-5 

a 

'0' 

4 

-2  +  4/_ 

b_ 

i 

0 

Eigenvector  v  =  [5  2+4 z] 

x(t)  =  \e‘ 


•iT 


,(5-4/)/  =e5l 


5  eos  4z- 5/ sin  4/ 

(2  eos  At  +  4  sin  At)  +  i  (4  eos  4z  -  2  sin  4í) 
xi(0  =  5e5,(cicos  At  -  C2sin  At) 


X2 (t)  =  e5t  [(2ci  +  4c2)cos  4z  +  (4ci  -  2c2)sin  4z)] 


The  right-hand  figure  above  shows  a  direction  field  and  some  typical  solution  curves. 
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16. 


Characteristic  equation  A2  +  1 10/1+1000  =  0 
Eigenvalues  A\  =  -10  and  A2  =  -100 


Eigenvector  equations 
Eigenvectors  vi  =  [1 


'-40 

20' 

a\ 

'0' 

'50 

20' 

a9 

'0' 

1 

— 

and 

rr 

100 

-50 

A. 

0 

100 

40_ 

Ai. 

0 

2]t  and  v2  =  [2  -5]T 


jc,(0  =  cie-í0,  +  2  c2e~mt 
x 2(t)  =  2c\e~m  -  5c2e~mi 


The  right-hand  figure  above  shows  a  direction  field  and  some  typical  solution  curves. 


17. 


Characteristic  equation  -A3  + 15 A2  -542,  =  0 
Eigenvalues  A\  =  9,  Ai  -  6,  A3  =  0 
Eigenvector  equations 


'-5 

1 

4" 

'a,' 

'0' 

'-2 

1 

4' 

'a2' 

"0" 

'4 

1 

4' 

V 

'0' 

1 

-2 

1 

= 

0 

? 

1 

1 

1 

é2 

= 

0 

5 

1 

7 

1 

= 

0 

_  4 

1 

— 5_ 

_C\  _ 

_0_ 

_  4 

1 

-2_ 

-C2- 

_0_ 

_4 

1 

4_ 

_C3_ 

_0_ 

Eigenvectors  vi  =  [1  1  1]T,  v2  =  [1  -2  1]T,  V3  =  [1  0  -l]1 
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Xi(0  =  c\e9t  +  C2e61  +  c3 
X2 (t)  =  cíe9'  -  2c2e6' 
x3(/)  =  cíe9'  +  c2e6'  -  c3 

18.  Characteristic  equation  -23  +  1522-542  =  0 
Eigenvalues  2i  =  9,  22  =  6,  2.3  =  0 
Eigenvector  equations 


1 - 

CN 

<N 

00 

1 

1 _ 

V 

'0* 

'-5  2  2' 

V 

'0' 

'1  2  2 

V 

"0" 

2  -2  1 

= 

0 

5 

2  1  1 

62 

= 

0 

5 

2  7  1 

63 

= 

0 

2  1  -2 

_C\  _ 

0 

2  1  1 

_C2_ 

0 

_2  1  7_ 

_C3_ 

_0_ 

Eigenvectors  vi  = 

=  [1 

2 

2]T 

,  v2  = 

[0 

1  - 

1]T 

5 

v3  =  [4  ■ 

-1  - 

x¡  (t)  =  eje9'  +4c3 

x2(0  =  2c  ie9'  +  c2e6'  -  c3 
x3(/)  =  2c ie9'  -  c2e6'  -  c3 

19.  Characteristic  equation  -23  +  1222  -452  +  54  =  0 

Eigenvalues  2i  =  6,  22  =  3,  23  =  3 
Eigenvector  equations 


'-2 

1 

1  ' 

V 

'0' 

'1 

1 

r 

V 

"0" 

'1 

1 

r 

V 

'0* 

1 

-2 

1 

- 

0 

? 

1 

1 

1 

¿2 

= 

0 

1 

1 

1 

¿>3 

= 

0 

1 

1 

— 2_ 

_c._ 

0 

1 

1 

1 

-C2. 

_0_ 

1 

1 

i_ 

_C3_ 

0 

Eigenvectors  vi  =  [1  1  1]T,  v2  =  [1  -2  1]T,  v3  =  [1  0  -1]T 

xi(/)  =  c¡e6'  +  c2e3'  +  c3e3' 
x2(/)  =  c¡e6'  -  2c2e3' 
x3(/)  =  C|C6'  +  c2e3'  -  c3e3' 

20.  Characteristic  equation  -23  + 1722 -842  + 108  =  0 
Eigenvalues  2i  =  9,  22  =  6,  23  =  2 
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Eigenvector  equations 


~-4 

1 

3  " 

V 

"O- 

"-1 

1 

3' 

V 

"0” 

'3 

1 

3" 

"«a" 

'0' 

1 

-2 

1 

* 

= 

0 

? 

1 

1 

1 

^2 

= 

0 

? 

1 

5 

1 

b3 

= 

0 

_  3 

1 

-4_ 

_ci. 

_0_ 

_  3 

1 

-1 

_^2  _ 

_0_ 

_3 

1 

3_ 

.C3. 

0 

Eigenvectors  vi  =  [1  1  1]T,  v2  =  [1  -2  1]T,  v3  =  [1  0  -1]T 

x\ (t)  =  c\e9t  +  c2e6/  +  c3e21 

x2{t)  =  c\e9‘  -  2c2e6‘ 

x3(t)  =  c ¡e9'  +  C2e61  -  c3e2t 

21.  Characteristic  equation  -A3  +  A  =  0 

Eigenvalues  A\  =  0,  22  =  1,  A3  =  -1 
Eigenvector  equations 


'O 

1 

O 

IT) 

V 

'0' 

"4  0  -6' 

a2 

0 

'6 

0 

-6' 

V 

"0' 

2  -1  -2 

= 

0 

5 

2  -2  -2 

b2 

= 

0 

2 

0 

-2 

b3 

= 

0 

4  -2  — 4_ 

_ci_ 

0 

l 

1 

K> 

1 

|  U\ 

.C2_ 

0 

4 

-2 

— 3_ 

_C3_ 

0 

Eigenvectors 

Vi 

=  [< 

) 

2  5]t,  v2  = 

[3 

1  2]T, 

v3 

=  [2 

1 

2]T 

JCi(f)  =  6c  i  +  3c2e'  +  2c3e  ‘ 

x2(t)  =  2c  i  +  c2e‘  +  c3e~‘ 

x3  (t)  =  5c\  +  2c2e'  +  2c3e  1 

22.  Characteristic  equation  -A3  +  2 A2  +  5/1-6  =  0 

Distinct  eigenvalues  A\  =  -  2,  A2  =  1,  A3  =  3 
Eigenvector  equations 


'  5 

2 

2  ' 

V 

'0' 

'  2 

2 

2' 

V 

'0' 

"0 

2 

2  ' 

V 

~0‘ 

-5 

-2 

-2 

= 

0 

5 

-5 

-5 

-2 

bj 

= 

0 

7 

-5 

-7 

-2 

¿3 

= 

0 

_  5 

5 

5  _ 

_c\. 

0 

_  5 

5 

2  _ 

_C2_ 

_0_ 

_  5 

5 

0 

-C3. 

0_ 

Eigenvectors  vi  = 

=  [0 

1 

-1]T, 

v2  = 

[1 

-1 

o]T, 

v3  = 

[1  - 

1  lf 

*i(/)  =  c2c'  +c3e3' 

x2(t)  =  cíe-2'  -  c2c'  -  c3e3' 
x3(/)  =  -cic-2'  +  c3e3' 
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23.  Characteristic  equation  -A3  +3A2  +4A-12  =  0 
Eigenvalues  A¡  =  2,  A2  =  -2,  A3  =  3 
Eigenvector  equations 

'i  i  i  ira,i  rol  5  i  1 1M  rol  [O  1  iira3 

-5  -5-1  b,  =  0  ,  -5  -1-1  b2  =  0  ,  -5  -6  -1  b3 

_5  5  1  J[cJ  [oj  [  5  5  5  _  _c2_  0  5  5  0  c3 

Eigenvectors  vi  =  [1  -1  0]T,  v2  =  [0  1  -1]T,  v3  =  [1  -1  1]T 

x\(t)  =  cíe21  +  c3e3' 

x2(0  =  -cíe2'  +  c2e“2'  -  c3c3' 
x3(t)  =  -  c2e~21  +  c3e3' 

24.  Characteristic  equation  -A3  +A2-4A  +  4  =  0 
Eigenvalues  A  =  1  and  A  =  ±2i 
With  A  =  1  the  eigenvector  equation 

1  1  -i]Ul  [0' 

-4-4-1  by  =0  gives  eigenvector  Vi  =  [1  -1  0]T. 

4  4  iJUJ  L°J 

To  find  an  eigenvector  v  -  [a  b  cjT  associated  with  A  =  2 i  we  must  fínd  a  nontrivial 
solution  of  the  equations 

(2  -  2Í)a  +  b  -  c  =  0 

-4a  +  (-3  -  2 i)b  -  c  =  0 
4a  +  4b  +  (2  -  2 i)c  =  0. 

Subtraction  of  the  first  two  equations  yields 

(6  -  2í)a  +  (4  +  2 i)b  -  0, 

so  we  take  a  =  2  +  i  and  b  =  -3  +  /.  Then  the  first  equation  gives  c  =  3  -  i. 

Thus  v  =  [2+i  -3+i  3-z]t.  Finally 

(2  +  z)e2"  =  (2  eos  2r  -  sin  2t)  +  i  (eos  2t  +  2  sin  2t) 

(3  -  i)e2“  =  (3  eos  2 1  +  sin  2t)  +  i  (3  sin  2/  -  eos  2t), 
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so  the  solution  is 


*i(0  =  c\e‘  +  c2(2  eos  2 1  -  sin  2 1)  +  C3(cos  2t  +  2  sin  2 f) 
x2(t)  =  -cíe1  -  c2(3  eos  2 1  +  sin  2t )  +  c3( eos  2/  -  3  sin  2t) 
x2{t)  =  c2(3  eos  2t  +  sin  2 1)  +  c3( 3  sin  2/  -  eos  2/). 


25.  Characteristic  equation  -A3  +4 A2  -132  =  0 
Eigenvalues  X  =  0  and  2  ±3/ 

With  A  =  1  the  eigenvector  equation 


i _ 

5 

1 - 

(N 

1 

sf 

i _ 

'0' 

-6 

-6 

-5 

bi 

= 

0 

1 - 

G\ 

6 

1 _ 

1 - 

s* 

l _ 

1 

o 

i _ 

gives  eigenvector  vi 


[1  -1  0]T 


With  A  =  2  +  3/  we  solve  the  eigenvector  equation 


1 - 

(N 

«O 

rn 

1 

a 

'0' 

-6  -8-3/  -5 

b 

= 

0 

6  6  3-3/ 

c 

0 

to  find  the  complex-valued  eigenvector  v  =  [1+/  -2  2]T.  The  corresponding 
complex-valued  solution  is 


x(t)  =  ve(2+V)> 


2 1 


(eos  3 1  -  sin  3t)  +  i  (eos  3t  +  sin  3/ 
-2  eos  3/  —  2  /  sin  3/ 

2cos3/  +  2/sin3/ 


The  scalar  components  of  the  resulting  general  solution  are 


x\(t)  =  ci  +  eZl  [(c2  +  c3)cos  3/  +  (-c2  +  c3)sin  3/] 
Xl(t)  =  -ci  +  2e2,(-c2cos  3/  -  c3sin  3/) 
x3(/)  =  2e2,(c2cos  3 1  +  c3sin  3t) 


26.  Characteristic  equation  -A3  +  A2  +42  +  6  =  0 
Eigenvalues  A  =  3  and  A  =  - 1  ±  i 
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With  X  —  3  the  eigenvector  equation 


0 

0 

1 

ai 

9 

-4 

2 

— 

-9 

4 

-4_ 

_ci. 

gives  eigenvector  vj  =  [4 


9  0]T 


With  X  =  -1  +  i  we  solve  the  eigenvector  equation 


O 

T 

r 

a 

"0' 

9  i 

2 

b 

= 

0 

.  -g  4 

i 

c 

0 

to  find  the  complex-valued  eigenvector  v  =  [1  2 -i  -4 +i  ]T.  The  corresponding 

complex-valued  solution  is 


cost  +  isint 


x(r)  =  ve(",+0-'  =e~' 


(2  eos  t  +  sin  t)  +  i  (-  eos  t  +  2  sin  t) 


(-4  eos  t  -  sin  /)  +  i  (eos  t  -  4  sin  t) 


with  real  and  imaginary  parís  x2(í)  and  x3(/).  Assembling  the  general  solution 
x  =  cixi  +  c2X2  +C3X3,  we  get  the  scalar  equations 

Xi(t)  =  4cie3'  +  e~(  [c2cos  t  +  C3sin  t] 

x2(t)  =  9eie3t  +  e~‘  [(2 c2  -  cs)cost  +  (c2  +  2c3)sin  /] 

x3(t)  =  e~‘  [(-4c2  +  C3)eos  t  +  (-C2  -  4c3)sin  /]. 

Finally,  the  given  initial  conditions  yield  the  valúes  c¡  =  1,  c2  =  -4,  c3  =  1,  so  the 
desired  particular  solution  is 

x\{t)  =  4e3'  -  e~'(4  eos  t  -  sin  t ) 
x2{t)  =  9e3'  -  e~'(9  eos  t  +  2  sin  t ) 

*3(0  =  17e"'cost. 


The  coefficient  matrix 


A 


-0.2  0 
0.2  -0.4 


has  characteristic  equation  A2  +0.6A  +  0.08  =  0  with  eigenvalues  X\  =  -0.2  and 
X2  =  -0.4.  We  find  easily  that  the  associated  eigenvectors  are  vi  =  [1  1]T  and 
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y 2  =  [O  1]T,  so  we  get  the  general  solution 


x,(7)  =  c,e~02',  x2(t)  =  cte~02/ +  c2e~04' . 

The  initial  conditions  x,(0)  =  15,  x2(0)  =  0  give  c,=15  and  c2  =  -15,  so  we  get 

xi(/)  =  15e~02í,  x2(t)  =  I5e~0'21  -  \5e~0At. 

To  find  the  máximum  valué  of  x2(t),  we  solve  the  equation  x'2(t)  =  0  for  t  =  5  ln  2, 
which  gives  the  máximum  valué  X2(5  ln  2)  =  3.75  Ib.  The  following  figure  shows  the 
graphs  of  x,(7)  and  x2(/). 


28.  The  coefficient  matrix 


A 


-0.4  0 

0.4  -0.25 


has  characteristic  equation  l2  +0.652  +  0.10  =  0  with  eigenvalues  x,  =  -0.4  and 

X2  =  -0.25.  We  find  easily  that  the  associated  eigenvectors  are  vi  =  [3  -8]1  and 
y 2  =  [0  1]T,  so  we  get  the  general  solution 

x,(/)  =  3c¡e~a2' ,  x2(t)  =  -8c,e'0-2' +c2e"04'. 
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The  initial  conditions  x,(0)  =  15,  x2(0)  =  0  give  c,  =  5  and  c2  =  40,  so  we  get 


xi(0  =  15e“04',  x2(f)  =  -40e~OAl  +  40e-°25'. 

To  fmd  the  máximum  valué  of  x2(t),  we  solve  the  equation  x'2  (t)  =  0  for 

tm  =  -yin},  which  gives  the  máximum  valué  x2 {tm )  ~  6.85  Ib.  The  following  figure 

shows  the  graphs  of  x,(/)  and  x2(/). 


The  coefficient  matrix 

r-0.2  0.4 1 

A  = 

_  0.2  -0.4_ 

has  eigenvalues  A¡  =  0  and  Á2  =  -0.6,  with  eigenvectors  vi  =  [2  1]T  and 

V2  =  [1  -1]T  that  yield  the  general  solution 

x,(t)  =  2c¡  +  c2e~° 61 ,  x2(t)  -  c,-c2e~06'. 

The  initial  conditions  x,  (0)  =  15,  x2  (0)  =  0  give  c,  =  c2  =  5,  so  we  get 

x,(f)  =  10  +  5e”°'6',  x2(/)  =  5-5e-0'6'. 

The  figure  at  the  top  of  the  next  page  shows  the  graphs  of  x,(t)  and  x2(/). 
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30.  The  coefficient  matrix 


_  -0.4  0.25 

[  0.4  -0.25_ 

has  eigenvalues  Á¡  =  0  and  Á2  =  -0.65,  with  eigenvectors  vi  =  [5  8]T  and 

y 2  =  [1  -1]T  that  yield  the  general  solution 

x,(0  =  5 c,  +  c2e~0'65' ,  x2(t)  =  8c,  -c2e~065/. 

The  initial  conditions  x,(0)  =  15,  x2(0)  =  0  give  c,  =15/13,  c2  =  120/13,  so  we  get 

xi(t)  =  (  75  +  120c-0'65')/ 13 
x2(í)  =  (120  -  120c-0'65')/ 13. 

The  figure  at  the  top  of  the  next  page  shows  the  graphs  of  x,(t)  and  x2(t). 
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has  as  eigenvalues  its  diagonal  elements  A\  =  -1,  Aj  =  -2,  and  A3  =  -3.  We  find 
readily  that  the  associated  eigenvectors  are  vi  =  [1  1  1]T,  V2  =  [0  1  2]T,  and 
V3  =  [0  0  1]T.  The  resulting  general  solution  is  solution  is  given  by 

xy{t)  =  c,  e~' 

x2(t)  =  cxe~‘  +  c2e~2' 

x3(t)  =  c,  e~'  +  2 c2  e~2'  +  c3  e~3'. 

The  initial  conditions  x,(0)  =  27,  x2(0)  =  x2(0)  =  0  give  c,=c3  =  27,  c2=- 27,  so  we 
get 

*,(/)  =  27  e~' 

x2(t)  =  21  e~'  -21  e~2' 

x3(t)  =  21  e~‘  -  54 e~2'  +  21  e~3' . 

The  equation  jc3(/)  =  0  simplifies  to  the  equation 

3e~2'  - 4e~'  + 1  =  (3e” -l)(e" -l)  =  0 
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with  positive  solution  tm  =  ln  3.  Thus  the  máximum  amount  of  salt  ever  in  tank  3  is 
x3(ln3)  =  4  pounds.  The  figure  below  shows  the  graphs  of  x,(/%  x2(t),  and  x3(t). 


32.  The  coefficient  matrix 


A 


-3  0  0 

3-2  0 

0  2-1 


has  as  eigenvalues  its  diagonal  elements  =  -3,  Á2  =  -2,  and  Á3  =  -1.  We  fmd 
readily  that  the  associated  eigenvectors  are  vi  =  [1  -3  3]T,  v2  =  [0  -1  2]T,  and 
V3  =  [0  0  1  ]T.  The  resulting  general  solution  is  solution  is  given  by 

*i(0  =  C\e~3' 

x2(t)  =  -  3c,  e"3'  -  c2  e~2' 

x3(t)  =  3c,  e'3'  +2c2  e~2'  +c3e~'. 

The  initial  conditions  x,(0)  =  45,  x2(0)  =  x2(0)  =  0  give  c,=45,  c2  =  -135,  c3  =  135, 
so  we  get 

x,(í)  =  45  e'31 

x2(í)  =  -135  c-1' +  135  c-2' 

x3(/)  =  135c-3'-270e-2'+135e''. 
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The  equation  x'3(í)  =  0  simplifies  to  the  equation 


3e-2'  -  Ae~‘  + 1  =  (3éT'  -l)(e~'  -l)  =  0 

with  positive  solution  tm  =  ln  3.  Thus  the  máximum  amount  of  salt  ever  in  tank  3  is 
x3(ln3)  =  20  pounds.  The  figure  below  shows  the  graphs  of  x,(V),  x2(t),  and  x2{t). 


The  coefficient  matrix 


A 


-4  0  0 

4-6  0 

0  6-2 


has  as  eigenvalues  its  diagonal  elements  A¡  =  -4,  Ai  =  -6,  and  A3  =  -2.  We  find 
readily  that  the  associated  eigenvectors  are  vi  =  [-1  -2  6]T,  V2  =  [0  -2  3]T, 
and  V3  =  [0  0  1]T.  The  resulting  general  solution  is  solution  is  given  by 

x,(/)  =  -  c,  e"4' 

x2(t)  =  -2cte~41  -2c2e~61 

x3(t)  =  6c,  íf4'  +  3c2  e~6'  +  c3  e~2'. 

The  initial  conditions  x,(0)  =  45,  x2(0)  =  x2(0)  =  0  give  c,=-45,  c2=45,  c3  =  135,  so 
we  get 
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JC,(0  =  45  e~4' 

x2(t)  =  90A4'  -90e~6' 

x3(t)  =  -270e~4'  +  135e-6'  +135e~2'. 

The  equation  ^(Y)  =  0  simplifies  to  the  equation 

le"41  -  4e~2‘  +  i  =  (3e-2'  -l)(e-2'  —  l)  =  0 

with  positive  solution  tm  =  jln3.  Thus  the  máximum  amount  of  salt  ever  in  tank  3  is 
x3(^ln3)  =  20  pounds.  The  figure  below  shows  the  graphs  of  *,(/),  x2(t),  and  x3(t). 


34 .  The  coefficient  matrix 


A 


-3  0  0 

3-5  0 

0  5  -1 


has  as  eigenvalues  its  diagonal  elements  X\  =  -3,  Xi  =  -5,  and  =  -1.  We  fmd 
readily  that  the  associated  eigenvectors  are  yj  =  [-4  -6  15]T,  V2  =  [0  -4  5]T, 
and  V3  =  [0  0  1  ]T.  The  resulting  general  solution  is  solution  is  given  by 


326 


Chapter  5 


x,(t)  =  -4  c,  e~3' 

x2  ( t )  =  -  6c,  c-3'  -  4c2  e-5' 

x3(t )  =  15c,  c-3'  +5c2  e~5'  +  c3e-'. 

The  initial  conditions  x,(0)  =  40,  x2(0)  =  x2(0)  =  0  give  c,  =-10,  c2  =  15,  c3  =  75,  so 
we  get 

x,(0  =  40  c-3' 

x2(t)  =  60 e-3' -60c-5' 

x3(t)  =  -150c-3'  +  75c-5'+75c-'. 

The  equation  x'3(t)  =  0  simplifíes  to  the  equation 

5c-4'  -  6e-2'  + 1  =  (5e-2'-l)(c-2'-l)  =  0 

with  positive  solution  tm  =  yin 5.  Thus  the  máximum  amount  of  salt  ever  in  tank  3  is 
x3(yln5)  «  21.4663  pounds.  The  figure  below  shows  the  graphs  of  x,(t),  x2(t), 
and  x3(t) . 
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35.  The  coefficient  matrix 


A 


-6  0  3 

6  -20  0 
0  20  -3 


has  characteristic  equation  -A3  -29 A2  -198 A  =  -A(A-18)(A-11)  =  0  with 

eigenvalues  Ao  =  0,  A\  =  -18,  and  Aj  =  -11.  We  find  that  associated  eigenvectors 
are  v0  =  [10  3  20]T,  vi  =  [-1  -3  4]T,  and  v2  =  [-3  -2  5]T.  The 

resulting  general  solution  is  solution  is  given  by 

x,(0  =  10c0 -c,  e~18' -3c2  e~w 
x2(t)  =  3c0  -  3c,  e~w  -  2c2  e~Ut 
x3{t )  =  20c0  +4  c,  e~lSl  +  5  c2  e~Ul. 

The  initial  conditions  x,(0)  =  33,  x2(0)  =  x2(0)  -  0  give  c,=l,  c2  =55/7,  c3=- 72/7, 
so  we  get 

*,(/)  =  10-y(55e”18'  -216e-11') 
x2(0  =  3-y(l65e*18'  -144e“"') 
x3(t)  =  20  +  y(220e“18'  —  360e-11'). 

Thus  the  limiting  amounts  of  salí  in  tanks  1,  2,  and  3  are  10  Ib,  3  Ib,  and  20  Ib.  The 
figure  below  shows  the  graphs  of  x,(/),  x2(t),  and  x3(t)  . 
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36. 


The  coeffícient  matrix 


A 


x 

2 

0 

_x 

2 


has  characteristic  equation  -A3  -(6/ 5) A2  -(9/ 20) A  =  0  with  eigenvalues  Ao  =  0, 
Ai  =  -3(2  +  /y  10,  and  Aj  -  -3(2  -  /)/ 1 0 .  The  eigenvector  equation 


f— i  0  1  1 

2  U  2 

a 

"0' 

1  -J L  O 

2  5  U 

b 

= 

0 

0  I  -JL 

L  5  2  J 

c 

0_ 

associated  with  the  eigenvalue  Ao  =  0  yields  the  associated  eigenvector 

vo  =  [1  5/2  1]T  and  consequently  the  constant  solution  x0(/)  =  v0.  Then  the 

eigenvector  equation 


■*0+30  0 

1 

2 

a 

'0‘ 

1  *(4  +  3/) 

0 

b 

= 

0 

.  0  1 

To(1  +  3/)_ 

c 

0 

associated  with  A¡  =  -3(2  +  z')/10  yields  the  complex-valued  eigenvector 

vi  =  [-(1-3  i)/2  -(1+3  i)/2  1]T.  The  corresponding  complex-valued  solution  is 

x,(í)  =  v,^-6-3'»"10 

(-cos(3/  / 1 0)  +  3  sin(3/  / 1 0))  +  i  (3  cos(3/  / 1 0)  +  sin(3/  / 1 0)) 

(-  cos(3/ / 1 0)  -  3  sin(3/  / 1 0))  +  i (-3  cos(3/  / 1 0)  +  sin(3/  / 1 0))  . 

2  cos(3/  / 1 0)  —  2  /  sin(3/  / 1 0) 

The  scalar  components  of  resulting  general  solution  x  =  c0x0  +  c,  Re(x, )  +  c2  Im(x, )  are 
given  by 

x,(0  =  c0  +ye_3'/5[(-c,  +  3c2)cos(3//10)  +  (3c,  +  c2)sin(3//10)J 
x2(/)  ={c0 +yc'3'/5[(-c,  -3c2)cos(3//10)  +  (-3c,  +  c2)sin(3¿710)] 
x3(/)  =  c0  +  e'3'/5[c1cos(3/710)-c2sin(3//10)]. 

When  we  impose  the  initial  conditions  x,(0)  =  1 8,  x2(0)  =  x2(0)  =  0  we  find  that 
c0  =4,  c,  =  -4,  and  c2  =  8.  This  finally  gives  the  particular  solution 
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JC,(0  =  4  +  e_3í/5  [l  4  cos(3/  / 1 0)  -  2  sin(3/  / 1 0)] 
x2{t)  =  1 0  -  e~3,/5  [l  0  cos(3t  / 1 0)  - 1 0  sin(3t  / 1 0)] 

JCj(í)  =  4-íT3'/5[  4cos(3//10)  +  8sin(3í/10)]. 

Thus  the  limiting  amounts  of  salt  in  tanks  1, 2,  and  3  are  4  Ib,  10  Ib,  and  4  Ib.  The  figure 
below  shows  the  graphs  of  *,(/),  x2(t),  and  x3(t)  . 


37.  The  coefficient  matrix 


A 


-10  2 
1  -3  0 

0  3-2 


has  characteristic  equation  -A3  -  6 A2  -11 A  -  0  with  eigenvalues  Ao  -  0,  A¡  = 
-3  —  i  %/2  ,  and  Ai  =  -3  +  i  \¡2.  The  eigenvector  equation 


■-1 

0 

2  " 

a 

’o" 

1 

-3 

0 

b 

= 

0 

0 

3 

— 2_ 

c 

0_ 

associated  with  the  eigenvalue  Ao  =  0  yields  the  associated  eigenvector 
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vo  =  [6  2  3]T  and  consequently  the  constant  solution  x0(/)  =  v0.  Thenthe 

eigenvector  equation 


~2  +  Íyf2 

0 

2 

a 

~0" 

1 

¿V 2 

0 

b 

= 

0 

0 

3 

+ 

1 _ 

c 

0 

associated  with  X\  =  -3-/^2  yields  the  complex-valued  eigenvector 

v,  =  J\-2  +  /'V2)/3  (-1  -  lj  .  The  corresponding  complex-valued  solution 

is 

*,(()  =  v.e'*'-51' 

(-2cos(ía/2)  +  yÍ2  sin(tV2)j  +  i {J2  cos(í\/2)  +  2 sin(/V2)j 
[-cos(t^2)  -  V2  sin(/'72)j  +  i [--¡2  cos(tV2)  +  sin<7%/2))  . 

3  eos  (W2)-  3/sin(t\/2) 

The  scalar  components  of  resulting  general  solution  x  =  c0x0  +  c,  Re(x, )  +  c2  Im(x, )  are 
given  by 

x,(/)  =  6c0  +}c"3'^-2c,  +j2c2'jcos(tyj2)  +  (j2c]  +  2c2)sin(W2)J 
x2(t)  =  2c0+}e'3'^-c1-V2c2)cos(íV2)  +  (-A/2c,+c2jsin(tV2)J 
x3(t)  =  3 c0  +  e~3'  [c,  cos(ty¡2)  - c2  sin(íV2)J. 

When  we  impose  the  initial  conditions  x,(0)  =  55,  x2(0)  =  x2(0)  =  0  we  find  that 
c0  =  5,  c,  =  -15,  and  c2  =  45/\/2.  This  finally  gives  the  particular  solution 

x,  (/)  =  30  +  e'3'|^25cos(t^)  +  10V2sin(/\/2)J 
x2(t)  =  10-e-3'[l0cos(í^)-fV2sin(tV2)] 
x3(/)  =  15-e‘3'[l5cos(íV2)  +  fV2sin(t72)]. 

Thus  the  limiting  amounts  of  salt  in  tanks  1,  2,  and  3  are  30  Ib,  10  Ib,  and  15  Ib.  The 
figure  at  the  top  of  the  next  page  shows  the  graphs  of  x,(/),  x2(/),  andx3(/). 
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In  Problems  38—41  the  Maple  command  with  (linalg)  :  eigenvects  (A) ,  the  Mathematica 
command  Eigensystem [A] ,  or  the  MATLAB  command  [V,D]  =  eig  (A)  canbeusedto 
fínd  the  eigenvalues  and  associated  eigenvectors  of  the  given  coefficient  matrix  A. 


38.  Characteristic  equation:  (A  -  1)(A  -  2 )(A  -  3)(A  -  4)  =  0 
Eigenvalues  and  associated  eigenvectors: 


A  =  1, 

V  =  [1 

-2 

3 

-4]t 

CN 

II 

v  =  [0 

1 

-3 

6]T 

II 

Lk> 

v  =  [0 

0 

1 

-4]t 

II 

v  =  [0 

0 

0 

Scalar  solution  equations: 

*i(0  =  c\é 

xjU)  —  ~2c\(í  +  cíe2' 

x3(/)  =  3c¡e'  -  3c2e21  +  c3e3' 

*4 (0  =  -4c ¡e*  +  6c2e2'  -  4c3e3'  +  c¡,eM 
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39.  Characteristic  equation:  (A2-  1)(A2  -  4)  =  0 
Eigenvalues  and  associated  eigenvectors: 

A  =  1,  v  =  [3  -2  4  1]T 

A  =  -1,  v  =  [0  0  1  0]T 

A  =  2,  v  =  [0  1  0  0]T 

A  =  -2,  v  =  [1  -1  0  0]T 

Scalar  solution  equations: 

*i(X)  =  3cie 1  +  cne~2t 

x2(t)  =  -2c ye  +  c3e2t  -  c^e~2‘ 

x3(t)  -  4c\e‘  +  eje'1 
X4  (t)  =  c\e‘ 

40.  Characteristic  equation:  (A2  -  4)(A2  -  25)  =  0 
Eigenvalues  and  associated  eigenvectors: 


A  = 

2, 

v  =  [1 

-3 

0 

0]T 

A  = 

-2, 

V  =  [0 

3 

0 

-1]T 

A  = 

5, 

v  =  [0 

0 

1 

-3f 

A  = 

-5, 

v  =  [0 

1 

0 

of 

Scalar  solution  equations: 

*i(0  =  c\e2‘ 

x2 (0  =  — 3cie2/  +  3c2e  2t  -  Cafi  5/ 

x3(0  =  c3e5' 

^4(/)  =  -c2e~2t  -  3 c3e51 

41.  The  eigenvectors  associated  with  the  respective  eigenvalues  Ai  =  -3,  A2  =  -6, 
A3  =  10,  and  A4  =  15  are 

v,  =  [  1  0  0  -1]T 

v2  =  [  0  1-1  Of 

v3  =  [-2  1  1  -2]T 

v4  =  [  1  2  2  1]T. 

Henee  the  general  solution  has  scalar  component  functions 
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*i(0  =  Cíe  3í  -  2c3e10/  +  c4el5> 

X2  (t)  —  c2e~bt  +  c3el0t  +  2c4el5‘ 

x3 (t)  =  -  C2e  6í  +  c3el0‘  +  2 c4elSl 

x4(t)  —  -c¡e  3t  —  2c3el0t  +  c4e . 

The  given  initial  conditions  are  satisfied  by  choosing  c\  =  C2  =  0,  c3  =  -1,  and 
c4  =  1,  so  the  desired  particular  solution  is  given  by 

x\(t)  =  2el0‘  +  eX5t  =  jc 4(t) 
x2(t)  =  -em  +  2e15t  =  x3(t)  . 


In  Problems  42-50  we  give  a  general  solution  in  the  form  x(t)  =  c lvle*'1  +  c2v2eÁ1'  -i —  that 
exhibits  explicitly  the  eigenvalues  A, ,  X, , . . .  and  corresponding  eigenvectors  v,,v2,...  ofthe 
given  coeffícient  matrix  A. 


'3' 

T 

'2' 

4^ 

K) 

/"“N 

1! 

-1 
_  2  _ 

+  c2 

l 

i 

e2'  +  c3 

-3 

1 

43. 


x(t)  =  e, 


3 

-1 

5 


e  21  +  c. 


e4'  +  c-. 


„8f 


~T 

f5l 

44.  x(t)  =  c, 

10  KJ 

1 _ 

e~3'  +  c2 

l 

_5_ 

6/  .  _ 
e  +c3 

- , 

m  _ 

1  ^ 

_ i 

45. 


x(t)  = 


'  i ' 

'  1  " 

~2~ 

"  1  " 

i 

e~3'  +  c2 

2 

4-  C-> 

1 

e3‘  +  c. 

-1 

i 

-1 

3 

1 

4 

2 

-i 

1 

1 

-l 

46. 


x(t)  = 


‘3' 

'  1  ' 

'  1  " 

■  3  ■ 

2 

-4  /  . 

2 

2 1  . 

1 

4/  . 

-2 

-1 

e  +c2 

2 

e  +c3 

-1 

e  +  c4 

3 

1  _ 

-1 

1  _ 

3_ 
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SECTION  5.5 

SECOND-ORDER  SYSTEMS 
AND  MECHANICAL  APPLICATIONS 

This  section  uses  the  eigenvalue  method  to  exhibit  realistic  applications  of  linear  systems.  If  a 
Computer  System  like  Maple,  Mathematica,  MATLAB,  or  even  a  TI-85/86/89/92  calculator  is 
available,  then  a  system  of  more  than  three  railway  cars,  or  a  multistory  building  with  four  or 
more  floors  (as  in  the  project),  can  be  investigated.  However,  the  problems  in  the  text  are 
intended  for  manual  solution. 
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Problems  1—7  involve  the  system 


m\X\"  -  ~{k\  +  k2)x i  +  k2x2 

m2x2"  =  k2x i  -  ( k2  +  k2)x2 

with  various  valúes  of  m\,m2  and  k\,k2,k2.  In  each  problem  we  divide  the  first  equation  by  m\ 
and  the  second  one  by  m2  to  obtain  a  second-order  linear  system  x"  =  Ax  in  the  standard 
form  of  Theorem  1  in  this  section.  If  the  eigenvalues  A,  and  A,  are  both  negative,  then  the 
natural  (circular)  frequencies  of  the  system  are  <»,  =  and  co2  =  and  —  according  to 

Eq.  (11)  in  Theorem  1  of  this  section  —  the  eigenvalues  v,  and  v2  associated  with  A,  and  A, 
determine  the  natural  modes  of  oscillations  at  these  frequencies. 


1. 


The  matrix  A  = 


-2 

2 


2 

-2 


has  eigenvalues  \  =  0  and  A,  =  — 4  with  associated 


eigenvalues  v0=[l  1]T  and  v,=[l  -1]T.  Thus  we  have  the  special  case  described 

in  Eq.  (12)  of  Theorem  1,  and  a  general  solution  is  given  by 


x,  (t)  =  a, +a2t+  b¡  eos  2/  +  b2  sin  2t, 
x2(t)  =  a,  +a2r-6,cos2z-¿2sin2/. 


The  natural  frequencies  are  co  1  =  0  and  oí  -  2.  In  the  degenerate  natural  mode  with 
"frequeney"  co\  =  0  the  two  masses  move  by  translation  without  oscillating.  At 
frequeney  <«2  =  2  they  oscillate  in  opposite  directions  with  equal  amplitudes. 

has  eigenvalues  A,  =  -1  and  =  —9  with  associated 
eigenvalues  v,=[l  1]T  and  v2=[l  -1]T.  Henee  a  general  solution  is  given  by 


The  matrix  A  = 


-5  4 

5  -5 


x,(t)  =  a¡  cosí  +  a2  sint+  b¡  eos 3/  +  b2  sin 3/, 
x2{t)  =  a1cosí  +  a2sin/-¿,cos3t-¿2sin3/. 


3. 


The  matrix  A  = 


has  eigenvalues  A,  =  -1  and  A-,  =  -4  with  associated 


'-3  2  ' 

.  1  “2. 

eigenvalues  v,  =[1  lf  and  v2  =[2  -1]T.  Henee  a  general  solution  is  given  by 


x,(/)  =  of,cosí'+a2sint  +  26lcos2/  +  262sin2/, 
x2(/)  =  a,  cos/  +  a2sin/  -6,  eos  2/  ~¿2sin2t. 
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The  natural  frequencies  are  a>\  =  1  and  (üi  =  2.  In  the  natural  mode  with  frequency 
a>\ ,  thetwomasses  m\  and  m2  move  in  the  same  direction  with  equal  amplitudes  of 
oscillation.  In  the  natural  mode  with  frequency  coj  they  move  in  opposite  directions 
with  the  amplitude  of  oscillation  of  m\  twice  that  of  m2. 


4. 


The  matrix  A  = 


-3 

2 


2 

-3 


has  eigenvalues  X,  -  -1  and  ^  =  -5  with  associated 


eigenvalues  v,  =  [1  1]T  and  v2  =  [1  -  1]T.  Henee  a  general  solution  is  given  by 


x,(í)  =  at  cosí  +  a2  sin/  +  6,  eos  t-j5  +  b2  sin 

x2(t)  =  a,  cosí  +  a2  sinf  -  6,  eos  ¿V 5  -  b2  sin  tj5. 

The  natural  frequencies  are  ¿y,  -  1  and  co2  =  V?.  In  the  natural  mode  with  frequency 

co\,  the  two  masses  m\  and  m2  move  in  the  same  direction  with  equal  amplitudes  of 
oscillation.  At  frequency  a>i  they  move  in  opposite  directions  with  equal  amplitudes. 

has  eigenvalues  2,  =  -2  and  X,  =  -4  with  associated 
eigenvalues  v,  =  [1  1]T  and  v2  =  [1  -  1]T.  Henee  a  general  solution  is  given  by 

x,(t)  =  axcost'¡2+a2smtyl2  +  b[cos2t  +  b2sm2t, 
x2(t)  =  a,  eos  ty¡ 2  +  a2  sin  tj 2  - bx  eos 2 t-b2  sin 2 1. 

The  natural  frequencies  are  a>¡  =  V2  and  co2  =2.  In  the  natural  mode  with  frequency 

a>  i,  thetwomasses  m\  and  m2  move  in  the  same  direction  with  equal  amplitudes  of 

oscillation.  At  frequency  (Oí  they  move  in  opposite  directions  with  equal  amplitudes. 


5. 


The  matrix  A 


-3  1 

1  -3 


6. 


The  matrix  A  = 


-6  4 

2  -4 


has  eigenvalues  X,  =  -2  and  Xj  =  -8  with  associated 


eigenvalues  v,=[l  1]T  and  v2=[2  -1]T.  Henee  a  general  solution  is  given  by 


x,(7)  =  a,  eos  t4 2  +a2  sin  tyj 2  +  26,  eos  t-M  +  2 b2  sin  8, 
x2{t)  =  a,  eos  t\J 2  +  a2  sin  t42  -  6,  eos  tyfe  -b2  sin  /V8. 

The  natural  frequencies  are  a>x  =  \¡2  and  co2  =  V8.  In  the  natural  mode  with  frequency 
co  i,  thetwomasses  m\  and  m2  move  in  the  same  direction  with  equal  amplitudes  of 


Section  5.5 


337 


oscillation.  In  the  natural  mode  with  frequency  ¿yj  they  move  in  opposite  directions 
with  the  amplitude  of  oscillation  of  m\  twice  that  of  mj. 


7. 


The  matrix  A  = 


-10 

6 


6 

-10 


has  eigenvalues  A¡=-4  and  =  -16  with  associated 


eigenvalues  v,=[l  1]T  and  v2  =  [1  -1JT.  Henee  a  general  solution  is  given  by 


x,(Y)  =  a¡  cos2/  +«2  sin2t  +  bt  eos  4/  +  b2  sin  4/, 

x2(t)  =  ax  eos 2/  +  a2  sin 2t  -  bx  eos 4t  —  b2  sin 4t. 

The  natural  frequencies  are  o) i  =  2  and  a>i  =  4.  In  the  natural  mode  with  frequency 

(o i,  the  two  masses  m\  and  mi  move  in  the  same  direction  with  equal  amplitudes  of 

oscillation.  At  frequency  (02  they  move  in  opposite  directions  with  equal  amplitudes. 


8.  Substitution  of  the  trial  solution  x,  =  c,  eos  5/,  x2  =  c2  eos  5 1  in  the  system 

x,"  =  -5x, +4x2 +  96cos5í,  x2  =  4x,-5x2 

yields  c,  =  -5,  c2  =1,  so  a  general  solution  is  given  by 

*i(0  =  a,  cos/+u2sint+  b^oslt +  b2sin1t -5cos5t, 
x2(t)  =  u,  eos /  +  a2  sin t  -  bx  eos 3/  -  b2  sin 3/  +  eos 5 1. 

Imposition  of  the  initial  conditions  x,(0)  =  x2(0)  =  x,'(0)  =  x2(0)  =  0  now  yields 
a,  =2,  a2=  0,  6,  =3,  b2  =  0.  The  resulting  particular  solution  is 

x,(t)  =  2cos/  +  3cos3í-5cos5f, 
x2(t)  =  2cost-3cos3t  +  cos5t. 

We  have  a  superposition  of  three  oscillations,  in  which  the  two  masses  move 

•  in  the  same  direction  with  frequency  új¡  =  1  and  equal  amplitudes; 

®  in  opposite  directions  with  frequency  a>i  =  3  and  equal  amplitudes; 

®  in  opposite  directions  with  frequency  (o^-S  and  with  the  amplitude  of 
motion  of  m\  being  5  times  that  of  m^. 


9.  Substitution  of  the  trial  solution  x,  =  c,  cos3í,  x2  =  c2  cos3t  in  the  system 
x"  =  -3x,+2x2,  2x\  =  2x,  -4x2  + 120  eos  3t 
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yields  c,  =3,  c2=  —9,  so  a  general  solution  is  given  by 

x,(/)  =  eos  / + ór2  sin  /  +  26,  eos  2/  +  262  sin  2/  +  3  eos  3/, 
x2(t)  =  a,cos/  +  tf2sin/  -6[COs2¿  -b2  sin 2/ -9 eos  3/. 

Imposition  of  the  initial  conditions  x,  (0)  =  x2  (0)  =  x^O)  =  x2  (0)  =  0  now  yields 
a ,  =5,  a2  =  0,  b,  =  -4,  b2  =  0.  The  resulting  particular  solution  is 

x,(/)  =  5cos/-8cos2/  +  3cos3/, 
x2(t )  =  5cos/  +  4cos2/-9cos3/. 

We  have  a  superposition  of  three  oscillations,  in  which  the  two  masses  move 

•  in  the  same  direction  with  frequeney  co\  =  1  and  equal  amplitudes; 

•  in  opposite  directions  with  frequeney  (Oi  =  2  and  with  the  amplitude  of 
motion  of  m\  being  twice  that  of  m2; 

•  in  opposite  directions  with  frequeney  CO3  =  3  and  with  the  amplitude  of 
motion  of  m2  being  3  times  that  of  m.\. 

10.  Substitution  of  the  trial  solution  x,  =  c,  cosí,  x2  =  c2  cosí  in  the  system 

x¡  =  -10x,  +6x2  +30cosí,  x2  =  6x, -10x2 +60cosí 

yields  c-,  =14,  c2  - 16,  so  a  general  solution  is  given  by 

x,(í)  =  a,cos2í+a2sin2í+  h,cos4í  +  h2sin4í  +  14cos/, 
x2(í)  =  Ú'1cos2í  +  n2sin2í-6lcos4í-h2sin4í  +  16cos/. 

Imposition  of  the  initial  conditions  x,(0)  =  x2(0)  =  x[(0)  =  x2(0)  =  0  now  yields 
a,  =  1,  a2  =  0,  =  -15,  b2  =  0.  The  resulting  particular  solution  is 

x,(7)  =  cos2í-15cos4í  +  14cosí, 
x2(t)  =  cos2í  +  15cos4í  + lóeos/. 

We  have  a  superposition  of  three  oscillations,  in  which  the  two  masses  move 

•  in  the  same  direction  with  frequeney  a>]  =  1  and  with  the  amplitude  of 
motion  of  m2  being  8/7  times  that  of  mi; 

•  in  the  same  direction  with  frequeney  (02  =  2  and  equal  amplitudes; 

•  in  opposite  directions  with  frequeney  (03  =  4  and  equal  amplitudes. 
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11. 


(a) 


The  matrix  A  = 


-40 

12 


8 

-60 


has  eigenvalues  A¡  =  -36  and  A1  =  -64  with 


associated  eigenvalues  v2  -  [2  1]T  and  v2=[l  -3]T.  Henee  a  general  solution  is 

given  by 

x(t)  =  2a i  eos  6t  +  2a2  sin  6t  +  h,  cos8/  +  62  sin  8/, 
y(t)  =  a,  eos  6t  +  a2  sin  6t  -  36,  eos  8/  -  3¿2  sin  8/. 


The  natural  frequencies  are  a>\  =  6  and  =  8.  In  mode  1  the  two  masses  oscillate  in 
the  same  direction  with  frequeney  co\  =  6  and  with  the  amplitude  of  motion  of  m{  being 
twice  that  of  m2.  In  mode  2  the  two  masses  oscillate  in  opposite  directions  with 
frequeney  a> 2  =  8  and  with  the  amplitude  of  motion  ofm2  being  3  times  that  of  m\. 

(b)  Substitution  of  the  trial  solution  x  =  c,  eos  7 1,  y  =  c2  eos  7/  in  the  system 

x"  =  -40x  +  8y-195cos7/,  y"  =  12x -60y-195cos7t 


yields  c,  =  19,  c2=  3,  so  a  general  solution  is  given  by 


x(t)  =  2a1cos6t  +  2n2sin6/+  h,cos8t  +  ¿2sin8t  +  19cos7h 
y(t)  =  a,  eos  6t  +  n2  sin  6t  —  361cos8t-3h2sin8/  +  3cos7t. 

Imposition  of  the  initial  conditions  x(0)  =  19,  jc'(0)  =  12,  y(0)  =  3,  y'(0)  =  6  now  yields 
a,  =0,  a2  =  1,  bx  =0,  62  =  0.  The  resulting  particular  solution  is 

x(t)  =  2sin6t  +  19cos7t, 
y(t)  =  sin  6/  +  3  eos  It. 


Thus  the  expected  oscillation  with  frequeney  coi  =  8  is  missing,  and  we  have  a 
superposition  of  (only  two)  oscillations,  in  which  the  two  masses  move 


•  in  the  same  direction  with  frequeney  co\  -  6  and  with  the  amplitude  of 
motion  of  mi  being  twice  that  of  m2; 

®  in  the  same  direction  with  frequeney  co 3  =  7  and  with  the  amplitude  of  motion 
of  m\  being  19/3  times  that  of  m2. 


12. 


The  coefficient  matrix 


1 

-2 

1 


0 

1 

-2 


has  characteristic  polynomial 


A3  +  6A2  +  1 0A  +  4  =  (A  +  2  )(A2  +  4  A  +  2). 

Its  eigenvalues  A¡  =  -  2,  A1  =  —2  —  y¡2,  A¡  =  -2  +  ^¡2  have  associated  eigenvectors 
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v,-[l  O  -1]T,  v2=[l  -y¡2  1]T,  v3  =  [1  72  1]T.  Henee  the  system's  three 

natural  modes  of  oseillation  have 

«  Natural  frequeney  £»,  =  72  with  amplitude  ratios  1  :  0  :  -1. 

•  Natural  frequeney  co2  =  72  +  72  with  amplitude  ratios  1 :  -  72  : 1 . 

•  Natural  frequeney  co2  =  72-72  with  amplitude  ratios  1 : 72  : 1 . 

'-4  2  0 " 

13.  The  coefficient  matrix  A  =  2  -4  2  has  characteristic  polynomial 

0  2-4 

-A3  -  122}  -  40 A  -32  =  ~(A  +  4 )(A2  +  8A+  8). 

Its  eigenvalues  A¡  =  —  4,  X,  =  -4  —  272 ,  A3=—4  +  2^2  have  associated eigenvectors 

vi=[l  0  -1]T,  v2=[l  -y¡2  1]T,  v3=[l  72  1]T.  Henee  the  system's  three 

natural  modes  of  oseillation  have 

•  Natural  frequeney  cox=  2  with  amplitude  ratios  1:0:  —1 . 

•  Natural  frequeney  co2  =  74  +  272  with  amplitude  ratios  1 :  -  72  : 1 . 

•  Natural  frequeney  co2  =  74-  272  with  amplitude  ratios  1 : 72  : 1 . 

14.  The  equations  of  motion  of  the  given  system  are 

x\"  =  -50*1  +  10(x2  -  xi)  +  5  eos  lOt 
m2x2"  =  -10(x2  -  xi). 

When  we  substitute  xi  =  A  eos  10/,  x2  =  Be  os  10/  and  cancel  eos  10/  throughoutwe 
get  the  equations 

-40 A-  105  =  5 

-10^ +  (10-  100  m2)B  =  0. 

If  m2  =  0.1  (slug)  then  it  follows  that  A  -  0,  sothemass  m\  remains  at  rest. 

15.  First  we  need  the  general  solution  of  the  homogeneous  system  x"  =  Axwith 

r-50  25/2' 

A  = 

. 50  ~50  _ 
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The  eigenvalues  of  A  are  A\  =  -25  and  A2  =  -75,  so  the  natural  frequencies  of  the 
System  are  co\  —  5  and  coi  —  573.  The  associated  eigenvectors  are  =  [1  2]T 

and  v2  =  [1  -2]t,  so  the  complementary  solution  xc(/)  is  given  by 

x,(/)  =  a¡  cos5/  +  a2  sin  5/  +  6,  eos  573/  +  b2  sin  573/, 
x2(t)  =  2a,  eos  5/  +  2a2sin5/-2¿>,  eos  573/ -262  sin  573/. 

When  we  substitute  the  trial  solution  xp(/)  =  [cx  c2]Tcos  10/  in  the  nonhomogeneous 
system,  we  find  that  c¡  =  4/3  and  c2  =  -16/3,  so  a  particular  solution  xp(/)  is 
described  by 

x¡(t)  =  (4/3)cos  lOt,  x2(t)  =  -(16/3)cos  10r. 

Finally,  when  we  impose  the  zero  initial  conditions  on  the  solution  x(t)  =  xc(t)  +  xp(r) 
we  find  that  a¡  =  2/3,  a2  =  0,  b\  =  -2,  and  b2  =  0.  Thus  the  solution  we  seek  is 
described  by 


xt(0  =  feos  5t  -  2  eos  5y¡3 1  +  feos  10/ 
x2{t)  =  feos  5/ +  4  eos  573/  +  -f-cos  10/. 

We  have  a  superposition  of  two  oscillations  with  the  natural  frequencies  co\  =  5  and 
coi  —  5y¡3  and  a  forced  oscillation  with  frequeney  <x>  =  10.  In  each  of  the  two  natural 
oscillations  the  amplitude  of  motion  of  m2  is  twice  that  of  m\,  while  in  the  forced 
oscillation  the  amplitude  of  motion  of  m2  is  four  times  that  of  m\. 

16,  The  characteristic  equation  of  A  is 


(-ci  -  A)(-c2  -  A)  -  c\c2  -  A2  +  (ci  +  c2)A  =  0, 


whence  the  given  eigenvalues  and  eigenvectors  follow  readily. 

17.  With  c¡  =  c2  =  2,  it  follows  from  Problem  1 6  that  the  natural  frequencies  and 

associated  eigenvectors  are  co\  =  0,  vi  =  [1  1]T  and  co 2  =  2,  v2  =  [1  -1]T. 

Henee  Theorem  1  gives  the  general  solution 

x\ (/)  =  ax  +  bit  +  a2cos  2/  +  é2sin  2/ 
x2(/)  -  a\  +  b\t  -  a2cos  2/  -  ¿2sin  2/. 

The  initial  conditions  x[  (0)  =  v0,  x,(0)  =  x2(0)  =  x'  0)  =  0  yield  a1  =  a2  =  0  and 
b  1  =  v0/2,  b2  =  v0/4,  so 
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xj(/)  =  (vo/4)(2/  +  sin  2f) 
x2 (t)  =  (vo/4)(2?  -  sin  2 1) 

while  X2~x\  -  (v0/4)(-2  sin  2t)  <  O,  thatis,  until  t  =  n!2.  Finally,  x\\n!2)  =  O  and 
x-iinlT)  =  vo. 

With  C\  =  6  and  c2  =  3.  it  folio ws  fromProblem  16  that  the  natural  frequencies  and 
associated  eigenvectors  are  co\  =  0,  v,  =  [1  1]T  and  &>2  =  3,  v2  =  [2  -1]T. 

Henee  Theorem  1  gives  the  general  solution 

x\(t)  =  «i  +  ¿it  +  2n2cos3t  +  262sin3t 
x2(0  =  ai  +  ¿i/  -  ÍZ2COS  3/  -  ¿2 sin  3 1. 

The  initial  conditions  x[  (0)  =  vo,  xi(0)  =  x2(0)  =  x'  (0)  =  0  yield  a\  =  a2  =  0 
and  b\  =  vo/3,  ¿>2  =  vo/9,  so 

xi(0  =  (vo/9)(3/  +  2  sin  3/) 
x2(0  =  (v0/9)(3t-  sin  3t) 

while  x2-xi  =  (v0/9)(-3  sin  3/)  <  0;  thatis,  until  t  -  tz/3.  Finally,  x¡  (^z/3)  =  -v0/3 
and  x'2(n¡3)  =  2vo/3. 

With  C|  =  1  and  c2  =  3,  it  follows  from  Problem  16  that  the  natural  frequencies  and 
associated  eigenvectors  are  G)\  =  0,  vj  =  [1  1]T  and  a>2  =  2,  v2  =  [1  -3]T. 

Henee  Theorem  1  gives  the  general  solution 

xi(/)  =  a\  +  b\t+  o2cos2/+  ¿>2sin2t 
x2(t)  =  a\  +  b\t  -  3a2cos  2 1  -  362sin  2t. 

The  initial  conditions  xj  (0)  =  v0,  xj(0)  =  x2(0)  =  x'  (0)  =  0  yield  a¡  =  n2  =  0 
and  ¿i  =  3vo/4,  ¿2  =  vo/8,  so 

x¡(í)  =  (vo/8)(6t  +  sin  2t) 
x2 (/)  =  (vo/8)(6t  -  3  sin  2t) 

while  x2  -  xi  =  (v0/8)(-4  sin  2 1)  <  0;  that  is,  until  t  =  7z¡2.  Finally,  x¡  (7t¡2)  =  v0/2 
and  x'2  {n!2)  =  3vq/2. 
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20.  With  c\  =  c3  =  4  and  c2  =  16  the  characteristic  equation  of  the  matrix 


is 


A 


-4  4  0 

16  -32  16 
0  4-4 


A3  +  40  A2  +  144  A  =  A(A  +  4  )(A  +  36)  =  0. 


The  resulting  eigenvalues,  natural  frequencies,  and  associated  eigenvectors  are 


A¡  =0,  a>\  =  0, 

A2  =  -4,  &»2  =  2, 

A3  =  -36,  ah,  -  6, 


vi  =  [1  1  1]T 

v2  =  [1  0  -1]T 

v3  =  [1  -8  1]T 


Theorem  1  then  gives  the  general  solution 


xi(0  =  a\  +  b\t+  a2cos2r  +  62sin2t  +  a3cosór  +  63sin6í 
x2(/)  =  a\  +  b\t  -  8a3cos  6 1  -  863sin  6 1 

x3(0  =  a\  +  bit  -  a2cos  2 1  -  ¿2  sin  2t  +  a3 eos  6  t  +  ¿3 sin  6/. 


The  initial  conditons  yield  ai  =  a2  =  a3  =  0  and  61  =  4v0/9,  ¿2  =  v0  /  4, 
63  =  vq/108,  so 


xi(0  =  (vo/ 1 08)(48r  +  27  sin  2 1  +  sin  6t) 
*2(0  =  (vo/108)(48t  -  8  sin  6/) 

x3(0  =  (vo/108)(48t  -  27  sin  2/  +  sin  6t ) 

while 

x2  -  xi  =  -18(sin  2t)(3  -  2  sin32t)  <  0, 
x3  -  x2  =  -9(4  sin32/)  <  0; 

that  is,  until  t  =  7d2.  Finally 


x\  {id 2)  =  -v0/9,  x'(a/2)  =  8v0/9,  ^(a/2)  =  8v0/9. 

21.  (a)  The  matrix 


-160/3  320/3 
8  -116 


has  eigenvalues  A¡  «  -41.8285  and  /l2  »  -127.5049,  so  the  natural  frequencies  are 
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co\  »  6.4675  rad/sec  »  1.0293  Hz 
ft>2  «  11.2918  rad/sec  »  1.7971  Hz. 

(b)  Resonance  occurs  at  the  two  critical  speeds 

vj  =  2Qa>\l7t «  41  ft/sec  »  28  mi/h 
V2  =  20ü>zI n  »  72  ft/sec  «  49  mi/h. 

22.  With  k\  =  k2  =  k  and  L\  =  L2  =  1/2  the  equations  in  (42)  reduce  to 

rac"=  -2Ax  and  7(9"=  -Ai2  0/2. 

The  first  equation  yields  co\  =  'JlkTm  and  the  second  one  yields  <22  =  4kÜ  121. 
In  Problems  23-25  we  substitute  the  given  physical  parameters  into  the  equations  in  (42): 


mx"  =  ~{k\  +  k2)x  +  ( k\L\  -  k2L2)0 

70"  =  (¿,1,  -  k2L2)x  -  (k\L\2  +  k2L22)9 


As  in  Problem  21 ,  a  critical  frequency  of  co  rad/sec  yields  a  critical  velocity  of  v  =  20  col  n 
ft/sec. 


lOOx"  =  —  4000x, 

8000" 

=  1000000 

Obviously  the  matrix 

A  = 

-40 

0 

1 

M  ° 

1 _ 1 

has  eigenvalues  A,  -  -40  and  ^ 

Up-and-down: 

CO\  = 

a/40, 

vj  «  40.26  ft/sec  w  27  mph 

Angular: 

(02  = 

a/Í25, 

V2  «  71.18  ft/sec  »  49  mph 

24. 


lOOx"  =  —  4000  x  + 40000 
10000"  =  4000  x- 1040000 


The  matrix  A  = 


-40 

4 


40 

-104 


has  eigenvalues 


a>\  ~  6.1311,  vj  *  39.03  ft/sec  »  27  mph 

úJ2  ~  10.3155,  V2  «  65.67  ft/sec  «  45  mph 


100x*  =  -3OOOx-5OOO0 
8000"  =  -  5000  x-  750000 
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The  matrix  A  = 


has  eigenvalues  A¡,  A,  =  ^-99  ±  V3401 ). 

co i  ~  5.0424,  vi  «  32.10  ft/sec  «  22  mph 

coi  «  9.9158,  v2  ~  63.13  ft/sec  «  43  mph 

SECTION  5.6 

MULTIPLE  EIGENVALUE  SOLUTIONS 

In  each  of  Problems  1-6  we  give  first  the  characteristic  equation  with  repeated  (multiplicity  2) 
eigenvalue  A.  In  each  case  we  fmd  that  (A -TI)2  =  0.  Then  w  =  [1  0]T  is  a  generalized 

eigenvector  and  v  =  ( A  -  A  I)w  ^  0  is  an  ordinary  eigenvector  associated  with  A.  We  give 
finally  the  scalar  component  functions  x2(t)  of  the  general  solution 

x(í)  =  c\seM  +  c2(vt  +  'w)eÁt 


-30  -50 

-25/4  -375/4 


of  the  given  system  x'  =  Ax. 


1. 


Characteristic  equation 
Repeated  eigenvalue 
Generalized  eigenvector 


T2  +  6  A  +9  =  0 
A  =  -3 
w  =  [1  0]T 


v 


(A-TI)w 


'  i  r 

T 

'  i ' 

__i  _i 

_o_ 

-i_ 

x¡(t)  =  (  c\  +  c2  +  c2t)e  31 


x2(t)  =  (-C,  -  c2t)e~3'. 


The  left-hand  figure  below  shows  a  direction  field  and  typical  solution  curves. 
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2. 


Characteristic  equation 
Repeated  eigenvalue 
Generalized  eigenvector 


/i2  —  4  A  +  4  =  0 
A  =  2 

w  =  [1  0]T 


The  right-hand  figure  at  the  bottom  of  the  preceding  page  shows  a  direction  field  and 
typical  solution  curves. 


3. 


Characteristic  equation  A2  -  6A  + 9  =  0 
Repeated  eigenvalue  A  =  3 

Generalized  eigenvector  w  =  [  1  0]T 


v  =  (A-ll)w  = 


-2  -2  r  i 


Xi(0  =  (-2ci  +C2-  2c2t)e3‘ 
x2(t )  -  (  2ci  +  2c2t)e3‘. 


The  figure  below  shows  a  direction  field  and  typical  solution  curves. 


-5  -4  -3  -2  -1  0  1  2  3  4  5 


4.  Characteristic  equation  A2  -  SA  +  1 6  =  0 
Repeated  eigenvalue  A  =  4 

Generalized  eigenvector  w  =  [  1  0]T 
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v  =  (A-Al)w  =  = 

L 1  1 1°J  L 1 . 

X[(0  =  (-Ci  +  c2-  C2t)e4í 
x2(t)  =  (  Ci  +  c2t)e41. 

The  leñ-hand  figure  below  shows  a  direction  field  and  typical  solution  curves. 


Xl 


5. 


Characteristic  equation 
Repeated  eigenvalue 
Generalized  eigenvector 


A2-  10A  +  25  =  0 
A  =  5 

w  =  [1  0]T 


2 

-4 

jci(0  =  (  2c  i  +  c2  +  2c2t)e5‘ 
x2 (t)  =  (-4ci  -  4 c2t)e51. 


v  =  (A-Al)w  = 


2  1 

1 

-4  -2 

0 

The  right-hand  figure  above  shows  a  direction  field  and  typical  solution  curves. 


6.  Characteristic  equation 
Repeated  eigenvalue 
Generalized  eigenvector 


A2  -  10A  +  25  =  0 
A  =  5 

w  =  [1  0]T 


v 


(A  -  Al)w 


-4  -4' 

V 

’-4~ 

_4  4  _ 

0_ 

_  4_ 
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Xy{t)  =  ( -4C\  +  Cj  ~  4C20^5í 
x2(t )  =  ( 4c,  +  4c20^5í- 

The  figure  below  shows  a  direction  field  and  typical  solution  curves. 


In  each  of  Problems  7-10  the  characteristic  polynomial  is  easily  calculated  by  expansión  along 
the  row  or  column  of  A  that  contains  two  zeros.  The  matrix  A  has  only  two  distinct 
eigenvalues,  so  we  write  A¡ ,  A1,  A¡  with  either  Al=A1  or  A2=A3.  Nevertheless,  we  find  that  it 

has  3  linearly  independent  eigenvectors  v,,v2,and  V3.  We  list  also  the  scalar  components 
xi(f),  x2(t),  x3(t)  of  the  general  solution  x(7)  =  +  c2v2e/'2'  +  of  the  system. 


7. 


Characteristic  equation  -A3  +  13A2 -40T  +  36  =  -(A-2)2(A  —  9) 

Eigenvalues  A  =  2,  2,  9 

Eigenvectors  [1  1  0]T,  [1  0  1]T,  [0  1  0]T 

x\(t)  =  cle2'  +  c2e2¡ 
x2(t)  =  c\e2‘  +  c3e91 

x3(t)  =  c2e2' 


8. 


Characteristic  equation 

Eigenvalues 

Eigenvectors 


-A3  +  33/t2  -351/1  +  1183  =  -(A 
A  =  7,  13,  13 

[2  -3  lf,  [0  0  1  f,  [-1  1 


xi(/)  =  2c\e"  -c3eUt 


x2(t)  ~  -3c\e7‘  +  c3el3t 


x3(í)  =  c\e7'  +  c2eUl 


13)2(A-7) 

Of, 
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9.  Characteristic  equation  -A3  + 1 9  A2  - 1 1 5 A  +  225  =  -  (A  -  5)2  (A  -  9) 

Eigenvalues  A  =  5,  5,  9 

Eigenvectors  [1  2  0]T,  [7  0  2]T,  [3  0  1]T 

xi(í)  =  cíe5'  +  7c2e5'  +  3c3e9' 

x2(í)  =  2c  ie5' 

x3(í)  =  2c2e5'  +  C3e9' 


10.  Characteristic  equation  - A 3  + 1 322  - 5 1 A  +  63  =  -(A-3)2(A- 7) 

Eigenvalues  A  =  3,  3,  7 

Eigenvectors  [5  2  0]T,  [-3  0  lf,  [2  1  Of 

xi(0  =  5cie3'  -  3c2e3'  +  2  c3e7' 
x2(/)  =  2cie3'  +  ese7' 

x3(í)  =  c2e3' 


In  each  of  Problems  11-14,  the  characteristic  equation  is-A3  -3A2  -3A-1  =  -  (A  + 1)3 . 
Henee  A  =  -1  is  a  triple  eigenvalue  of  defect  2,  and  we  fmd  that  (A- AI)3  =0.  Ineach 
problem  we  start  with  v3  =  [1  0  0]T  and  then  calcúlate  v2  =  ( A  -  AT)v3  and 
v,  =  (A  -  AI)v2  *  0.  It  follows  that  (A  -  /U)v,  =  (A  -  AI)2 v2  =  (A  -  AI)3v3  =  0,  so  the  vector 

vi  (if  nonzero)  is  an  ordinary  eigenvector  associated  with  the  triple  eigenvalue  A.  Henee 
{vi,  v2,  v3}  is  a  length  3  chain  of  generalized  eigenvectors,  and  the  corresponding  general 
solution  is  described  by 

x(t)  =  e~‘  [civi  +  c2(vi  /  +  v2)  +  c3(vi  ?12  +  v2  /  +  v3)]. 

We  give  the  scalar  components  xi(t),  x2(t),  x3(t)  of  x(t). 

11.  v,  =  [0  1  0]T,  v2  =  [-2  -1  lf,  v3  =  [1  0  0]T 

X|(f)  =  e~‘(-2 c2  +  C3  -  2 c-¡t) 

x2(t)  =  e"'(ci  -  c2  +  c2 1  -  c3 1  +  c3  Z2/ 2) 
x3(í)  =  e"'(c2  +  c3 1) 

12.  v,  =  [1  1  0]T,  v2  =  [0  0  lf,  v3  =  [1  0  Of 

X|(t)  =  e"'(ci  +  c3  +  c2/ +  c3/2/2) 

x2(/)  =  e"'(ci  +  c2 1  +  c3 12/2) 
x3(t)  =  e~'(c2  +  c3  /) 
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13.  Here  we  are  stymied  initially,  because  if  v3  =  [1  O  0]T  then  (A  -  /U)v3  =  O  doesnot 
qualify  as  a  (nonzero)  generalized  eigenvector.  We  there  make  a  fresh  start  with 

v3  =  [0  1  0]T,  and  now  we  get  the  desired  nonzero  generalized  eigenvectors  upon 
successive  multiplication  by  A  -  Al. 

v,  =  [1  0  0]T,  v2  =  [0  2  1]T,  v3  =  [0  1  0]T 
x\(f)  =  e  ^Ci  +  c~l  t  +  c3  Z2/2) 
x2(Z)  =  e~‘ (2  C2  +  C3  +  2  c3  Z) 
x3(Z)  =  e_<(c2  +  c3 1) 

14.  v,  =  [5  -25  -5]t,  v2  =  [1  -5  4]T,  v3  =  [1  0  0]T 
xi(Z)  =  e"'(5ci  +  c2  +  c3  +  5c2 Z  +  c3 Z  +  5c3  í2 /2) 

x2(t)  =  e"'(-25ci  -  5c2  -  25c2  /  -  5c3 1  -  25 c3  Z2 12) 
x3(Z)  =  e'r(-5ci  +  4c2  -  5c2  t  +  4c3 1  -  5 c3  Z2 /2) 

In  each  ofProblems  15-18,  the  characteristic  equation  is-A3  +3A2  —3A  + 1  =  -(A-l)3. 

Henee  A  =  1  is  a  triple  eigenvalue  of  defect  1 ,  and  we  find  that  (A  -  AI)2  =  0.  First  we  fmd 
the  two  linearly  independent  (ordinary)  eigenvectors  ui  and  u2  associated  with  A.  Then  we 
start  with  v2  =  [1  0  0]T  and  calcúlate  v,  =  (A  —  Al)x2  &  0.  It  follows  that 
(A-AI)v,  =(A-AI)2v2  =0,  so  vi  is  an  ordinary  eigenvector  associated  with  A.  However, 

Vi  is  a  linear  combination  of  ui  and  u2,  so  v,e'  is  a  linear  combination  of  the  independent 
Solutions  u,e'  and  u2e' .  But  {vi,  v2}  is  a  length  2  chain  of  generalized  eigenvectors 
associated  with  A,  so  (v,Z  +  v2)e'  is  the  desired  third  independent  solution.  The  corresponding 
general  solution  is  described  by 

x(Z)  =  e[c\U\  +  c2u2  +  c3(vi  Z  +  v2)] 

We  give  the  scalar  components  xj(Z),  x2(Z),  x3(Z)  of  x(Z). 

15.  u,  =  [3  -1  Of  u2  =  [0  0  lf 

v,  =  [-3  1  lf  v2  =  [1  0  Of 

xi(Z)  =  e'(3c¡  +  c3  -  3c3Z) 

x2(Z)  =  e\-c  i  +  c3  Z) 
x3(Z)  =  e'(c2  +  c3Z) 
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16. 


ui  =  [3  -2  0]T  «2  =  [3  O  -2]t 

v,  =  [O  -2  2]t  v2  =  [1  O  0]T 

xi(0  =  e‘(3c\  +  3c2  +  c2) 
x2(t)  =  e(-2c\  -  2c3  t ) 

X3  (f)  —  e‘{-2c2  +  2C3 1) 

17.  uj  =  [2  O  -9]t  u2  =  [1  -3  0]T 

v,  =  [O  6  -9]t  v2  =  [0  1  0]T 

(Either  v2  =  [1  0  0]T  or  v2  =  [0  0  1]T  can  be  used  also,  but  they 

yield  different  forms  of  the  solution  than  given  in  the  book's  answer  section.) 

x¡(/)  =  e‘(2c\  +  c2) 

x2(t)  =  e'(-3c2  +  C3  +  6c3  t) 

X3 (0  =  e‘(-9c¡  -  9 c3 1 ) 

18.  u,  =  [-1  0  lf  m2  =  [-2  1  0]T 

vi  =  [0  1  -2]t  v2  =  [1  0  0]T 

xi(0  =  e\-c\  -2c2  +  C3) 

^2(0  =  e\c2  +  c3t) 
x3 (t)  =  e‘(c\  -  2c3  t) 

19.  Characteristic  equation  A4  -  2/L2  +  1  =  0 
Double  eigenvalue  A  =  - 1  with  eigenvectors 

v,  =  [1  0  0  lf  and  v2  =  [0  0  1  0]T 
Double  eigenvalue  A  =  +1  with  eigenvectors 

v3  =  [0  1  0  -2f  and  v4  =  [1  0  3  Of. 

General  solution 

x(r)  =  e''(c]Vi +c2v2)  +  e'(c3v3  +  C4V4) 

Scalar  components 

x\ (/)  =  cie"í  +  c4e/ 

x2(t)  =  c3e‘ 

x3  (t)  =  c2e~'  +  3c4e‘ 

X4 (t)  =  cíe'1  -  2c3e‘ 
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20.  Characteristic  equation  A4 -8A3 +24A2 -32A  +  16  =  (A  -  2)4  =  0 
Eigenvalue  A  =  2  with  multiplicity  4  anddefect  3. 

We  find  that  (A  -  Al)3  *  0  but  (A  -  Al)4  =  0.  We  therefore  start  with 

v4  =  [0  0  0  1]T  and  define  v3  =  (A  -  /ll)v4,  v2  =  (A  -  Al)\3,  v2  =  (A  -  Al) v3,  and 

v¡  =  (A  -  Al)v2  ^  0.  This  gives  the  length  4  chain  {vj,  v2,  V3,  v4}  with 

v,  =  [1  0  0  0]T  v2  =  [0  1  0  0]T 

v3  =  [1  0  1  0]T  v4  =  [0  0  0  1]T. 

The  corresponding  general  solution  is  given  by 

x(t)  =  e~‘  [ciVj  +  c2(v  1 Z  +  v2)  +  C3(vj  Z2 12  +  v2  Z  +  v3) 

+  c4(vi  Z3/6  +  v2  r/2  +  v3 1  +  v4)] 

with  scalar  components 

xi(7)  =  e2l(c\  +  C3  +  c2 1  +  C4 1  +  C3  ?I2  +c4  P /6) 
x2(t)  =  e2t{c2  +  c3 1  +  C4  P 12) 
x3(r)  =  e2'(c3  +  c4 1) 
x4(í)  =  e2,(c4). 

21.  Characteristic  equation  A4 -4A3 +6A2 -4A  +  1  =  (A  -  l)4  =  0 
Eigenvalue  A  =  1  with  multiplicity  4  anddefect  2. 

We  find  that  (A  -  Al)2  0  but  (A  -  Al)3  =  0.  We  therefore  start  with 

v3  =  [1  0  0  0]T  and  define  v2  =  (A  -  AI)v3  and  v,  =  (A  -  Al)v2  *  0,  thereby 

obtaining  the  length  3  chain  {vi,  v2,  v3}  with 

vi  =  [0  0  0  1]T,  v2  =  [-2  11  0]T,  v3  =  [1  0  0  0]T. 

Then  we  find  the  second  ordinary  eigenvector  v4  =  [0  0  10].  The  corresponding 

general  solution 

x(/)  =  e'  [c|V|  +  c2(vi  t  +  v2)  +  c3(vi  Z2 12  +  v2 1  +  v3)  +  c4v4] 
has  scalar  components 

xi(Z)  =  e‘(-2c2  +  c3  -  2c3 1) 
xi(t)  =  e'(c2  +  c3t) 
x3(Z)  =  e(c2  +  c4  +  c3 1). 
x4(z)  =  e'(c\  +  c2  i  +  c3  Z2  ¡2.) 
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22.  Same  eigen valué  and  chain  structure  as  in  Problem  21,  but  with  generalized  eigenvectors 

V,  =  [1  0  0  -2]t  v2  =  [3  -2  1  -6]t 

v3  =  [0  1  0  0]T  v4  =  [1  0  0  0JT 

where  {v,,  v2,  v3}  is  a  length  3  chain  and  V4  is  an  ordinary  eigenvector.  The  general 

solution  x(í)  defined  as  in  Problem  21  has  scalar  components 

xi(t)  =  e\c\  +  3c2  +  C4  +  c2 1  +  3c3  t  +  c3  í2 /2) 
x2(0  =  e'(-2c2  +  c3  -  2c3  t) 

*3(0  =  e(c2  +  c3 1) 

x4(t)  =  e'(-2ci  -  6c2  -  2 c2  í  -6c3 1  -  c3  f2) 

In  Problems  23  and  24  there  are  only  two  distinct  eigenvalues  A,  and  A,.  However,  the 
eigenvector  equation  (A  — Al)v  =  0  yields  the  three  linearly  independent  eigenvectors  vj,  v2, 
and  v3  that  are  given.  We  list  the  scalar  components  of  the  corresponding  general  solution 
x(t)  =  c,v,e'v  +  c2y2eXl'  +  CjVjg^'. 

23.  A¡  =  -1:  {vi}  with  vj  =  [1  -1  2]T 

A2  -  3:  {v2}  with  v2  =  [4  0  9]T  and 

{v3}  with  v3  =  [0  2  1]T 

Scalar  components 

xi(/)  =  cíe"1  +  4c2e3t 
x2(t)  =  -cíe"'  +  2c3e3' 

x3(í)  =  2cie'/  + 9c2e3'  +  c3<?3' 

24.  Ai  =  -2:  {v¡}  with  vi  =  [5  3  -3]T 

A2  =  3:  {v2}  with  v2  =  [4  0  -1]T  and 

{v3}  with  v3  =  [2  -1  0]T 

Scalar  components 

xj(í)  =  5c\e  2/ +  4c2e3í  +  2c3e3í 
x2(0  =  3c, e-2'  -  c3e3' 

X3(t)  =  -3ciC_2/  -  C2C3' 

In  Problems  25, 26,  and  28  there  is  given  a  single  eigenvalue  A  of  multiplicity  3.  We  find  that 
(A-AI)2*0but  (A  -  AI)3  =  0.  We  therefore  start  with  v3  =  [1  0  0]T  and  define 
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y 2  =  (A  -  /H)v3  and  v,  =  (A  -  Ál)v2  &  O,  thereby  obtaining  the  length  3  chain  {vi,  V2,  V3}  of 

generalized  eigenvectors  based  on  the  ordinary  eigenvector  vt.  We  list  the  scalar  components  of 
the  corresponding  general  solution 

x(t)  =  ciVie Xl  +C2(vjí  + V2)e'1'  +  C3(vir2/2  +  V2t  +  V3)e'1'. 


25.  {vi,  v2,  v3}  with 

v,  =  [-10  -lf,  v2  =  [-4  -1  Of,  v3  =  [1  0  Of 
Scalar  components 

x,  ( t )  =  e21  (-c,  -  4 c2  +  c3  -  c2t  -  4 c3t  -  c3t2  /  2) 

*2(0  =  e2'(-c2~c30 

x3(t)  =  e2'(-c,  -c2t-c3t2/2) 


26.  {vi,V2,  V3}  with 

Vl  =  [0  2  2f,  v2  =  [2  1  -3f ,  v3  =  [1  0  Of 

General  solution 

x,(t)  =  e3‘(2c2+c3  +  2c3t) 

x2(í)  =  s  (2c,  +c2+  2c2t  +  c3t  +  c3t  ) 

x3(t)  =  c3'(2c,  - 3c2  +  2 c2t -  3 c3t  +  c3t2) 


27.  We  find  that  the  triple  eigenvalue  A  =  2  has  the  two  linearly  independent  eigenvectors 
[1  1  Of  and  [-1  0  lf.  Next  we  find  that  (A-zU^O  but  (A-AI)2=0.  We 
therefore  start  with  V2  =  [1  0  Of  and  define 

v,  =  (A-AI)v2  =  [-5  3  8 f  *  0, 

thereby  obtaining  the  length  2  chain  {vi,  V2}  of  generalized  eigenvectors  based  on  the 
ordinary  eigenvector  V|.  Ifwetake  V3  =  [1  1  Of,  then  the  general  solution 
x(t)  =  e2'  [ciVi  +  C2(v|t  +  V2)  +  C3V3]  has  scalar  components 


x,  (/)  =  e2'(-5c,  +  c2  +  c3  -  5 c2t) 
x2(t)  =  e2'(3c,  +3c2/) 
x3(t)  =  e2'(8c, +8c2/). 
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28.  {vi,  v2,  v3}  with 

vi  =  [119  -289  0]T,  v2  =  [-17  34  17]T,  v3  =  [1  O  0]T 
General  solution 

x,(0  =  e2l(l  19c,  -17c2  +  c3  +  119c2r-17c3í +  119c3/2  /2) 
x2(t)  =  e2'  (-289c,  +  34c2  -  289c2r  +  34c3/  -  289c/  /  2) 
x3(0  =  e2'(17c2+17c30 

In  Problems  29  and  30  the  matrix  A  has  two  distinct  eigenvalues  A¡  and  each  having 
multiplicity  2  and  defect  1.  First,  we  select  v2  so  that  v,  =  (A  -  i,I)v2  *  0  but 
(A-/í,I)v,  =0,  so  {vj,  v2}  is  a  length  2  chain  based  on  vj.  Next,  we  select  u2  so  that 
u,  =  (A  — /l,I)u2  9*  0  but  (A  -  2,I)u,  =  0,  so  {uj,  u2}  is  a  length  2  chain  based  on  ui.  We  give 
the  scalar  components  of  the  corresponding  general  solution 

x(/)  =  e^'  [civj  +  cz{\\t  +  v2)]  +  e^'  [c3uj  +  c4(mí  +  u2)]. 

29.  A  =  -1:  {vi,  v2}  with  v,  =  [1  -3  -1  -2]T  and  v2  =  [0  1  0  0]T, 

A  =  2:  {iM,  u2}  with  m  =  [0  -1  1  0]T  and  u2  =  [0  0  2  1]T 

Scalar  components 

*i(0  =  e_'(c,+c20 

x2(0  =  c“'(-3c,+c2-3c20  +  e2'(-c3-c4í) 
x3(0  =  e~'(-c¡  -  c2t)  +  e2' (c3  +2c4  +c4t) 
x4(0  =  e~'(-2c¡  -2c2t)  +  e2'(c4) 

30.  A  =  -1:  {vt,v2}  with  vi  =  [0  1  -1  -3]T  and  v2  =  [0  0  1  2]T, 

A  =  2:  {ui,  u2}  with  ut  =  [-1  0  0  0]T  and  u2  =  [0  0  3  5]T 

Scalar  components 

x¡(t )  =  e2,(-c3-c4t) 

Xj  (0  s  (c,  +  c2í) 

Xj(t)  —  e  (— c,  +  c2  —  c2/)  +  6  (3c4) 

*4(0  =  e_,(-3c, +2c2 -3c2/)  +  e2'(5c4) 
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We  have  the  single  eigenvalue  A  =  1  of  multiplicity  4.  Starting  with 

v3  =  [1  0  0  0]T,  we  calcúlate  v2  =  (A  -  AI)\3  and  v,  =  (A  -  ll)v2  *  0,  and  find 

that  (A  -  /LI)v,  =  0.  Therefore  {vi,  v2,  v3}  is  a  length  3  chain  based  on  the  ordinary 

eigenvector  Next,  the  eigenvector  equation  (A  -  AI)v  =  0  yields  the  second  linearly 
independent  eigenvector  v4  =  [0  1  3  0]T.  With 

vi  =  [42  7  -21  -42]t,  v2  =  [34  22  -10  -27]T, 

v3  =  [1  0  0  0]T  and  v4  =  [0  1  3  0] 

the  general  solution 

x(/)  =  e  [civi  +  c2(v,í  +  v2)  +  ^(vi/2 /2  +  v2/  +  v3)  +  c4v4] 
has  scalar  components 

=  e'(42c,  +  34c2  +  c3  +  42c2/  +  34c3/  +  21c3r2) 
x2  (t)  =  e'(7cj  +  22  c2  +c4+  lc2t  +  22  c3t  +  lc2t2  /  2) 
x3(t)  =  e'(-21c¡  -10c2+3c4  -21c2t-10c3t-21c3t2 /2) 
x4(t)  -  e'(-42c, -27c2 -42c2t-27c3t -21c3t2). 


Here  we  find  that  the  matrix  A  has  five  linearly  independent  eigenvectors: 

A  =  2:  eigenvectors  vi  =  [8  0-3  1  0]T  and  v2  =  [1  0  0  0  3]T 

A  =  3:  eigenvectors  v3  =  [3  -2  -1  0  0]T,  v4  =  [2  -2  0  -3  0]T, 

v5  =  [1  -1  0  0  3]t 

The  general  solution 

x(t)  =  e2/(ciVi  +  c2v2)  +  e3>(c3v3  +  c4v4  +  c5v5) 
has  scalar  components 

x,(7)  =  e2'(8c, +c2)  +  e3'(3c3 +  2c4 +c5) 
x2(t)  =  e3'(-2c3 -2c4 -c¡) 
x3(0  =  e2'(-3c,)  +  e3'(-c3) 
x4(t)  =  e2'(c,)  +  e3'(-3c4) 

^3(0  =  e2'(3c2)  +  e3'(3c5) 
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33.  The  chain  {vi,  V2}  was  found  using  the  matrices 


34. 


and 


'4  / 

-4 

1 

0" 

'1 

i 

0 

0~ 

A -Al  = 

4 

4  i 

0 

1 

0 

0 

1 

0 

0 

0 

4  / 

-4 

0 

0 

0 

1 

0 

0 

4 

4i_ 

0 

0 

0 

0 

(A  -  Al)2 


'-32 

-32  i 

8/ 

-8  ' 

'1 

/ 

0 

0' 

32  / 

-32 

8 

8  / 

— > 

0 

0 

1 

/ 

0 

0 

-32 

-32  / 

0 

0 

0 

0 

0 

0 

32  / 

-32  _ 

0 

0 

0 

0_ 

where  signifies  reduction  to  row-echelon  form.  The  resulting  real-valued  solution 
vectors  are 


x¡(t)  =  e3t  [  eos  4 1 

sin  4t 

0 

0  ]T 

x2(t)  =  e3t  [-sin  4 1 

eos  4 1 

0 

0  ]T 

X3(t)  =  e3t  [  t  eos  4t 

t  sin  4 1 

eos  4 1 

sin  4t  ]r 

M{t)  =  e3t  [-t  sin  4t 

t  eos  4 1 

-sin  4 1 

eos  4 1  ]T. 

The  chain  {V|,V2}  was  found  using  the  matrices 


3  í 

0 

-8 

-3 

'1 

0 

0 

0 

-18 

-3-3  i 

0 

0 

-> 

0 

1 

0 

3  +  3/ 

-9 

-3 

-27-3  i 

-9 

0 

0 

1 

0 

33 

10 

90 

30-3/ 

0 

0 

0 

0 

and 


(A -AI)2 


-36 

-6 

-54  +  48/ 

-18  +  18/  " 

"1 

0 

-3/ 

-i 

54  +  108/ 

18/ 

144 

54 

-> 

0 

1 

9  +  10/ 

3  +  3/ 

54/ 

t— * 

OO 

-18  +  162/ 

54/ 

0 

0 

0 

0 

-198/ 

-60/ 

6-540/ 

-18-180/ 

0 

0 

0 

0 

where  -»  signifies  reduction  to  row-echelon  form.  The  resulting  real-valued  solution 
vectors  are 
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xi(Y)  =  e2‘  [  sin  3 1  3  eos  3t  -  3  sin  3 1 

x2(0  =  e2'  [  -eos  3 1  3  sin  3t  +  3  eos  3 1 

X3 (/)  =  e2'  [3  eos  3t  +  t  sin  3/  (3/  -  10)cos  3/  -(3/  +  9)sin  3 1 

X4(>)  =  e2t  [-í  eos  3t  +  3  sin  3/  (3/  +  9)cos  3 1  +  (3/  -I0)sin  3 1 

35.  The  coefficient  matrix 

0  0  10' 

0  0  0  1 

-11-21 
1  -1  1  -2 

has  eigenvalues 

1=0  with  eigenvector  vi  =  [1  1  0  0]T 

1  =  -1  with  eigenvectors  v2  =  [1  0-1  0]T  and  V3  =  [0  1  0  -1]T, 

A  =  -2  with  eigenvector  V4  =  [1  -1  -2  2]T. 

When  we  impose  the  given  initial  conditions  on  the  general  solution 

x(í)  =  civ,  +  c2v2e_í  +  C3V3g_/  +  c4v4e'2' 

we  find  that  c\  =  vo,  c2  =  C3  =  -vo,  C4  =  0.  Henee  the  position  functions  of  the  two 
masses  are  given  by 

xi(0  =  x2(í)  =  v0(l  -  e~). 

Each  mass  travels  a  distance  vo  before  stopping. 


0  sin3t  ]T 

0  -eos  3 1  ]T 

sin3t  tsin3/  ]T 

-cos3r  -t  cos3/]t. 


36.  The  coefficient  matrix  is  the  same  as  in  Problem  35  exceptthat  <344  =  -1.  Nowthe 
matrix  A  has  the  eigenvalue  1=0  with  eigenvector  v0  =  [1  1  0  0]T,  and  the 

triple  eigenvalue  1  =  -1  with  associated  length  2  chain  {vi,v2,  v3}  consisting  of  the 
generalized  eigenvectors 


v,  =  [0  1  0  -1  f 

v2  =  [1  0  -1  1]T 

v3  =  [1  0  0  0]T. 


When  we  impose  the  given  initial  conditions  on  the  general  solution 
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x(0  =  c0v0  +  e~‘  [cjVi  +  C2{\\t  +  v2)  +  c3(v)í2/2  +  v2/  +  v3)] 

we  find  that  cq  =  2vo,  c¡  =  -2vo,  c2  =  c3  =  -vo.  Henee  the  position  functions  of  the 
two  masses  are  given  by 

*i(0  =  v0(2  -  le'1  -  te'1), 
x2(t)  =  v0(2  -  le'1  -  te'1  -  /V'/2). 

Each  travels  a  distance  2v0  before  stopping. 


SECTION  5.7 

MATRIX  EXPONENTIALS  AND  LINEAR  SYSTEMS 

In  Problems  1-8  we  fírst  use  the  eigenvalues  and  eigenvectors  of  the  coeffícient  matrix  A  to 
find  first  a  fundamental  matrix  ®<7)  for  the  homogeneous  system  x'  =  Ax.  Then  we  apply  the 
formula 

x(0  =  O(/)€)(0)-lx0, 

to  find  the  solution  vector  x(/)  that  satisfies  the  initial  condition  x(0)  =  x0.  Formulas  (1 1)  and 
(12)  in  the  textprovide  inverses  of  2-by-2  and  3-by-3  matrices. 


1.  Eigensystem:  A¡=1,  v,=[l  -1]T;  ¿,=3,  v2=[l  1]T 


r  / 

3/1 

^v2] 

= 

-  > 

e 

e3'_ 

x(0  = 


1 

m 

1 _ 

1 

"1 

-f 

"  3  " 

1 

5e'  +  e 31 

1 

m 

1 

2 

1 

1  _ 

_-2_ 

~  2 

_-5e'  +  e3'_ 

2.  Eigensystem:  A,  =0,  v,  =[1  2]r;  ¿,=4,  v2  =  [1 

0(0  =  [éO'v,  e/Í2'v2]  = 


•2]t 


1  e" 

2  ~2e4' 


x(0  = 


’l 

e4'  ' 

1 

”2 

1  * 

"  2 " 

1 

"  3  +  5e4'  " 

2 

-2e4'_ 

4 

2 

-1 

“  4 

_6-10e4'_ 
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Eigensystem:  1  —  4/,  v  =  [1  +  2 /  2f 


0(0  =  [Re(ve'i/)  ImCve*')]  = 


eos  4/ -2  sin  4/  2  eos  4/ +  sin  4/ 
2  eos  4/  2  sin  4/ 


cos4/-2sin4/  2cos4/  +  sin4/l  lfO  2 1  f Ol  1 


2  eos  4/ 


2  sin  4/ 


-5  sin  4t 


4  2  -1  1  4  4cos4/-2sin4/ 


Eigensystem:  1  =  2,2;  {v,,  v2}  with  v,  =[1  1]T,  v2=[l  0]T 


0(0  =  [v,«*  (v/  +  v2)^']  =  e2'  J  í+t* 


2,  i  \+t  o  1 1  r i ~i  2.  ["i+/ 

x(0  =  e1'  ■  ■  e2' 

\  t  1-10  t 


Eigensystem:  1  =  3/,  v  =  [-l+/  3]T 

,  i,,  „  .  r-cos3/-sin3/  cos3/-sin3/ 


0(0  =  [Re(ve^')  Im(ve*')]  = 

-eos  3/ -sin  3/  eos  3/  -  s 

*(0  =  ... 


3 eos 3/ 


3  sin  3/ 


cos3/-sin3/  cos3/-sin3/  1  O  1  1]  if"  3cos3/-sin3/ 

3cos3/  3sin3/  3  3  1-1  3  -3 eos 3/ +  6 sin 3/ 


Eigensystem:  1  =  5  +  4/,  v  =  [1  +  2  /  2]1 


0(0  =  [Re(v^')  Imíve'1')]  = 

,,  feos  4/ -2  sin  4/  2  eos  4/ 

x(0  =  e  „ 


cos4/-2sin4/  2cos4/  +  2sin4/ 
2  eos  4/  2  sin  4/ 


,  cos4/-2sin4/  2cos4t  +  2sin4/l  lfO  2  ]  [21  ,, fcos4/  +  sin4/ 

...  •-  •  =  2e5 


2 eos 4/ 


2sin4f 


4  2  -4  0 


sin  4/ 


7.  Eigensystem: 

4=0,  v,  =  [6  2  5]t;  4=1,  v2  =  [3  1  2]T;  4  =  -l,  v3  =  [2  1  2f 


0(0  =  [ 


eÁ,'\i  eÁ2'\2 


6 

3e' 

2e~‘ 

2 

e' 

e- 

5 

2e' 

2e‘ 
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6  3e‘  2e~r 

'  0  -2  1  ‘ 

~2~ 

-12  +  12e'  +  2e~'~ 

x(0  = 

2  e'  e' 

1  2  -2 

• 

1 

= 

-4  +  4e'  +  e~' 

5  2e'  2e~' 

1 

O 

m 

1 

_ 1 

0 

-10  +  8e'  +2e~‘ 

8. 


Eigensystem: 

4=-2,  v,=[0  1  -1  f;  ^  =  1,  v2=[l  -1  0]T;  A,  =  3,  v3  =  [1  -1  1]T 


0(0  =  [e^'v,  evv2 


e 


x(t) 


0 

e( 

e3'  ‘ 

'1 

1 

Q~ 

'  1  " 

e 1 

c-2' 

-e 

-e3' 

• 

0 

-1 

-1 

* 

0 

= 

-e'+e-21 

-<T2' 

0 

e3' 

1 

1 

1  _ 

-1 

-e-21 

In  each  of  Problems  9-20  we  first  solve  the  given  linear  system  to  find  two  linearly 
independent  Solutions  xi  and  X2,  then  set  up  the  fundamental  matrix  0(0  =  [x,(0  x2 

and  finally  calcúlate  the  matrix  exponential  eA'  =  0(0  O(O)-1 . 


9. 


10. 


Eigensystem:  A¡=1,  v,=[l  1]T;  ^=3,  v2  =  [2  1]T 


0(0  = 

= 

V 

e' 

2e3'~ 

e3'_ 

pai  - 

e' 

2ei'~ 

'-1 

2 ' 

—e'  +  2e3' 

2e‘  -2e3'~ 

e  — 

y 

e3'  _ 

1 

-1_ 

_-e'+e3‘ 

2e'-e31  _ 

Eigensystem: 

4  = 

0,  v,  = 

[1 

if; 

^2 

=  2,  v2 

0(0  =  [evv, 


evv. 


I  _ 

"l 

3eir 

J  “ 

1 

2e2'  _ 

’l  3e2'" 

‘-2 

3  * 

-2  +  3e2' 

3-3e2,~ 

1  2el‘  _ 

_  1 

-1 

_-2  +  2e2' 

3-2e2'_ 

11.  Eigensystem:  Á¡=2,  v,=[l  1]T; 

0(0  =  [« 


fe^'v.  evv,l  = 

V' 

3e3l~ 

L  1  2  J 

- 1 

rn 

(N 

^=3,  v2  =  [3  2]T 
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V' 

3e3'] 

'-2 

3" 

~-2e21  +3e3' 

3e21 

-3e3'" 

- j 

n-i 

<5ü 

<N 

1 

-1 

_-2e2'  +  2e3' 

3e2' 

-2e3'  _ 

12.  Eigensystem:  4=1,  v,=[l  1]T;  4  = 2 ,  v2=[4  3]T 

0(0  =  [e^'v,  í4'v2]  = 


- , 

4^ 

to 

_ 1 

‘-3  4  ~ 

~-3e'+4e21  4e‘  -4e2,~ 

e*  3e2í  \ 

1  “1. 

_-3e'  +  3e2'  4é  -3e2’ _ 

e'  4e2' 
é  3e2' 


13.  Eigensystem:  Á¡=1,  v,=[l  1]T;  ^=3,  v2  =  [4  3]T 

^  =  \e',  4S 


1 - 

m 

1 _ 

- , 

1 

LO 

4^ 

_ 1 

-3e'  +  4e3'  4e'-4e3'’ 

1 - 

LO 

CL 

u» 

1 _ 

L.  ->J 

_-3e‘ +3e3'  4e'  ~3e3' 

14.  Eigensystem:  \=\,  v,  =[2  3]T;  ¿2=3,  v2=[3  4]T 


|V<'v,  evv,l  = 

2e‘ 

3eir 

L  1  2  J 

_3e‘ 

4e2'_ 

2e' 

3eir 

"-4 

3  " 

’  -Se'+9e2' 

6e' 

-6eir 

_3e' 

4e2' 

_  3 

-2_ 

_-12e'  +12e2' 

9e' 

- 1 

(N 

OO 

1 

15.  Eigensystem:  ¿¡=1,  v,  =[2  1]T;  4=2,  v2=[5  2]T 


0(0  = 

[e^'v,  evv2~ 

2e' 

e' 

5e2'" 

2e2'_ 

PA'  - 

~2e'  5e21' 

'-2 

5  ' 

“ 

-4e' 

+  5e2'  I0e‘  -10e2'" 

c  — 

_  e1  2e2'  _ 

1 

-2 

- 

_-2e' 

+  2e2/  5e'  —  4e2'  _ 

Eigensystem:  4  =  1 

,  > 

ri  =  [3  2]T; 

4=2,  v2  =  [5 

0(0  = 

~3e' 

2e' 

5e2'" 

3e2' 
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eAí  - 

~3<?' 

1 - 

fN 

'-3 

5  ‘ 

~-9e'  +  10e2' 

1 - 

CN 

T— » 

1 

c  — 

_2e' 

3e2'J 

2 

-3_ 

-6e'  +  6e2' 

10e'-9e2' J 

17.  Eigensystem:  Á¡=2,  v,=[l  -1]T;  X,  =  4,  v2=[l  1]T 


20. 


22. 


r  ^2/ 

At " 

1  _ 

e 

£ 

J  - 

2/ 

4/ 

—e 

£ 

At 


V' 

e‘r 

1 

’1 

-f 

1 

*  e2'  +e4' 

2/  .  4/" 

— e  +  e 

-e2' 

e4'_ 

2 

1 

1 

I  <N 

II 

-e2'  +  e4' 

_2/  ,  4/ 

18.  Eigensystem:  A,  =2,  v,  =[1  -1]T;  A¿=6,  v2  =[1  1]T 


r  ^2/ 

6/1 

1  _ 

e 

e 

J  “ 

2 1 

6/ 

—e 

e 

At 


V' 

eb'~ 

1 

1 

-f 

1 

V'  +  e6' 

-e2‘+e6r 

-e2' 

e6'_ 

*  2 

_1 

1 

2 

re2'+e6' 

e2,+e61  _ 

19.  Eigensystem:  /L,=5,  v,=[l  -2]T;  A,  =10,  v2  =  [2  1]T 


II 

— 1 

«f 

j 

II 

i 

1 - 

O 

OI 

L  1  ¿  J 

~2e 

- 1 

O 

eA'  = 


r«* 

2e10'" 

1 

'1 

-2' 

1 

"  e5'  +  4e10' 

-2e5'  +2ei0'~ 

l - 

1 

K> 

U* 

e’°'_ 

5 

2 

1 

5 

_-2e5'  +2ei0‘ 

4e5,+e10'  _ 

Eigensystem:  2,-5,  v,  =  [1  -2]T; 

®  (O 


¿2=15,  v2  =  [2  1]T 


«f 

O 

<* 

J 

_ 1 

II 

'  e5' 

2e'5r 

L  1  z  J 

1 

1 

to 

ut 

ei5‘ 

eA'  = 


2e15'" 

1 

"1 

-2 

1 

e5'  +4e15' 

-2e5'  +2e15'" 

04 

1 

_ 1 

e151  _ 

"  5 

2 

1 

5 

_-2e5,+2e'5' 

4e5'  +e151 

21.  A"  =0  so  eA'  =  1  + At 


A"  =0  so  eA'  =  I  +  A t  = 


1  +  t  -t 
t  1  -t 


1  +  6 1  At 
-9 1  1-6 1 
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23.  A3=0  so  eA'  =  I  +  A/  +  -AV  = 


24.  A3=0  so  eAl  =  I  +  A/+-A2/2 


1  +  /  -/  -/-/2 

/  1-/  /-/2 

o  o  i 


1  +  3/  0  -3/ 

5/  +  18/2  1  7/-18/2 

3/  0  1-3/ 


25.  A  =  2I  +  B  where  B  =  0,  so  eAl  =  e2I,eB'  -  (e2'I)(I  +  B/).  Henee 

x(/)  =  eA'l 


eA'  = 


e2'  5/e2' 


~4' 

2  i 

'4  +  35/' 

1_ 

=  e 

7 

0  e2' 

26.  A  =  7I  +  B  where  B2=0,  so  eA' =  e7I'eB' =  (e7'I)(I  +  B/).  Henee 

x(/)  =  eA'^ 

27.  A  =  I  +  B  where  B3  =  0,  so  eA‘  -  eueBt  =  (e' !)(!+/+  jB2/2).  Henee 


A/ 


e7'  0 

11/e7'  e7' 


"  5  ' 

7/ 

5 

-10_ 

=  e 

-10  +  55/ 

eA/  = 

e' 

0 

2/e' 

e' 

(3/  +  2/2)e'~ 
2  te' 

< 

ll 

/— S 

1 

Ui 

j 

=  e‘ 

4  +  28/  +  12/2" 

5  +  12/ 

0 

0 

e* 

_6 

6 

28.  A  =  5I  +  B  where  B  =0,  so  eAt  =  e5IteBt  =  (^5íI)(I  +  B/+{B2/2).  Henee 


e5' 

0 

o~ 

'40' 

40 

eA'  = 

10/e5' 

e5' 

0 

X 

/ - V 

II 

> 

50 

=  e5' 

50  +  400/ 

(20/  +  150/2)e5' 

30/ e5' 

e5' 

60 

60  +  2300/  +  6000/2_ 

29.  A  =  I  +  B  where  B4=0,  so  eA'  =  e‘'eB'  =  (e'  I)(I  +  B/+  jB2/2  +  £B3/3).  Henee 


A/  f 

e  =  e 


1 

2/ 

3/  +  6/2 

4/  +  6/2  +  4/3 

T 

"l  +  9/  +  12/2  +4/3" 

0 

1 

6/ 

3/  +  6/2 

.  .  A  / 

1 

1  +  9/  +  6/2 

X 

- - V 

II 

l 

= 

0 

0 

1 

2/ 

l 

1  +  2/ 

0 

0 

0 

1 

l 

1 
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30. 


A  =  3I  +  B  where  B4=0,  so  eAí  =  e31leBl  =  (e3'  I)(1  +  B/+}B2/2  +  -Í-B3/3). 
Henee 


1 

0 

0 

0' 

T 

l 

6t 

1 

0 

0 

II 

Ci 

> 

1 

=  e3' 

1  +  6/ 

9/  +  18/2 

6 1 

i 

0 

1 

1  + 1 5/  + 1 8/2 

12/  +  54/2  +  36/3 

9/+18/2 

6t 

1 

1 

1  +  27/  +  72/2  +’  36/3_ 

33.  eAl  =  I  cosh/  +  A  sinh/ 


cosh/ 

sinh/ 


sinh/ 

cosh/ 


,  so  the  general  solution  of  x'  =  Ax 


is 


x(/)  =  eAlc 


c,  cosh/  +  c2  sinh/ 
c,  sinh  t  +  c2  cosh  / 


34.  Direct  calculation  gives  A2  =  -41,  and  it  follows  that  A3  =  -4A  and  A4  =161. 
Therefore 


=  I  +  A /- 


=  I 


Alt2 

2! 


4Ar  161  f  16A/ 

-  + - + - +• 


3! 


4! 


5! 


\  (2/)2  ,  (2/)4  ) 

+— A 

[(2í)A2os+(20i+..l 

2!  4! 

2 

3!  5! 

Al 


I  eos  2/ +  -£  A  sin  2/ 


In  Problems  35 — 40  we  give  first  the  linearly  independent  generalized  eigenvectors  u,,  u2,  u„ 
ofthematrix  A  and  the  corresponding  solution  vectors  x,(/),  x2(/),  •••,xn(/)  definedbyEq. 
(34)  in  the  text,  then  the  fundamental  matrix  <t>(/)  =  ¡x,(/)  x2(/)  •••  xn(/)] .  Finally  we 

calcúlate  the  exponential  matrix  eA‘  =  <!>(/)  O(0)_l. 


35.  A  =  3:  U|  =  [4  0]T,  u2  =  [0  1]T 

{u,,  u2}  is  a  length  2  chain  based  on  the  ordinary  (rank  1)  eigenvector  U|,  so 
U2  is  a  generalized  eigenvector  of  rank  2. 

x,(/)  =  eA'u¡,  x2(/)  =  eÁI  (u2  +  (A  -  Al)u2t) 

O(t)  =  [x,(0  X2  (/)]  =  e3'  4  4t 


1 

i 

'1 

0' 

=  c3' 

'1  4/' 

Lo  ij 

4 

_0 

4_ 

.°  1 . 
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A  =  1:  u,  =  [8  O  0]T,  u2  =  [5  4  Of,  u3  =  [O  1  lf 

{u,,  u2,  u3}is  a  length  3  chain  based  on  the  ordinary  (rank  1)  eigenvector  m,  so 
u2  and  u3  are  generalized  eigenvectors  of  ranks  2  and  3  (respectively). 

x,(7)  =  e\,  x2(/)  =  eÁ‘(u2+(A-AI)u2t), 

x3(/)  =  ^'(u3  +  (A-AI)u3/  +  (A-AI)2u//2) 

8  5  +  8/  5/  +  4/2~ 

<D(/)  =  [x,(0  x2(/)  x3(/)]  =  e'  0  4  1  +  4/ 

0  0  1 

8  5  +  8/  5/  +  4/2]  ["4-5  5]  Ti  2/  3/  +  4/2 

eAt  =  e'  0  4  1+4/  •  —  0  8  -8  =  e1  0  1  4/ 

0  0  1  ¿[o  0  32j  0  0  1 

37.  A,  =  2:  u,  =  [1  0  Of,  x,(/)  =  e2-'  u, 

Ai=  1:  u2  =  [9  -3  Of,  u3  =  [10  1  -lf 

{U2  3  u3}  is  a  length  2  chain  based  on  the  ordinary  (rank  1)  eigenvector  u2,  so 
113  is  a  generalized  eigenvector  of  rank  2. 

x2(/)  =  evu2,  x3(/)  =  ^'(uj+ÍA-^IJují) 

V'  9e'  (10  +  9/)e' 

<*>(0  =  [x,(0  x2(/)  x3(/)]  -  0  -3e'  (l-3/)e' 

0  0  -e' 

V'  9e'  (10  +  9/)e'l  [3  9  13" 

eAl  =  0  -3e'  (l-3/)e'  •-  0  -1  -1 

0  0  -e'  Ó  [O  0  -3 

V'  -3e'+3e2'  (-13-9/)e'  +13e2'" 

=  0  e'  3  te1 

0  0  e' 

38.  ^  =  10:  u,  =  [4  1  Of,  x,(/)  =  e^'u, 

A1  =5:  u2  =  [50  0  Of,  u3  =  [0  4  -  lf 
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{u2,  u3}  is  a  length  2  chain  based  on  the  ordinary  (rank  1)  eigenvector  112,  so 
U3  is  a  generalized  eigenvector  of  rank  2. 

x2(/)  =  e'*2'^,  x3(/)  =  )«3/) 


O(í)  =  [x,(0  x2(0  x3(0]  = 


4e10'  50e5 


JO/ 


O 


O 

O 


eA'  - 


10'  50e5'  50/  e5' 

e-  O  4e5' 

„5/ 


4e 

.10/ 


50 


O  50  200' 
1  -4  -16 
O  O  -50 


O  O  -e 

?5t  4el0t  /I  /Z  .  CAA 


O 

O 


-4e3'  16e  -(16  +  50/)e 

10'  4e10'  -4e5' 

5/ 


O 


50/  e5' 
4e5' 


39.  ^  =1:  u,  =  [3  O  O  Of,  u2  =  [O  1  O  0]T 

{u, ,  u2}  is  a  length  2  chain  based  on  the  ordinary  (rank  1)  eigenvector  m,  so 
U2  is  a  generalized  eigenvector  of  rank  2. 

x,(/)  =  e^'u,,  x2(/)  =  e^1  {u2  +  (A  - /L,I)«2/) 

¿2  =2:  u3  =  [144  36  12  0]T,  u4  =  [O  27  17  4f 

{u3,  u4}  is  a  length  2  chain  based  on  the  ordinary  (rank  1)  eigenvector  u3,  so 
u4  is  a  generalized  eigenvector  of  rank  2. 

x3(/)  =  evu3,  x4(/)  =  ^'(u4+(A-^I)u4/) 

3  te‘  144c2'  144/ e2' 

e'  36e2'  (27  +  36/)e2' 

0  12e2'  (17  +  12/)e2' 

0  0  4e21 

'16  0  -192  816' 

0  48  -144  288 

8  0  0  4  -17 

0  0  0  12 


0(0  = 

[x,(0 

x2(/)  x3(/) 

x4(/)]  = 

_3e'  3/e' 

144e2' 

144/e2' 

eAl  = 

0 

e' 

36e2' 

(27  +  36 t)e 

0 

0 

12e2' 

(17  +  12/)e 

0 

0 

0 

4e2' 
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e'  3  te'  (-12-9/)e'  +  12/e2' 

O  e'  -3e'+3e2' 

O  O  e21 

0  0  O 

40.  A,  =  3:  u,  =  [100  20  4  1]T,  x,(/)  =  e*'u, 

A  =  2:  u2  =  [16  O  O  0]T,  u3  =  [O  4  O  0]T,  u4  =  [O  -1  1  0]T 


(51  +  1 8t)e'  +  (-5 1  +  36/)e2' 
6e'  +  (-6  +  9t)e2' 

3/e2' 


{u2,  u3,u4}isa  length  3  chain  based  on  the  ordinary  (rank  1)  eigenvector  u2,  so 
U3  and  u4  are  generalized  eigenvectors  of  ranks  2  and  3  (respectively). 


x2(/)  =  e^'u2,  x3(/)  =  ev(u3+(A  -A,I)u3/), 


x4(0  =  ^'(u4+(A-22I)u4/  +  (A-12I)2u4/2/2) 


®(0  =  K(0  x2(/)  x3(0  x4(/)]  = 


Al 


100e3'  16e2' 

20e3'  0 

4e3'  0 

e3'  0 


100e3' 
20e3' 
4e3' 
e 


16/e2' 

4e2' 

0 

0 


8/2e2' 

(— 1  +  4/)e2' 
e2' 

0 


16e2' 

0 

0 


16/e2' 

4e2' 

0 


0 

0 

'0 

0 

0 

16  ' 

1 

1 

0 

0 

-100 

16 

0 

4 

4 

-96 

0 

0 

16 

-64  _ 

8 /2e2' 
(-1  +  4/)e 
e2' 

0 


2/ 


e2'  4/e2'  (4/  +  8/2)e2' 

0  e2'  4/e2' 

0  0  e2' 

0  0  0 


100e3'  ~(100  +  96/  +  32/2)e2' 
20e3'  -(20  +  16/)e2' 

4e3'  -  4e2' 
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SECTION  5.8 


NONHOMOGENEOUS  LINEAR  SYSTEMS 

1.  Substitution  of  the  trial  solution  xp(t)  =  a,  yp(t )  =  ¿  yields  the  equations 

a  +  2¿  +  3  =  0,  2a  +  b-2  =  0  with  solution  a  =  7/3,  b  =  -8/3.  Thus  we  obtain  the 
particular  solution  x(t)  =  7/3,  y(t)  =  -8/3 . 

2.  When  we  substitute  the  trial  solution  xp(t)  =  ai  +bxt,  yp(t)  =  a2  +b2t  andcollect 
coefficients,  we  get  the  equations 

2a,  +  3a2  +  5  =  ¿,  2¿,  +3  b2  =  0 

2a, +a2  =  ¿2  2  ¿, +¿2  =  2. 

We  fírst  sol  ve  the  second  pair  for  ¿,=3/2,  ¿2=-l.  Then  we  can  solve  the  first  pair  for 
a,  =  1  /  8,  a2  =  -5  /  4.  This  gives  the  particular  solution 

x(t)  =  1(1  +  12/),  y(0  =  -1(5  +  40- 

8  4 

3.  When  we  substitute  the  trial  solution 

xp  =  al+bit  +  c]t2,  yp  =  a2+b2t  +  c2t 2 

and  collect  coefficients,  we  get  the  equations 

3a,  +  4a2  =  ¿,  3¿,  +  4¿2  =  2c,  3c,  +  4c2  =0 

3a,  +  2  a2  =  ¿2  3¿,  +  2  ¿2  =  2c2  3c,  +  2c2  + 1  =  0. 

Working  backwards,  we  solve  first  for  c,  =  - 2/3,  c2  =  1/2,  then  for 

¿,=10/9,  ¿2  =  - 7/6,  and  finally  for  a,  =  -3 1  /  27,  a2  =  4 1  /  3  6.  This  determines  the 

particular  solution  jc  (/),  yp(t).  Next,  the  coefficient  matrix  of  the  associated 

homogeneous  system  has  eigenvalues  A,  =  — 1  and  X,  =  6  with  eigenvectors 

v,  =  [1  -1]T  and  v2  =  [4  3]T,  respectively,  so  the  complementary  solution  is  given 

by 

xc(0  =  c,e-' +4c2e6',  xc(0  =  -cxe~'  +3c2e6'. 

When  we  impose  the  initial  conditions  x(0)  =  0,  y(0)  =  0  on  the  general  solution 
x(t)  =  xc(t)  + xp(t),  y(t)  =  yc(t)  +  yp(t)  wefindthat  c,  =8/7,  c2  =1/756.  This 
finally  gives  the  desired  particular  solution 
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x(0  =  _L(  864e~'  +  4e6'  -868  +  840^-504^) 

756 

>-(0  =  _L(-864éT'+3e6'+861-882r  +  378í2) 

756 

4.  The  coefficient  matrix  of  the  associated  homogeneous  system  has  eigenvalues  A,  =  -5 

and  —  2  with  eigenvectors  v,=[l  1]T  and  v2=[l  -6]T,  respectively,  so  the 

complementary  solution  is  given  by 

XA0  =  cxes'  +c2e~2',  yc(t)  =  c¡e5' -  6c2e~2' . 

Then  we  try  xp (t)  =  a e' ,  y  p(t)  =  be'  and  find  readily  the  particular  solution 
xp(t)  =  --¡ye',  yP( t)  =  -\e' .  Thus  the  general  solution  is 

x(t)  =  c}e5‘  +c2e~2'  y(t)  =  c,e5' -6c2e~2'  -je'. 

Finaíly  we  apply  the  initial  conditions  *(0)  =  y(0)  =  1  to  determine  =  33/28  and 
C2  =  -2/2 1 .  The  resulting  particular  solution  is  given  by 

x(t)  =  —(99e5,-8e~2‘-7e‘),  y{t)  =  J_(99e5'  +48<T2' -63e')- 
84  84 

5.  The  coefficient  matrix  of  the  associated  homogeneous  system  has  eigenvalues  A,  =  -1 

and  7^  =  5,  so  the  nonhomogeneous  term  e~‘  duplicates  part  of  the  complementary 
solution.  We  therefore  try  the  particular  solution 

xp(0  =  a\  +b{e~‘  +c,/e~',  yp(t)  =  a2  +b2e~'  +c2te~'. 

Upon  solving  the  six  linear  equations  we  get  by  collecting  coefficients  after  substitution 
of  this  trial  solution  into  the  given  nonhomogeneous  system,  we  obtain  the  particular 
solution 

*(/)  =  -  lte~‘),  y{t)  =  I(-6-7/e"'). 

3  3 

6.  The  coefficient  matrix  of  the  associated  homogeneous  system  has  eigenvalues 

A  =  y  {l  ±  V89  j  so  there  is  no  duplication.  We  therefore  try  the  particular  solution 

XP(0  =  by1  +ctte',  y p(t)  =  b2e'+c2te'. 
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Upon  solving  the  four  linear  equations  we  get  by  collecting  coefficients  after  substitution 
of  this  trial  solution  into  the  given  nonhomogeneous  system,  we  obtain  the  particular 
solution 

x(t)  =  -_L(91  +  16f)e',  y(t)  =  -1(25  +  16  t)e‘ 

256  32 

7.  First  we  try  the  particular  solution 

xp(t)  =  a,  sin  t  +  bx  eos/,  yp(t )  =  a2sint  +  b2cost. 

Upon  solving  the  four  linear  equations  we  get  by  collecting  coefficients  after  substitution 
of  this  trial  solution  into  the  given  nonhomogeneous  system,  we  fínd  that  al  =  -21/82, 

bx=- 25/82,  a2  -  -15/41,  b2=- 12/41.  The  coefficient  matrix  of  the  associated 
homogeneous  system  has  eigenvalues  Al  =  1  and  X,  =  -9  with  eigenvectors 

V[  =  [1  1]T  and  v2  =  [2  -  3]T,  respectively,  so  the  complementary  solution  is  given 

by 

xc(t)  =  cxe‘  +  2c2e~9',  yc(t )  =  c,e'-3  c2e~9' . 

When  we  impose  the  initial  conditions  x(0)  =  1,  y(0)  =  0,  we  fínd  that  c,  =  9/10  and 
c2  =  83/410.  It  follows  that  the  desired  particular  solution  x  =  xc+xp,  y  =  yc  +  yp  is 
given  by 

x(t)  =  1— (369c(  +  I66e~9'  —125  eos  /  —  1 05  sin  t) 

410 

y(t)  =  1— (369e'  -249e~9'  -120cost-150sinr). 

410 

8.  The  coefficient  matrix  of  the  associated  homogeneous  system  has  eigenvalues  A  -  ±2¿, 
so  the  complementary  function  involves  eos  2/  and  sin  2/.  There  being  therefore  no 
duplication,  we  substitute  the  trial  solution 

xp(t)  =  a¡  sin t  +  b¡  cosí,  yp(t)  =  a2sint  +  b2cost 

into  the  given  nonhomogeneous  system.  Upon  solving  the  four  linear  equations  that 
result  upon  collection  of  coefficients,  we  obtain  the  particular  solution 

1  1 
x(t)  =  —  (17  cosí +  2  sin  t),  y(t)  =  —  (3  cosí  +  5sint)- 

9.  Here  the  associated  homogeneous  system  is  the  same  as  in  Problem  8,  so  the 
nonhomogeneous  term  eos  2/  term  duplicates  the  complementary  function.  We 
therefore  substitute  the  trial  solution 
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xp(t)  =  a]sin2t  +  blcos2t  +  c1tsin2t  +  ddcos2t 
yp(t)  =  a2  sin  2/ +  ¿2  eos  2/  +  c2tsin2t  +  d2tcos2t 

and  use  a  Computer  algebra  system  to  solve  the  system  of  8  linear  equations  that  results 
when  we  collect  coefficients  in  the  usual  way.  This  gives  the  particular  solution 

x(t )  =  ^-(sin2/  +  2ícos2í  +  ísin2í),  y{t )  =  iísin2r. 

10.  The  coefficient  matrix  of  the  associated  homogeneous  system  has  eigenvalues  A  =  ±ij 3, 
so  there  is  no  duplication.  Substitution  of  the  trial  solution 

xp{t)  =  axe'  cosí  +  ¿,e'siní,  yp(t)  =  a2e‘ cost +  b2e‘ sint 

yields  the  equations 

2a2  +  6,  =  0  —  2ax  +  2a2  +  b2  =  0 

2b2-ax-0  ~a2~  +  2  b2  =  1 . 

The  first  two  equations  enable  us  to  eliminate  two  of  the  variables  immediately,  and  we 
readily  solve  for  the  valúes  a,  =  4 / 1 3,  a2  =  3 / 1 3,  bx  =-6/13,  b2=  2/13  that  give  the 
particular  solution 

x{t)  =  ^e'(4cos/-6sinf),  y(t)  =  (3  cosí  +  2sinf)- 

1 1.  The  coefficient  matrix  of  the  associated  homogeneous  system  has  eigenvalues  A,  =  0 
and  A2-4,  so  there  is  duplication  of  constant  terms.  We  therefore  substitute  the 
particular  solution 

xp{t)  =  ax+bxt,  yp(t)  =  a2+b2t 

and  solve  the  resulting  equations  for  a¡  =  -2,  a2  =0,  bx  =  -2,  b2=  1 .  The  eigenvectors 
of  the  coefficient  matrix  associated  with  the  eigenvalues  A¡  =  0  and  A2=  4  are 

v,  =  [2  -  1]T  and  v2  =  [2  1]T,  respectively,  so  the  general  solution  of  the  given 

nonhomogeneous  system  is  given  by 

x{t)  =  2c,  +  2 c2e4'  -2-2 1,  y(t)  =  -  c,  +  c2e4'  + 1. 

When  we  impose  the  initial  conditions  x(0)  =  1,  j/(0)  =  -1  we  find  readily  that 
c,  =5/4,  c2  =1/4.  This  gives  the  desired  particular  solution 
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x(0  =  1(1-4  t  +  e4‘),  y(t)  =  {(-5  +  4  t  +  e4'). 


12.  The  coefficient  matrix  of  the  associated  homogeneous  System  has  eigenvalues  ¿¡  =  0 

and  ¿,=2,  so  there  is  duplication  of  constant  terms  in  the  first  natural  attempt.  We 

must  multiply  the  /-terms  by  t  and  inelude  all  lower  degree  terms  in  the  trial  solution. 
Thus  we  substitute  the  the  trial  solution 

xp  (0  =  a,  +  V  +  c/ ,  y p  (/)  =  a2  +  b2t  +  c2t 2 . 

The  resulting  six  equations  in  the  coefficients  are  satisfied  by  al=  bx=a2=b2  =  0, 
c,  =  1,  c2  =  -1.  This  gi ves  the  particular  solution  x(t)  =  t2,  y(t)  -  -t2. 

13.  The  coefficient  matrix  of  the  associated  homogeneous  system  has  eigenvalues  \  =  1  and 
¿2=3,  so  there  is  duplication  of  e‘  terms.  We  therefore  substitute  the  trial  solution 

xp(0  =  {ax+bxt)e‘,  yp{t )  =  {a2+b2t)e‘ . 

This  leads  readily  to  the  particular  solution 

x(t)  =  1(1  +  5  t)e‘,  y{t)  =  -~té. 

14.  The  coefficient  matrix  of  the  associated  homogeneous  system  has  eigenvalues  =  0 
and  ¿2=4,  so  there  is  duplication  ofboth  constant  terms  and  e4'  terms.  We  therefore 
substitute  the  particular  solution 

xp(/)  =  a¡  +blt  +  c¡e4‘  +dxte4‘,  yp(t)  =  a2+b2t  +  c2e41  +d2te4'. 

When  we  use  a  Computer  algebra  system  to  solve  the  resulting  system  of  8  equations  in  8 
unknowns,  we  find  that  a2  and  c2  can  be  chosen  arbitrarily.  With  both  zero  we  get  the 
particular  solution 

*(0  =  -(-2  +  4t-e41  +2te41),  y(t)  =  ~(-2  +  e4'). 

8  ’  2 


In  Problems  15  and  16  the  amounts  x,(/)  and  x2(/)  in  the  two  tanks  satisfy  the  equations 


X|  KCq  ^|Xj, 


x2  =  k{xt  -k2x2 
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where  ki=r¡Vi  in  terms  of  the  flow rate  r,  the  inflowing  concentration  c0,  and  the  volumes 
Vx  and  V2  of  the  two  tanks. 

15.  (a)  We  solve  the  initial  valué  problem 

x¡  =  20-x¡/10,  x,(0)  =  0 

x'2  =  JTj  / 10  —  jc2 /20,  x2(0)  =  0 

for  x,(0  =  200(1  -e-'no),  x2(t)  =  400(1  +  e"m -2e-no) . 

(b)  Evidently  x,(r) -»  200gal  and  x2(t)  ->  400  gal  as  t ->  oo. 

(c)  It  takes  about  6  min  56  sec  for  tank  1  to  reach  a  salí  concentration  of  1  lb/gal,  and 
ábout  24  min  34  sec  for  tank  2  to  reach  this  concentration. 

16.  (a)  We  solve  the  initial  valué  problem 

x[  =  30  — x,  /20,  x,(0)  =  0 

x2  =  x,/20-x2/10,  x2(0)  =  0 

for  x,(0  =  600(1  —  ew/20),  x2(t)  =  300(1  +e-,no-2e-no) . 

(b)  Evidently  x,(t)  -»  600  gal  and  x2(t)  -»  300  gal  as  t oo. 

(c)  It  takes  about  8  min  7  sec  for  tank  1  to  reach  a  salt  concentration  of  1  lb/gal,  and 
about  17  min  13  sec  for  tank  2  to  reach  this  concentration. 


In  Problems  17-34  we  apply  the  variation  of  parameters  formula  in  Eq.  (28)  of  Section  5.8.  The 
answers  shown  below  were  actually  calculated  using  the  Mathematica.  For  instance,  for 
Problem  17  we  first  enter  the  coefficient  matrix 

A  =  {{6,  -7}, 

íl,  -2}}; 

the  initial  vector 

xO  =  {{0}, 

(OH; 


and  the  vector 

f[t_]  :=  {{60}, 

{90}}; 

of  nonhomogeneous  terms.  It  simplifíes  the  notation  to  rename  Mathematica's  exponential 
matrix  function  by  defíning 
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exp  [A_]  :  =  MatrixExp  [A] 

Then  the  integral  in  the  variation  of  parameters  formula  is  given  by 
integral  = 

Intégrate [ exp [ -A* s ]  .  f[s],  {s,  0,  t >  ]  //  Simplify 

'-102  +  7<T5'  +  95er 
_  -96  +  e'51 +95e‘ 

Finally  the  desired  particular  solution  is  given  by 
solution  = 

exp [A*t]  .  (xO  +  integral)  //  Simplify 

"l02-7e"5'  -95e'~ 

_  96 -e~5'  -95e‘ 

In  each  succeeding  problem,  we  need  only  substitute  the  given  coefficient  matrix  A,  initial 
vector  xO,  and  the  vector  f  of  nonhomogeneous  terms  in  the  above  commands,  and  then  re- 
execute  them  in  tum.  We  give  below  only  the  component  functions  of  the  final  results. 

17.  x,(/)  =  102  -  95e"'  -  7e5',  x2(t)  =  96-95e~' -e5‘ 

18.  x,(/)  =  68-110/-75e~'  +  7e5',  x2(/)  =  74-80^-75^'  +e5' 

19.  x,(/)  =  -70-60/  +  16éf3' +54<r',  x2(/)  =  5-60/-32éT3'  +  27e2' 

20.  x,(/)  =  3e2'  +60te2'  -3e~3',  x,(/)  =  -6e2'  +  30te2'  +  6e~3' 

21.  x,(/)  =  -e~' -\4e2' +\5e3',  x2(t)  =  -Se'' -10e2'  +  15e3' 

22.  x,(/)  =  -lOe"'  -7/e"'  +  10e3'  -5/e3',  x2(t)  =  -15<T' -35te~'  +  15e3' -5/e3' 

23.  x,(/)  =  3  +  11/  +  8/2,  x2(/)  =  5  +  17/  +  24/2 

24.  x,(/)  =  2  +  /  +  ln/,  x2(t)  =  5  +  3/--  +  31n/ 

/ 

25.  x,(/)  =  -1  +  8/  +  eos  /  -  8  sin/,  x2(/)  =  -2  +  4/  +  2cos/-3sin/ 
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26.  x,  (/)  =  3cos/-32sin/  +  17/cos/  +  4/sin/ 
x2(0  =  5cos/-13sin/  +  6/cos/  + 5/sin/ 

27.  x,(/)  =  8/3  +  6/4,  x2(/)  =  3/2-2/3+3/4 

28.  x,(/)  =  -7  +  14/-6/2+4/2ln/,  x2(/)  =  -7  +  9/-3/2  +  ln/-2/ln/  +  2/2ln/ 

29.  x,(/)  =  /cos/-ln(cos/)sin/,  x2(/)  =  /sin/-ln(cos/)cos/ 

30.  x,(/)  =  ^/2cos2/,  x2(/)  =  i/2sin2/ 

31.  Xj  (/ )  =  (9/2  +  4/3)e',  x2(/)  =  6/V,  x3(/)  =  6  te' 

32.  x,(/)  =  (44  +  18/)e'+(-44  +  26/)e2',  x2(/)  =  6e‘  +(-6  +  6t)e2',  x3(/)  =  2/<?2' 

33.  x,(/>  =  15/2  +  60/3  +95/4  +12/5,  x2(/)  =  15/2 +55/3 +  15/4, 

x3(/)  =  15/2+20/3,  x4(/)  =  15/2 

34.  *,(/)  =  4/3  +  (4  +  16/  +  8/2)e2',  x2(/)  =  3/2  +  (2  +  4/)e2', 

x3(/)  =  (2  +  4/  +  2/2)e2'5  x4(/)  =  (1  +/)e2' 
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NUIVIERICAL  IVIETHODS 

SECTION  6.1 

NUMERICAL  APPROXIMATION:  EULER'S  METHOD 

In  each  of  Problems  1-1 0  we  also  give  first  the  explicit  form  of  Euler's  iterative  formula  for  the 
given  differential  equation  /  =  / (x,y)  .  As  we  illustrate  in  Problem  1,  the  desired  iterations  are 
readily  implemented,  either  manually  or  with  a  Computer  system  or  graphing  calculator.  Then  we 
list  the  indicated  valúes  of  y(j)  rounded  off  accurate  to  3  decimal  places. 

1.  For  the  differential  equation  y'  =  f(x,  y)  with  / (x,  y)  =  -y,  the  iterative  formula  of 

Euler's  method  is  y„+¡  =  y„  +  h(-y„).  The  TI-83  screen  on  the  leñ  shows  a  graphing 
calculator  implementation  of  this  iterative  formula. 


0D  i“^H”  0^X  s  2-W 

2  0000 
X+H+Xs  Y+H*C°”V)->Y 

i B 8000 
1 . 6200 
1.4580 


lo  8000 

i B 6200 
1 . 4580 
1.3122 

la  1818 

X 

.  5000 


After  the  variables  are  initialized  (in  the  first  fine),  and  the  formula  is  entered,  each  press  of 
the  enter  key  carries  out  an  additional  step.  The  screen  on  the  right  shows  the  results  of  5 
stepsírom  x  =  0  to  x  =  0.5  with  step  size  h  =  0A — winding  up  with  y(Q.5)  »  1.181. 

Approximate  valúes  1.125  and  1.181;  true  valué  y(j)  «1.213 

The  following  Mathematica  instmctions  produce  precisely  this  fine  of  data. 

f[x_,y_]  =  -y; 
g[x_]  =  2  Expt-x]; 

h  =  0.25;  x  =  0 ;  yl  =  yO  ; 

Do [  k  =  f  [x,yl]  ;  {*  the  left-hand  slope  *) 


378 


Chapter  6 


yl  =  yl  +  h*k;  (*  Euler  step  to  update  y  *) 

x  =  x  +  h,  (*  update  x  *) 

U, 1,2}  ] 

h  =  0 . 1 ;  x  =  0 ;  y2 

Do  [  k  =  f [x,y2] ; 

y2  =  y2  +  h*k; 
x  =  x  +  h, 
íi, 1,5}  ] 

Print [x, "  " ,yl , "  ",y2,"  ",g[0.5]] 

0.5  1.125  1.18098  1.21306 

2.  Iterative  formula:  yn+\  =  yn  +  h(2y„) 

Approximate  valúes  1.125  and  1.244;  trae  valué  y(j)  «1.359 

3.  Iterative  formula:  y„+ 1  =  yn  +  h(y„  +  1) 

Approximate  valúes  2.125  and  2.221;  trae  valué  >>(|)«  2.297 

4.  Iterative  formula:  y„+\  =yn  +  h(xn  -yn) 

Approximate  valúes  0.625  and  0.681;  trae  valué  j(i)  «  0.713 

5.  Iterative  formula:  yn+ 1  =  yn  +  h(y„ 

Approximate  valúes  0.938  and  0.889;  trae  valué  y(j)  «  0.851 

6.  Iterative  formula:  y„+¡  =  y„  +  h(-2x«y„) 

Approximate  valúes  1.750  and  1.627;  trae  valué  y(j-) «  1.558 

7.  Iterative  formula:  y„+¡  =  yn  +  h(-2>xly„) 

Approximate  valúes  2.859  and  2.737;  trae  valué  y(j)  «  2.647 

8.  Iterative  formula:  y„+¡  =  y„  +  h  exp(-^„) 

Approximate  valúes  0.445  and  0.420;  trae  valué  _y(j) «  0.405 

9.  Iterative  formula:  yn+¡  =  y„  +  h(l  +yl)IA 

Approximate  valúes  1 .267  and  1 .278;  trae  valué  j/(|)  ~  1  -287 

10.  Iterative  formula:  yn+i  =  y„  +  h(2x„yl) 

Approximate  valúes  1.125  and  1.231;  trae  valué  _y(y)  «  1.333 


=  y0; 

(*  the  left-hand  slope  *) 
(*  Euler  step  to  update  y  *) 
(*  update  x  *) 
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The  tables  of  approximate  and  actual  valúes  called  for  in  Problems  1 1-16  were  produced  using  the 
following  MATLAB  script  (appropriately  altered  for  each  problem). 

%  Section  6.1,  Problems  11-16 
xO  =  0;  yO  =  1; 

%  first  run : 
h  =  0.01; 

x  =  xO;  y  =  yO;  yl  =  yO; 
for  n  =  1:100 

y  =  y  +  h*  (y-2)  ; 
yl  =  [yl  ,y] ; 
x  =  x  +  h; 
end 

%  second  run : 
h  =  0.005; 

x  =  xO;  y  =  yO;  y2  =  yO; 
for  n  =  1:200 

y  =  y  +  h*  (y-2)  / 

Y2  =  [y2,y]; 
x  =  x  +  h; 
end 

%  exact  valúes 
x  =  xO  :  0.2  :  x0+l ; 
ye  =  2  -  exp(x)  ; 

%  display  table 
ya  =  y2 (1:40:201)  ; 
err  =  100* (ye-ya) . /ye ; 

[x;  yl  (1:20:101)  /  ya;  ye;  err] 


1 1.  The  iterative  formula  of  Euler's  method  is  y^i  =  yn  +  h(y„  -  2),  and  the  exact  solution  is 

y(x)  =  2  -  ex.  The  resulting  table  of  approximate  and  actual  valúes  is 


X 

0.0 

0.2 

0.4 

0.6 

0.8 

1.0 

y  ( /z=0.01 ) 

1.0000 

0.7798 

0.5111 

0.1833 

-0.2167 

-0.7048 

y  (A=0.005) 

1.0000 

0.7792 

0.5097 

0.1806 

-0.2211 

-0.7115 

y  actual 

1.0000 

0.7786 

msssm 

-0.2255 

WiMI.M 

error 

0% 

-0.08% 

-0.29% 

-1.53% 

1.97% 

12.  Iterative  formula: 
Exact  solution: 


Tn+1  =  yn  +  h(y„-  1)  /2 
y(x)  =  1  +2/(2-  x) 


X 

0.0 

0.2 

0.4 

0.6 

0.8 

1.0 

y  (/2=0.01) 

2.0000 

2.1105 

2.2483 

2.4250 

2.6597 

2.9864 

y  (h=0.005) 

2.0000 

2.1108 

2.2491 

2.4268 

2.6597 

2.9931 

y  actual 

2.0000 

2.1111 

2.2500 

2.4286 

2.6597 

3.0000 

error 

0% 

0.02% 

0.04% 

0.07% 

0.13% 

0.23% 
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13.  Iterative  formula:  yn+\  =  y„  +  2hx„/y„ 

Exact  solution:  y{x)  =  (8  +x4)m 


X 

1.0 

1.2 

1.4 

1.6 

1.8 

2.0 

y(h= 0.01) 

3.0000 

3.1718 

3.4368 

3.8084 

4.2924 

4.8890 

y  (6=0.005) 

3.0000 

3.1729 

3.4390 

3.8117 

4.2967 

4.8940 

y  actual 

3.0000 

3.1739 

3.4412 

3.8149 

4.3009 

4.8990 

error 

0% 

0.03% 

0.06% 

0.09% 

0.10% 

0.10% 

14.  Iterative  formula:  _y„+i  =  y„  +  hyllxn 

Exact  solution:  y{x)  =  1/(1  -  lnx) 


X 

1.0 

1.2 

1.4 

1.6 

1.8 

2.0 

y(  6=0.01) 

1.0000 

1.2215 

1.5026 

1.8761 

2.4020 

3.2031 

y  (6=0.005) 

1.0000 

1.2222 

1.5048 

1.8814 

2.4138 

3.2304 

y  actual 

1.0000 

1.2230 

1.5071 

1.8868 

2.4259 

3.2589 

error 

0% 

0.06% 

0.15% 

0.29% 

0.50% 

0.87% 

15.  Iterative  formula:  yn+ 1  =  yn  +  6(3  -  2yn/xn) 

Exact  solution:  y(x)  =  x  +  4/jc2 


X 

2.0 

2.2 

2.4 

2.6 

2.8 

3.0 

y(  6=0.01) 

3.0000 

3.0253 

3.0927 

3.1897 

3.3080 

3.4422 

y  (6=0.005) 

3.0000 

3.0259 

3.0936 

3.1907 

3.3091 

3.4433 

y  actual 

3.0000 

3.0264 

3.0944 

3.1917 

3.3102 

3.4444 

error 

0% 

0.019% 

0.028% 

0.032% 

0.033% 

0.032% 

16.  Iterative  formula:  ynH  =  yn  +  2hxsn/yl 

Exact  solution:  y(x)  =  (x6  -  37)1/3 


X 

2.0 

2.2 

2.4 

2.6 

2.8 

3.0 

y  (  6=0.01) 

3.0000 

4.2476 

5.3650 

6.4805 

7.6343 

8.8440 

y  (6=0.005) 

3.0000 

4.2452 

5.3631 

6.4795 

7.6341 

8.8445 

y  actual 

3.0000 

4.2429 

5.3613 

6.4786 

7.6340 

8.8451 

error 

0% 

-0.056% 

-0.034% 

-0.015% 

0.002% 

0.006% 

The  tables  of  approximate  valúes  called  for  in  Problems  1 7-24  were  produced  using  a  MATLAB 
script  similar  to  the  one  listed  preceding  the  Problem  1 1  solution  above. 
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17. 


These  data  indícate  that  _y(l)  ~  0.35,  in  contrast  with  Example  5  in  the  text,  where  the 
initial  condition  is  y{ 0)  =  1. 


In  Problems  18-24  we  give  only  the  final  approximate  valúes  of  y  obtained  using  Euler's  method 
with  step  sizes  h  =  0.1,  h  =  0.02,  h  =  0.004,  and  h  =  0.0008. 

18.  With  xo  =  0  and  .yo  =  1,  the  approximate  valúes  of  y(2 )  obtained  are: 

h  0.1  0.02  0.004  0.0008 

y  1.6680  1.6771  1.6790  1.6794 

19.  With  xo  =  0  and  .yo  =  1,  the  approximate  valúes  of  y(2)  obtained  are: 

h  0.1  0.02  0.004  0.0008 

y  6.1831  6.3653  6.4022  6.4096 

20.  With  xo  =  0  and  yo  =  -1,  the  approximate  valúes  of  y(2)  obtained  are: 

h  0.1  0.02  0.004  0.0008 

y  -1.3792  -1.2843  -1.2649  -1.2610 

21.  With  xo  =  1  and  yo  =  2,  the  approximate  valúes  of  _y(2)  obtained  are: 

h  0.1  0.02  0.004  0.0008 

y  2.8508  2.8681  2.8716  2.8723 

22.  With  xo  =  0  and  _yo  =  1,  the  approximate  valúes  of  y( 2)  obtained  are: 

h  0.1  0.02  0.004  0.0008 

y  6.9879  7.2601  7.3154  7.3264 

23.  With  xo  =  0  and  yo  =  0,  the  approximate  valúes  of  y(l)  obtained  are: 

h  0.1  0.02  0.004  0.0008 

y  1.2262  1.2300  1.2306  1.2307 
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24.  With  xo  =  -1  and  jo  =  1,  the  approximate  valúes  of  j(l)  obtainedare: 

h  0.1  0.02  0.004  0.0008 

y  0.9585  0.9918  0.9984  0.9997 

25.  Here  f(t,v)  =  32-1.6v  and  t0=0,  v0=0. 

With  h  =  0.01,  100  iterations  of  v„+1 = v„  +hf(tn,vn)  yield  v(l)a  16.014,  and200 
iterations  with  h  =  0.005  yield  v(l) a 15.998.  Thus  we  observe  an  approximate  velocity  of 
1 6.0  ft/sec  after  1  second  —  80%  of  the  limiting  velocity  of  20  ft/sec. 

With  h  =  0.01,  200  iterations  yield  v(2)  a  19.2056,  and  400  iterations  with  h  =  0.005 
yield  v(2)  a  19.1952.  Thus  we  observe  an  approximate  velocity  of  19.2  ft/sec  after  2 
seconds  - —  96%  of  the  limiting  velocity  of  20  ft/sec. 

26.  Here  /(*,/>)  =  0.0225 P- 0.003 P1  and  t0  =  0,  P0  =25. 

With  h  =  1,  60  iterations  of  Pn+l  =  Pn+h  f{tn,P„)  yield  P(60)  a  49.3888,  and  120 
iterations  with  h  =  0.5  yield  P(60)  a  49.3903.  Thus  we  observe  a  population  of  49  deer 
after  5  years  —  65%  of  the  limiting  population  of  75  deer. 

With  h  =  1,  120  iterations  yield  P(1 20)  a  66. 1803,  and  240  iterations  with  h  =  0.5  yield 
P(6  0)  a  66. 1469.  Thus  we  observe  a  population  of  66  deer  after  10  years  —  88%  of  the 
limiting  population  of  75  deer. 

27.  Here  / (x,  y)  =  x2  +  y1  - 1  and  x0  =  0,  y0  =  0.  The  following  table  gives  the 
approximate  valúes  for  the  successive  step  sizes  h  and  corresponding  numbers  n  ofsteps. 
It  appears  likely  that  y( 2)  =  1 .00  rounded  off  accurate  to  2  decimal  places. 


h 

0.1 

0.01 

0.001 

0.0001 

0.00001 

n 

20 

200 

2000 

20000 

200000 

y(  2) 

0.7772 

0.9777 

1.0017 

1.0042 

1.0044 

28.  Here  f(x,  y)  =  x  +  y  y2  and  x0  =  -2,  y0  =  0.  The  following  table  gives  the 

approximate  valúes  for  the  successive  step  sizes  h  and  corresponding  numbers  n  ofsteps. 
It  appears  likely  that  y( 2)  =  1 .46  rounded  off  accurate  to  2  decimal  places. 


h 

0.1 

0.01 

0.001 

0.0001 

0.00001 

n 

40 

400 

4000 

40000 

400000 

y(  2) 

1.2900 

1.4435 

1.4613 

1.4631 

1.4633 
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29.  With  step  sizes  h  —  0.15,  h  =  0.03,  and  h  =  0.006  we  get  the  following  results: 


y  with 

X 

/z=0.15 

-1.0 

1.0000 

-0.7 

1.0472 

-0.4 

1.1213 

-0.1 

1.2826 

+0.2 

0.8900 

+0.5 

0.7460 

y  with 

y  with 

h= 0.03 

/z=0.006 

1.0000 

1.0000 

1.0512 

1.0521 

1.1358 

1.1390 

1.3612 

1.3835 

1.4711 

0.8210 

1.2808 

0.7192 

While  the  valúes  for  h  =  0.15  alone  are  not  conclusive,  a  comparison  of  the  valúes  of  y 
for  all  three  step  sizes  with  x  >  0  suggests  some  anomaly  in  the  transition  from  negative  to 
positive  valúes  of  x. 


30.  With  step  sizes  h  =  0.1  and  h  =  0.01  we  get  the  following  results: 


y  with 

y  with 

X 

/z  =  0.1 

h  =  0.01 

0.0 

0.0000 

0.0000 

0.1 

0.0000 

0.0003 

0.2 

0.0010 

0.0025 

0.3 

0.0050 

0.0086 

1.8 

2.8200 

4.3308 

1.9 

3.9393 

7.9425 

2.0 

5.8521 

28.3926 

Clearly  there  is  some  difficulty  near  x  =  2. 


31.  With  step  sizes  h  =  0.1  and  h  =  0.01  we  get  the  following  results: 


y  with 

y  with 

X 

/2  =  0.1 

^  =  0.01 

0.0 

1.0000 

1.0000 

0.1 

1.2000 

1.2200 

0.2 

1.4428 

1.4967 
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0.7 

4.3460 

6.4643 

0.8 

5.8670 

11.8425 

0.9 

8.3349 

39.5010 

Clearly  there  is  some  difficulty  near  x  =  0.9. 


SECTION  6.2 

A  CLOSER  LOOK  AT  THE  EULER  METHOD 

In  each  of  Problems  1-10  we  give  first  the  predictor  formula  for  u^i  and  then  the  improved  Euler 
corrector  for  jvh-  These  predictor-corrector  iterations  are  readily  implemented,  either  manually  or 
with  a  Computer  system  or  graphing  calculator  (as  we  ¿Ilústrate  in  Problem  1).  We  give  in  each 
problem  a  table  showing  the  approximate  valúes  obtained,  as  well  as  the  corresponding  valúes  of 
the  exact  solution. 


0. Í+H:0+X:2*V 

V-H*V-HJ :  V+  CH^2  >  * 

2 . 0000 

<  -v-u>+v 

V-H*V-MJ:  V+CH/2)* 

1.8100 

(  -VHLD+V 

1 . 638 1 

1-8100 

1 . 4824 

1.6381 

1.3416 

1.4824 

1.2142 

1-  un+[  =  y„  +  h(-yn ) 

yn+ 1  =  yn  +  (h/2)[-y„  -  Unv i] 


The  TI-83  screen  on  the  left  above  shows  a  graphing  calculator  implementation  of  this 
iteration.  After  the  variables  are  initialized  (in  the  first  line),  and  the  formulas  are  entered, 
each  press  of  the  enter  key  carries  out  an  additional  step.  The  screen  on  the  right  shows  the 
results  of  5  steps  from  x  =  0  to  x  =  0.5  with  step  size  h  =  0.1  —  winding  up  with 
y(0.5)  s¡  1 .2 1 42  —  and  we  see  the  approximate  valúes  shown  in  the  second  row  of  the 
table  below. 


X 

0.0 

0.1 

0.2 

0.3 

0.4 

0.5 

y  with  h=0A 

2.0000 

1.8100 

1.6381 

1.4824 

1.3416 

1.2142 

y  actual 

2.0000 

1.8097 

1.6375 

1.4816 

1.3406 

1.2131 
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2. 


Un+\  =  yn  +  2  hy„ 

yn+ 1  =  yn  +  (A/2)[2y„  +  2«„+i] 


X 

0.0 

0.1 

0.2 

0.3 

0.4 

0.5 

y  with  h=Q.  1 

0.5000 

0.6100 

0.7422 

0.9079 

1.1077 

1.3514 

y  actual 

0.5000 

0.6107 

0.7459 

0.9111 

1.1128 

1.3591 

3.  Unn  =  y„  +  h(y„+\) 

yn+ 1  =  yn  +  (///2)[(y„  + 1)  +  (m^h  + 1)] 


X 

0.0 

0.1 

0.2 

0.3 

0.4 

0.5 

y  with/z=0.1 

1.0000 

1.2100 

1.4421 

1.6985 

1.9818 

2.2949 

y  actual 

1.0000 

1.2103 

1.4428 

1.6997 

1.9837 

2.2974 

4.  Un+i  =  y„  +  h(xn-yn) 

y„+ 1  =  yn  +  (/i/2)[(x„  ->>„)  +  (x„  +  h-  u„+ 1)] 


X 

0.0 

0.1 

0.2 

0.3 

0.4 

0.5 

y  with  h—0. 1 

1.0000 

0.9100 

0.8381 

0.7824 

0.7416 

0.7142 

y  actual 

1.0000 

0.9097 

0.8375 

0.7816 

0.7406 

0.7131 

5. 


W/rt-1  + 

JVn  =  .y»  +  (h/2)[(y„  - xn  -  1)  +  (w„+i  -x„-h-\)] 


X 

0.0 

0.1 

0.2 

0.3 

0.4 

0.5 

y  with  h=0. 1 

1.0000 

0.9950 

0.9790 

0.9508 

0.9091 

0.8526 

y  actual 

1.0000 

0.9948 

0.9786 

0.9501 

0.9082 

0.8513 

6.  u^x  =  y„  -  2xny,,h 

yn+ 1  =  Jn  -  {hl2)[2x^n  +  2(x„  +  /2)w„+l] 


X 

0.0 

0.1 

0.2 

0.3 

0.4 

0.5 

y  with  h=0.\ 

2.0000 

1.9800 

1.9214 

1.8276 

1.7041 

1.5575 

y  actual 

2.0000 

1.9801 

1.9216 

1.8279 

1.7043 

1.5576 
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7. 


i  yn  3  xnyn  h 

yn+\  -y»~  (h/2)[3x%y„  +  3(x„  +  h)2un+\] 


X 

0.0 

0.1 

0.2 

0.3 

0.4 

0.5 

y  with/z=0.1 

3.0000 

2.9955 

2.9731 

2.9156 

2.8082 

2.6405 

y  actual 

3.0000 

2.9970 

2.9761 

2.9201 

2.8140 

2.6475 

8.  =  y„  +  h  exp(->-„) 

yn+ 1  =  y„  +  (/3/2)[exp(”_y„)  +  exp(-M^i)] 


X 

0.0 

0.1 

0.2 

6.3 

0.4 

0.5 

y  with  h= 0. 1 

0.0000 

0.0952 

0.1822 

0.2622 

0.3363 

0.4053 

y  actual 

0.0000 

0.0953 

0.1823 

0.2624 

0.3365 

0.4055 

9.  Urri-i  =  yn  +  h{\  +yl)IA 

yn+i  ~  yn  +  h[\  +yl  +  1  +  (m^-i)2]/8 


X 

0.0 

0.1 

0.2 

0.3 

0.4 

0.5 

y  with  h=0.\ 

1.0000 

1.0513 

1.1053 

1.1625 

1.2230 

1.2873 

y  actual 

1.0000 

1.0513 

1.1054 

1.1625 

1.2231 

1.2874 

10.  w«+i  =  y„  +  2x„ylh 

y>i+ 1  —  yn  h\x„yn  +  (xn  +  h)(Un+i )  ] 


X 

0.0 

0.1 

0.2 

0.3 

0.4 

0.5 

y  with  h= 0.1 

1.0000 

1.0100 

1.0414 

1.0984 

1.1895 

1.3309 

y  actual 

1.0000 

1.0101 

1.0417 

1.0989 

1.1905 

1.3333 

The  results  given  below  for  Problems  1 1-16  were  computed  using  the  following  MATLAB  script. 

%  Section  6.2,  Problems  11-16 
xO  =  0 ;  yO  =  1 ; 

%  first  run; 
h  =  0.01; 

x  =  xO;  y  =  yO;  yl  =  yO ; 
for  n  =  1:100 

u  =  y  +  h*f (x ,y) ;  %predictor 

y  =  y  +  (h/2) * (f (x,y) +f (x+h,u) ) ;  %corrector 

yi  =  [yi,yí; 

x  =  x  +  h; 
end 
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%  second  run : 
h  =  0.005; 

x  =  xO;  y  =  yO;  y2  =  yO  ; 
for  n  =  1:200 

u  =  y  +  h*f  (x,y)  ;  %predictor 

y  =  y  +  (h/2)  *  (f  (x,y)  +f  (x+h,u) )  ;  %corrector 

y2  -  [y2fy]; 
x  =  x  +  h; 

end 

%  exact  valúes 
x  =  xO  :  0.2  :  x0+l ; 
ye  =  g  (x)  ; 

%  display  table 
ya  =  y2  (1:40:201)  ; 
err  =  100*  (ye-ya)  ./ye; 

x  =  sprintf ( '%10.5f ' ,x)  ,  sprintf ( * \n 1 )  ; 

yl  =  sprintf (f%10.5f ,yl (1:20: 101)) ,  sprintf < 1 \n 1 ) ; 

ya  =  sprintf ( 1 %10 . 5f '  ,ya)  ,  sprintf ( 1 \n 1 )  ; 

ye  =  sprintf ( 1 %10 . 5f 1 , ye) ,  sprintf ( 1 \n 1 )  ; 

err  =  sprintf ( 1 %10 . 5f  * , err)  ,  sprintf ( T \n 1 )  ; 

table  =  [x;  yl ;  ya;  ye;  err] 

For  each  problem  the  differential  equation  y'  =  f  (x,  y)  and  the  known  exact  solution  y  =  g(x) 
are  stored  in  the  files  f .  m  and  g .  m  —  for  instance,  the  files 

function  yp  =  f (x,y) 
yp  =  y-2; 

function  ye  =  g(x,y) 
ye  =  2-exp (x) ; 

for  Problem  11.  (The  exact  Solutions  for  Problems  1 1-16  here  are  given  in  the  Solutions  for 
Problems  1 1-16  in  Section  6.1) 

11. 


X 

0.0 

0.2 

0.4 

0.6 

0.8 

1.0 

y(h=0.0l) 

1.00000 

0.77860 

0.50819 

0.17790 

-0.22551 

-0.71824 

1.00000 

0.77860 

0.50818 

0.17789 

-0.22553 

-0.71827 

y  actual 

1.00000 

0.77860 

0.50818 

0.17788 

-0.22554 

-0.71828 

error 

0.000% 

-0.000% 

-0.001% 

-0.003% 

0.003% 

■IIHIMM 

X 

0.0 

0.2 

0.4 

0.6 

0.8 

■  1.0 

y{h= 0.01) 

2.00000 

2.11111 

2.25000 

2.42856 

2.66664 

2.99995 

y  (¿=0.005) 

2.00000 

2.11111 

2.25000 

2.42857 

2.99999 

y  actual 

2.00000 

2.11111 

2.25000 

2.42857 

2.66667 

3.00000 

error 

0.0000% 

0.0000% 

0.0001% 

0.0001% 

0.0002% 

0.0004% 
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13. 


X 

1.0 

1.2 

1.4 

1.6 

1.8 

2.0 

y(h= 0.01) 

3.00000 

3.17390 

3.44118 

3.81494 

4.30091 

4.89901 

y  (6=0.005) 

3.00000 

3.17390 

3.44117 

3.81492 

4.30089 

4.89899 

y  actual 

3.00000 

3.17389 

3.441 16 

3.81492 

4.30088 

4.89898 

error 

0.0000% 

-0.0001% 

-0.0001% 

0.0001% 

-0.0002% 

-0.0002% 

X 

1.0 

1.2 

1.4 

1.6 

1.8 

2.0 

y(h= 0.01) 

1.00000 

1.22296 

1.50707 

1.88673 

2.42576 

3.25847 

y  (6=0.005) 

1.00000 

1.22297 

1.50709 

1.88679 

2.42589 

3.25878 

y  actual 

1.00000 

1.22297 

1.50710 

1.88681 

2.42593 

3.25889 

error 

0.0000% 

0.0002% 

0.0005% 

0.0010% 

0.0018% 

0.0033% 

X 

2.0 

2.2 

2.4 

2.6 

2.8 

3.0 

y  ( 6=0.01) 

3.000000 

3.026448 

3.094447 

3.191719 

3.310207 

3.444448 

y  (6=0.005) 

3.000000 

3.026447 

3.094445 

3.191717 

3.310205 

3.444445 

y  actual 

3.000000 

3.026446 

3.094444 

3.191716 

3.310204 

3.444444 

error 

0.00000% 

-0.00002% 

-0.00002% 

-0.00002% 

-0.00002% 

-0.00002% 

X 

2.0 

2.2 

2.4 

2.6 

2.8 

3.0 

y(  6=0.01) 

3.000000 

4.242859 

5.361304 

6.478567 

7.633999 

8.845112 

y  (6=0.005) 

3.000000 

4.242867 

5.361303 

6.478558 

7.633984 

8.845092 

y  actual 

3.000000 

4.242870 

5.361303 

6.478555 

7.633979 

8.845085 

error 

0.00000% 

"0.00006% 

-0.00001% 

-0.00005% 

-0.00007% 

-0.00007% 

With  6  = 

0.1:  y( 1)  « 

0.35183 

With  6  = 

0.02:  XI)  « 

0.35030 

With  6  = 

0.004:  XI)  * 

0.35023 

With  6  = 

0.0008:  XI)  ~ 

0.35023 

The  table  of  numerical  results 

is 

y  with 

y  with 

y  with 

y  with 

X 

6  =  0.1 

6  =  0.02 

6  =  0.004 

6  =  0.0008 

0.0 

0.00000 

0.00000 

0.00000 

0.00000 

0.2 

0.00300 

0.00268 

0.00267 

0.00267 

0.4 

0.02202 

0.02139 

0.02136 

0.02136 

0.6 

0.07344 

0.07249 

0.07245 

0.07245 

0.8 

0.17540 

0.17413 

0.17408 

0.17408 

1.0 

0.35183 

0.35030 

0.35023 

0.35023 
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In  Problems  18-24  we  give  only  the  final  approximate  valúes  of  y  obtained  using  the  improved 
Euler  method  with  step  sizes  h  =  0.1,  h  =  0.02,  h  =  0.004,  and  h  =  0.0008. 


18. 

With  h  = 

0.1: 

y(2)  ~  1.68043 

With  h  = 

0.02: 

X 2)  »  1.67949 

With  h  = 

0.004: 

y(2)  «  1.67946 

With  h  = 

0.0008: 

X2)  *  1.67946 

19. 

With  h  = 

0.1: 

X2)  ~  6.40834 

With  h  = 

0.02: 

X2)  *  6.41134 

With  h  = 

0.004: 

X2)  «  6.41 147 

With  h  = 

0.0008: 

X2)  «  6.41 147 

20. 

With  h  = 

0.1: 

X2)  «  -1.26092 

With  h  = 

0.02: 

X2)  «  -1.26003 

With  h  = 

0.004: 

X2)  ~  -1.25999 

With  h  = 

0.0008: 

X2)  *  -1.25999 

21. 

With  h  = 

0.1: 

X2)  »  2.87204 

With  h  = 

0.02: 

X2)  *  2.87245 

With  h  = 

0.004: 

X2)  «  2.87247 

With  /z  = 

0.0008: 

X2)  »  2.87247 

22. 

With  h  = 

0.1: 

X2)  *  7.31578 

With  h  = 

0.02: 

X2)  *  7.32841 

With  h  = 

0.004: 

X2)  «  7.32916 

With  h  = 

0.0008: 

X2)  *  7.32920 

23. 

With  h  = 

0.1: 

XI)  *  1.22967 

With  h  = 

0.02: 

XI)  ~  1-23069 

With  h  = 

0.004: 

XI)  «  1.23073 

With  h  = 

0.0008: 

XI)  *  1.23073 

24. 

With  h  = 

0.1: 

XI)  ~  1.00006 

With  /z  = 

0.02: 

n 

o 

o 

o 

o 

o 

With  /z  = 

0.004: 

XI)  ~  1.00000 

With  h  = 

0.0008: 

Xi)  *  1-00000 

25.  Here  / ( t ,  v)  =  32  - 1 .6v  and  t0  =0,  v0  =  0. 
With  h  =  0.01,  100  iterations  of 


k\  =/('»*„),  k2-  f(t  +  h,vn  +hk{),  vn+I 


vn+^(ki+k2) 
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yield  v(l)  » 15.9618,  and  200  iterations  with  h  =  0.005  yield  v(l)  « 15.9620.  Thus  we 

observe  an  approximate  velocity  of  15.962  ft/sec  after  1  second  —  80%  of  the  limiting 
velocity  of  20  ft/sec. 

With  h  =  0.01,  200  iterations  yield  v(2)  -19.1 846,  and  400  iterations  with  h  =  0.005 
yield  v(2)  «19.1 847.  Thus  we  observe  an  approximate  velocity  of  1 9. 1 85  ft/sec  after  2 
seconds  —  96%  of  the  limiting  velocity  of  20  ft/sec. 

26.  Here  f(t,P)  =  0.0225  P-  0.003  P2  and  /o=0,  P0  =  25. 

With  h- 1,  60  iterations  of 

K=fit,Pn),  k2  =f(t  +  h,Pn  +hk1),  Pn+l  =  Pn  +  |(¿,  +k2 ) 

yield  P(60)  «  49.3909,  and  120  iterations  with  h  =  0.5  yield  P(60)  «  49.3913.  Thus  we 

observe  an  approximate  population  of 49.391  deer  after  5  years  —  65%  of  the  limiting 
population  of  75  deer. 

With  h  =  \,  120  iterations  yield  P(120)  «  66.1 129,  and  240  iterations  with  h  =  0.5  yield 
P(60)  «66.1134.  Thus  we  observe  an  approximate  population  of  66. 1 1 3  deer  after  1 0 
years  —  88%  of  the  limiting  population  of  75  deer. 

27.  Here  f(x,  y)-  x2  +  y2  - 1  and  x0  =  0,  y0  =  0.  The  following  table  gives  the 
approximate  valúes  for  the  successive  step  sizes  h  and  corresponding  numbers  n  ofsteps. 
It  appears  likely  that  y(2)  =  1 .0045  rounded  off  accurate  to  4  decimal  places. 


h 

0.1 

0.01 

0.001 

0.0001 

n 

20 

200 

2000 

20000 

y( 2) 

1.01087 

1.00452 

1.00445 

1.00445 

28.  Here  f(x,y)  —  x  +  \y2  and  x0=-2,  y()  =  0.  The  following  table  gives  the 

approximate  valúes  for  the  successive  step  sizes  h  and  corresponding  numbers  n  ofsteps. 
It  appears  likely  that  y( 2)  =  1 .4633  rounded  off  accurate  to  4  decimal  places. 


h 

0.1 

0.01 

0.001 

0.0001 

n 

40 

400 

4000 

40000 

y( 2) 

1.46620 

1.46335 

í. 46332 

1.46331 

In  the  Solutions  for  Problems  29  and  30  we  illustrate  the  following  general  MATLAB  ode  solver. 

function  [t,y]  =  ode(method,  yp,  t0,b,  yO,  n) 

%  tt,y]  =  ode  (method,  yp,  t0,b,  yO,  n) 
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%  calis  the  method  described  by  !method'  for  the 
%  ODE  ’yp'  with  function  header 


%  y'  =  yp(t,y) 

% 

%  on  the  interval  [tO,b]  with  initial  (colman) 

%  vector  yO.  Cholees  for  method  are  *euler', 

%  'impeuler1,  ’rk*  (Runge-Kutta)  ,  *ode23',  *00645'  . 

%  Results  are  saved  at  the  endPoints  of  n  subintervals , 
%  that  is ,  in  steps  of  length  h  =  (b  -  tO)/n.  The 
%  result  t  is  an  (n+1)  -column  vector  from  b  to  ti  , 

%  while  y  is  a  matrix  with  n+1  rows  (one  for  each 
%  t-value)  and  one  column  for  each  dependent  variable. 


h  =  (b  -  tO)/n; 
t  =  tO  :  h  :  b ; 
t  =  t 1  ; 

y  =  yo f  ; 

for  i  =  2  :  n+1 
tO  =  t(i-l) ; 
ti  =  t(i)  ; 
yO  =  y (i-1 , : ) ' ; 

[T ,  Y]  =  feval  (method,  yp, 
Y  =  [y;Y*] ; 
end 


%  step  size 

%  col .  vector  of  t-values 

%  Ist  row  of  result  matrix 

%  for  i=2  to  i=n+l 

%  oíd  t 

%  new  t 

%  oíd  y-row- vector 
tO , ti ,  yO)  ; 

%  adjoin  new  y-row- vector 


use  the  improved  Euler  method,  we  cali  as  9meíhod?  the  following  function. 

function  [ t ,y]  =  impeuler (yp,  tO , ti ,  yO) 

% 

%  [t,y]  =  impeuler (yp,  tO , ti ,  yO) 

%  Takes  one  improved  Euler  step  for 
% 

%  Y'  =  ypr±me(  t,y  )  , 

% 

%  from  tO  to  ti  with  initial  valué  the 
%  column  vector  yO . 

h  =  ti  -  tO; 

kl  =  feval (  yp ,  tO ,  yO  )  ; 

k2  =  feval  (  yp,  ti,  yO  +  h*kl  )  ; 
k  =  (kl  +  k2)/2; 
t  =  ti; 
y  =  yO  +  h*k; 

Here  our  differential  equation  is  described  by  the  MATLAB  function 


function  vp  =  vpboltl  ( t ,  v) 
vp  =  -O . 04 *v  -  9.8; 

Then  the  commands 

n  =  50; 

[ti,  vi]  =  ode  (*  impeuler  s  , 'vpboltl  *,  0 , 10 , 49  ,n)  ; 
n  =  100; 
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[t2,v2]  = 

ode ( T impeuler 

'  ,  1 vpboltl 1 

,0,10,49,11) 

t  =  (0:10) 

«  . 
t 

ve  =  294*exp (-t/25)-245 

r 

[t,  vi (1 : 5 

: 51) ,  v2 (1:10 

:  101)  ,  ve] 

generate  the  table 

t 

with  n  =  50 

with  n  =  100 

actual  v 

0 

49.0000 

49.0000 

49.0000 

1 

37.4722 

37.4721 

37.4721 

2 

26.3964 

26.3963 

26.3962 

3 

15.7549 

15.7547 

15.7546 

4 

5.5307 

5.5304 

5.5303 

5 

-4.2926 

-4.2930 

-4.2932 

6 

-13.7308 

-13.7313 

-13.7314 

7 

-22.7989 

-22.7994 

-22.7996 

8 

-31.5115 

-31.5120 

-31.5122 

9 

-39.8824 

-39.8830 

-39.8832 

10 

-47.9251 

-47.9257 

-47.9259 

We  notice  first  that  the  final  two  columns  agree  to  3  decimal  places  (each  difference  being 
than  0.0005).  Scanning  the  n  =  100  column  for  sign  changes,  we  suspect  that  v  =  0  (at  the 
bolt'sapex)occursjustafter  /  =  4.5  sec.  Then  interpolation  between  t  =  4.5  and  t  =  4.6 
in  the  table 

[t2 (40 : 51) , v2 (40 : 51) ] 


3.9000 

6.5345 

4.0000 

5.5304 

4.1000 

4.5303 

4.2000 

3.5341 

4.3000 

2.5420 

4.4000 

1.5538 

4.5000 

0.5696 

4.6000 

-0.4108 

4.7000 

-1.3872 

4.8000 

-2.3597 

4.9000 

-3.3283 

5.0000 

-4.2930 

indicates  that  t  =  4.56  at  the  bolt's  apex.  Finally,  interpolation  in 

[t2 (95 : 96)  ,v2 (95:96) ] 

9.4000  -43.1387 

9.5000  -43.9445 

gives  the  impact  velocity  v(9.41)  «  -43.22  m/s. 
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30. 


Now  our  differential  equation  is  described  b y  the  MATLAB  function 

function  vp  =  vpbolt2(t,v) 
vp  =  -0 . 0011*v. *abs (v)  -  9. Si¬ 


lben  the  commands 


n  =  100; 


[ti, vi] 

=  ode ( 1 impeuler 1 , 

1  vpbolt2 ' ,0 , 

n  =  200; 

[t2,v2] 

=  ode ( * impeuler 1  , 

1  vpbolt2 1 , 0 , 

t  =  (0:10)  1  ; 

[t,  vl(l 

: 10 : 101) ,  v2 (1:20 

:  201) ] 

generate  the  table 

t 

WÍth/2  =  100 

with  n  =  200 

0 

49.0000 

49.0000 

1 

37.1547 

37.1547 

2 

26.2428 

26.2429 

3. 

15.9453 

15.9455 

4 

6.0041 

6.0044 

5 

-3.8020 

-3.8016 

6 

-13.5105 

-13.5102 

7 

-22.9356 

-22.9355 

8 

-31.8984 

-31.8985 

9 

-40.2557 

-40.2559 

10 

-47.9066 

-47.9070 

We  notice  first  that  the  final  two  columns  agree  to  2  decimal  places  (each  difference  being 
less  than  0.005).  Scanning  the  n  =  200  column  for  sign  changes,  we  suspect  that  v  =  0  (at 
thebolt’sapex)occursjustafter  t  =  4.6  sec.  Then  interpolation  between  t  =  4.60  and 
/  =  4.65  in  the  table 

[t2  (91 : 101)  ,v2  (91 : 101)  ] 


4.5000 

1.0964 

4.5500 

0.6063 

4.6000 

0.1163 

4.6500 

-0.3737 

4.7000 

-0.8636 

4.7500 

-1.3536 

4.8000 

-1.8434 

4.8500 

-2.3332 

4.9000 

-2.8228 

4.9500 

-3.3123 

5.0000 

-3.8016 

indicates  that  /  =  4.61  at  the  bolt's  apex.  Finally,  interpolation  in 
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[t2 (189:190) ,v2 (189 : 190) ] 


9.4000  -43.4052 

9.4500  -43.7907 

gives  the  impact  velocity  v(9.41)  ~  -43.48  m/s. 


SECTION  6.3 

THE  RUNGE-KUTTA  METHOD 

Each  problem  can  be  solved  with  a  "témplate"  of  computations  like  those  listed  in  Problem  1.  We 
include  a  table  showing  the  slope  valúes  kv  k2,  k3,  k4  and  the  xy- valúes  at  the  ends  of  two 
successive  steps  of  size  h  =  0.25. 

1.  To  make  the  first  step  of  size  h  =  0.25  we  start  with  the  function  defined  by 

f[x_,  y_]  :.=  -y 
and  the  initial  valúes 

x  =  0 ;  y  =  2  ;  h  =  0 . 25  ; 

and  then  perform  the  calculations 

kl  =  f[x,  y] 

k2  =  f[x  +  h/2 ,  y  +  h*kl/2] 

k3  =  f[x  +  h/2,  y  +  h*k2/2] 

k4  =  f[x  +  h,  y  +  h*k3] 

y  =  y  +  h/6*(kl  +  2*k2  +  2*k3  +  k4) 

x  =  x  +  h 

in  tum.  Here  we  are  using  Mathematica  notation  that  translates  transparently  to  standard 
mathematical  notation  describing  the  corresponding  manual  computations.  A  repetition 
of  this  same  block  of  calculations  carries  out  a  second  step  of  size  h  =  0.25.  The 
following  table  lists  the  intermedíate  and  final  results  obtained  in  these  two  steps. 


k¡ 

ki 

h 

£4 

X 

Approx.  y 

Actual  y 

-2 

-1/75 

-1.78125 

-1.55469 

0.25 

1.55762 

1.55760 

-1.55762 

-1.36292 

-1.38725 

-1.2108 

0.5 

1.21309 

1.21306 

h 

k2 

kn 

X 

E53SS9I 

Actual  y 

1 

1.25 

1.3125 

1.65625 

0.25 

0.82422 

0.82436 

1.64844 

2.06055 

2.16357 

2.73022 

0.5 

1.35867 

1.35914 
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3. 


kx 

h 

h 

&4 

X 

Approx.  y 

Actual^ 

2 

■ 

2.28125 

2.57031 

0.25 

1.56803 

1.56805 

2.56803 

2.92916 

3.30032 

0.5 

2.29740 

2.29744 

¿i 

k2 

h 

&4 

X 

Approx.  y 

Actual  y 

-1 

-0.75 

-0.78128 

-55469 

0.25 

0.80762 

0.80760 

-0.55762 

-0.36292 

-0.38725 

-0.21080 

0.5 

0.71309 

0.71306 

kx 

h 

h 

kn 

X 

Approx.  y 

Actual  y 

0 

-0.125 

-0.14063 

-0.28516 

0.25 

0.96598 

0.96597 

-28402 

-0.44452 

-0.46458 

-0.65016 

0.5 

0.85130 

0.85128 

k{ 

h 

h 

¿4 

X 

Actual 

0 

-0.5 

-0.48438 

-0.93945 

0.25 

1.87882 

1.87883 

-0.93941 

-1.32105 

-1.28527 

-1.55751 

WBREM 

mmm 

k\ 

k2 

h 

¿4 

X 

Approx.  y 

Actual  y 

0 

-0.14063 

-0.13980 

-0.55595 

0.25 

2.95347 

2.95349 

-0.55378 

-1.21679 

-1.18183 

-1.99351 

0.5 

2.6475 

2.64749 

kx 

k2 

k3 

&4 

X 

Approx.  y 

Actual  y 

1 

0.88250 

0.89556 

0.79940 

0.25 

0.22315 

0.22314 

MmMM 

0.72387 

0.73079 

0.66641 

0.5 

0.40547 

0.40547 

*1 

k3 

¿4 

X 

Approx.  y 

Actual  y 

0.5 

0.53437 

0.57126 

0.25 

1.13352 

1.13352 

0.57122 

0.61296 

0.61611 

0.66444 

0.5 

1.28743 

1.28743 

k\ 

k2 

h 

&4 

X 

Approx.  y 

Actual  ^ 

0 

0.25 

0.26587 

0.56868 

0.25 

1.06668 

1.06667 

0.56891 

0.97094 

1.05860 

1.77245 

0.5 

1.33337 

1.33333 
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The  results  given  below  for  Probleras  11-16  were  computed  using  the  folio wing  MATLAB  script. 

%  Section  6.3,  Problems  11-16 
xO  =  0;  yO  =  1; 

%  first  run: 

h  =  0.2; 

x  =  xO;  y  =  yO;  yl  =  yO; 
for  n  =  1 : 5 
kl  =  f  (x,y)  ; 
k2  =  f  <x+h/2,y+h*kl/2)  ; 
k3  =  f  (x+h/2,y+h*k2/2)  ; 
k4  =  f  (x+h,y+h*k3)  ; 

Y  =  y  +(h/6)*  <kl+2*k2+2*k3+k4)  ; 
yl  =  [yi,Yl; 

x  =  x  +  h; 
end 

%  second  run: 

h  =  0.1; 

x  =  xO;  y  =  yO;  y2  ~  yO; 
for  n  =  1:10 
kl  =  f  (x  ,y)  ; 
k2  =  f  (x+h/2/y+h*kl/2)  ; 
k3  =  f  (x+h/2,y+h*k2/2)  ; 
k4  =  f  (x-*-h,y+h*k3)  ; 
y  =  y  +  (h/6)  *  (kl+2*k2+2*k3+k4)  ; 
y2  =  [y2,y]  ; 
x  =  x  ,  +  h ; 

end 

%  exact  valúes 
x  =  xO  :  0.2  :  x0+l; 
ye  =  g (x) ; 

%  display  table 
y2  =  y2 (1:2:11) ; 
err  =  100* (ye-y2) . /ye ; 

x  =  sprintf ( 1 %10 . 6f 1 ,x)  ,  sprintf ( 1 \n 1 )  ; 
yl  =  sprintf  ( 1  %10 . 6ff  ,yl)  ,  sprintf  ( 1  \n 1 )  ; 

y2  =  sprintf  ( 1  %10 . 6fT  ,y2)  ,  sprintf  ( 1  \n  1 )  ; 

ye  =  sprintf  ( 1  %10 . 6ff  , ye)  ,  sprintf  ( 1  \n  *)  ; 

err  =  sprintf  ( 1  %10 . 6f 1  ,  err)  ,  sprintf  ( 1  \n  *)  ; 

table  =  [  x ;  y  1 ;  y 2  ;  ye ;  err  ] 

For  each  problem  the  differential  equation  /  =  f(x,y )  and  the  known  exact  solution  y  =  g(x) 
are  stored  in  the  files  f  .m  and  g.m  —  for  instance,  the  files 

function  yp  =  f (x,y) 

yp  =  y-2; 


and 


function  ye  =  g(x,y) 
ye  =  2-exp  (x)  ; 
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forProblem  11. 


11. 


X 

0.0 

0.2 

0.4 

0.6 

0.8 

1.0 

y(h= 0.2) 

1.000000 

0.778600 

0.508182 

0.177894 

-0.225521 

y  (¿2=0.1) 

1.000000 

0.778597 

0.508176 

0.177882 

-0.225540 

-0.718280 

y  actual 

1.000000 

0.778597 

0.508175 

0.177881 

-0.225541 

-0.718282 

error 

0.00000% 

-0.00002% 

-0.00009% 

-0.00047% 

-0.00061% 

-0.00029% 

12. 


X 

0.0 

0.2 

0.4 

0.6 

0.8 

1.0 

y  (  h= 0.2) 

2.000000 

2.111110 

2.249998 

2.428566 

2.666653 

2.999963 

y  (¿2=0. 1 ) 

2.000000 

2.111111 

2.250000 

2.428571 

2.666666 

y  actual 

2.111111 

2.666667 

EEBMOi 

■ESlii 

0.000000% 

0.000002% 

0.000006% 

mmm 

13. 


X 

1.0 

1.2 

1.4 

1.6 

1.8 

2.0 

y  (  ¿2=0.2) 

3.000000 

3.173896 

3.441170 

H1ESCM 

4.300904 

4.899004 

3.173894 

3.441163 

4.898981 

y  actual 

3.000000 

3.173894 

3.441163 

3.814918 

4.898979 

error 

0.00000% 

-0.00001% 

-0.00001% 

-0.00002% 

-4)00003% 

-0.00003% 

14. 


X 

1.2 

1.4 

1.6 

1.8 

2.0 

y(h= 0.2) 

1.000000 

1.222957 

1.507040 

1.886667 

2.425586 

3.257946 

y  (¿2=0.1) 

1.000000 

1.222973 

1.507092 

1.886795 

2.425903 

WEERiWlM 

y  actual 

1.000000 

1.222975 

1.507096 

1.886805 

2.425928 

error 

0.0000% 

0.0001% 

0.0003% 

0.0005% 

0.0010% 

0.0021% 

15. 


X 

2.0 

2.2 

2.4 

2.6 

2.9 

3.0 

y  ( ¿2= 0.2) 

3.000000 

3.026448 

3.094447 

3.191719 

3.310207 

3.444447 

y  0=0.1) 

3.000000 

3.026446 

3.094445 

3.191716 

3.310204 

3.444445 

y  actual 

3.000000 

3.026446 

3.094444 

3.191716 

3.310204 

3.444444 

error 

[  0.000000% 

-0.000004% 

-0.000005% 

-0.000005% 

-0.000005% 

-0.000004% 

16. 


X 

2.0 

2.2 

2.4 

2.6 

2.9 

3.0 

y  ( ¿z=0.2) 

3.000000 

4.243067 

5.361409 

6.478634 

7.634049 

8.845150 

y  (/z=0.1) 

3.000000 

4.242879 

5.361308 

6.478559 

7.633983 

8.845089 

y  actual 

3.000000 

4.242870 

5.361303 

6.478555 

7.633979 

8.845085 

error 

0.000000% 

-0.000221% 

-0.000094% 

-0.000061% 

-0.000047% 

-0.000039% 
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17.  With  h  =  0.2: 
With  h  =  0.1: 
With  h  =  0.05: 
With  h  =  0.025: 


XI)  *  0.350258 
XI)  «  0.350234 
XI)  *  0.350232 
XI)  ~  0.350232 


The  table  of  numerical  results  is 


X 

£  2 

II 

y  with 

6  =  0.1 

jwith 
h  =  0.05 

y  with 
h  =  0.025 

0.0 

0.000000 

0.000000 

0.000000 

0.000000 

0.2 

0.002667 

0.002667 

0.002667 

0.002667 

0.4 

0.021360 

0.021359 

0.021359 

0.021359 

0.6 

0.072451 

0.072448 

0.072448 

0.072448 

0.8 

0.174090 

0.174081 

0.174080 

0.174080 

1.0 

0.350258 

0.350234 

0.350232 

0.350232 

In  Problems  1 8—24  we  give  only  the  final  approximate  valúes  of  y  obtained  using  the  Runge-Kutta 
method  with  step  sizes  h  =  0.2,  h  =  0.1,  h  =  0.05,  and  h  =  0.025. 


18. 


19. 


20. 


21. 


22. 


With  h  =  0.2: 
With  h  =  0.1: 
With  h  =  0.05: 
With  h  =  0.025: 

With  h  =  0.2: 
With  h  -  0.1: 
With  h  =  0.05: 
With  h  =  0.025: 

With  h  =  0.2: 
With  h  =  0.1: 
With  h  =  0.05: 
With  h  =  0.025: 

With  h  =  0.2: 
With  h  =  0.1: 
With  =  0.05: 
With  h  =  0.025: 

With  h  =  0.2: 
With  h  =  0.1: 
With  6  =  0.05: 
With  ¿  =  0.025: 


X 2)  *  1.679513 
X2)  «.  1.679461 
X2)  »  1.679459 
X2).«  1.679459 

X2)  *  6.411464 
X2)  *  6.411474 
X2)  «  6.411474 
X2)  «  6.411474 

X2)  *  -1.259990 
X2)  »  -1.259992 
X2)  *  -1.259993 
X2)  *  -1.259993 

X2)  *  2.872467 
X2)  «  2.872468 
X2)  «  2.872468 
X2)  «  2.872468 

X2)  ~  7.326761 
X2)  *  7.328452 
X2)  *  7.328971 
X2)  *  7.329134 
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23. 


With  h  =  0.2:  j<1)  «  1.230735 

With  h=  0.1:  y{ 1)  *  1.230731 

With  h  =  0.05:  ^(1)  *  1.230731 

With  h  =  0.025:  y(  1)  *  1.230731 


24.  With  h  =  0.2:  y(  1)  «  1.000000 

With  h  =  0.1:  >(1)  »  1.000000 

With  h  =  0.05:  j<l)  «  1.000000 

With  h  =  0.025:  ><1)  *  1.000000 

25.  Here  /(/,v)  =  32-1.6v  and  t0  =  0,  v0  =  0. 

With  h  =  0.1,  10  iterations  of 

*i  =  /(4 .  v„ )>  *2  =  /(4  +  i  A,  v„  +  jM, ), 

*3  =  /<X  +  +  ¿M2),  *4  =  f(tn  +h,vn+  hk3), 

*  =  j  (*,  +  2k2  +  2  &3  +  ),  v„+1  =  v„  +  hk 

yield  v(l)«  15.9620,  and  20  iterations  with  h  =  0.05  yield  v(l)  « 15.9621.  Thuswe 
observe  an  approximate  velocity  of  15.962  ft/sec  after  1  second  —  80%  of  the  limiting 
velocity  of  20  ft/sec. 

With  /í  =  0.1,  20  iterations  yield  v(2)  «19.1 847,  and  40  iterations  with  h  =  0.05  yield 
v(2)  «19.1848.  Thus  we  observe  an  approximate  velocity  of  19.185  ft/sec  after  2 
seconds  —  96%  of  the  limiting  velocity  of  20  ft/sec. 

26.  Here  f{t,P)  =  0.0225  P  -  0.003  P 2  and  t0  =0,  P0=  25. 

With  h  =  6,  10  iterations  of 

K=Ktn,Pn),  k2  =  f{tn+\h,pn+\hkx\ 

*3  =  /('„  +  2  h’  V«  +  2  hk2  X  *4  =  /('„  +  h >  Pn  +  hK ). 

*  =  ¿(*i i  +  2*2  +  2*3  +  *4),  P-+|  -  P„+hk 

yield  P(60) «  49.3915,  as  do  20  iterations  with  h  =  3.  Thus  we  observe  an  approximate 
population  of 49.391 5  deer  after  5  years  —  65%  of  the  limiting  population  of  75  deer. 

With  h  =  6,  20  iterations  yield  P(120) «  66. 1136,  as  do  40  iterations  with  h  =  3.  Thus  we 
observe  an  approximate  population  of  66. 1 1 36  deer  after  1 0  years  —  88%  of  the  limiting 
population  of  75  deer. 
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27.  Here  / (x,  y)  =  x2  +  y2  - 1  and  x0  =  O,  y0  =  0.  The  following  table  gives  the 

approximate  valúes  for  the  successive  step  sizes  h  and  corresponding  numbers  n  ofsteps. 
It  appears  likely  that  y(2)  =  1 .00445  rounded  off  accurate  to  5  decimal  places. 


h 

i 

0.1 

0.01 

0.001 

n 

2 

20 

200 

2000 

y( 2) 

1.05722 

1.00447 

1.00445 

1. 00445 

28.  Here  f{x,y)  =  x  +  \y2  and  x0=-2,  y0  =  0.  The  following  table  gives  the 

approximate  valúes  for  the  successive  step  sizes  h  and  corresponding  numbers  n  ofsteps. 
It  appears  likely  that  y(2)  =  1 .4633 1  rounded  off  accurate  to  5  decimal  places. 


h 

i 

0.1 

0.01 

0.001 

n 

4 

40 

00 

40000 

y(  2) 

1.48990 

1.46332 

1.46331 

1.46331 

In  the  Solutions  for  Problems  29  and  30  we  use  the  general  MATLAB  solver  ode  that  was  listed 
prior  to  the  Problem  29  solution  in  Section  6.2.  To  use  the  Runge-Kutta  method,  we  cali  as 
’method'  the  following  function. 

function  [  t,y]  =  rk(yp,  tO,tl,  yO) 

%  [t,  y]  =  rk(yp,  tO ,  ti,  yO) 

%  Takes  one  Runge-Kutta  step  for 
% 

%  y'  =  yp(  t,y  ) , 

% 

%  from  tO  to  ti  with  initial  valué  the 
%  column  vector  yO . 

h  =  ti  -  tO; 

kl  =  feval (yp,  tO  ,  yO  ); 

k2  =  feval (yp ,  tO  +  h/2 ,  yO  +  (h/2) *kl  ); 

k3  =  feval  (yp,  tO  +  h/2,  yO  +  (h/2)  *k2  ); 

k4  =  feval  (yp,  tO  +  h  ,y0  +  h  *k3  ); 

k  =  (1/ 6) * (kl  +  2*k2  +  2*k3  +  k4)  ; 

t  =  ti; 
y  =  yO  +  h*k ; 


29.  Here  our  differential  equation  is  described  by  the  MATLAB  function 

function  vp  =  vpboltl(t,v) 
vp  =  -0.04*v  -  9.8; 

Then  the  commands 
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n  =  100; 

[ti, vi]  =  ode  (  '  rk  '  ,  '  vpbol  ti '  ,0,10,49,  n)  ; 
n  =  200; 

[t2,v]  =  ode  ( '  rk  1  ,  '  vpbol  ti '  , 0,10, 49, n)  ; 
t  =  (0:10) ’ ; 

ve  =  294*exp(-t/25) -245; 

[t,  vi  (l:n/20:l+n/2)  ,  v  (1  :n/10  :n+l)  ,  ve] 
generate  the  table 


t 

withn  =  100 

with  n  =  200 

actual  v 

0 

49.0000 

49.0000 

49.0000 

1 

37.4721 

37.4721 

37.4721 

2 

26.3962 

26.3962 

26.3962 

3 

15.7546 

15.7546 

15.7546 

4 

5.5303 

5.5303 

5.5303 

5 

-4.2932 

-4.2932 

-4.2932 

6 

-13.7314 

-13.7314 

-13.7314 

7 

-22.7996 

-22.7996 

-22.7996 

8 

-31.5122 

-31.5122 

-31.5122 

9 

-39.8832 

-39.8832 

-39.8832 

10 

-47.9259 

-47.9259 

-47.9259 

We  notice  first  that  the  final  three  columns  agree  to  the  4  displayed  decimal  places. 
Scanning  the  last  column  for  sign  changes  in  v,  we  suspect  that  v  =  0  (at  the  bolt's  apex) 
occurs  just  after  /  =  4.5  sec.  Then  interpolation  between  t  =  4.55  and  t  =  4.60  in  the  table 

[t2  (91 :  95)  , v (91 :  95)  ] 


4.5000 

0.5694 

4.5500 

0.0788 

4.6000 

-0.4109 

4.6500 

-0.8996 

4.7000 

-1.3873 

indicates  that  t  =  4.56  at  the  bolt's  apex.  Now  the  commands 

y  =  zeros (n+1,1)  ; 
h  =  10/n; 

for  j  =  2:n+l 

y  (j)  =  y(j-D  +  v  ( j-i)  *h  + 

0.5* (- . 04*v ( j -1)  -  9.8) *hA2 ; 

end 

ye  =  7350* <1  -  exp(-t/25)  )  -  245*t; 

[t,  y  (1 :  n/10  :  n+1)  ,  ye] 

generate  the  table 
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/ 

Approx  y 

Actual  y 

0 

0 

0 

1 

43.1974 

43.1976 

2 

75.0945 

75.0949 

3 

96.1342 

96.1348 

4 

106.7424 

106.7432 

5 

107.3281 

107.3290 

6 

98.2842 

98.2852 

7 

79.9883 

79.9895 

8 

52.8032 

52.8046 

9 

17.0775 

17.0790 

10 

-26.8540 

-26.8523 

We  see  at  least  2-decimal  place  agreement  between  approximate  and  actual  valúes  of  y. 
Finally,  interpolation between  t  =  9  and  t=  10  here  suggests  that  y  =  0  just  after  t  =  9.4. 
Then  interpolation  between  t  =  9.40  and  t  =  9.45  in  the  table 

[t2 (187 : 191) ,y(187:191) ] 


9.3000 

4.7448 

9.3500 

2.6182 

9.4000 

0.4713 

9.4500 

-1.6957 

9.5000 

-3.8829 

indicates  that  the  bolt  is  aloft  for  about  9.41  seconds. 


Now  our  differential  equation  is  described  by  the  MATLAB  function 

function  vp  =  vpbolt2 (t,v) 
vp  =  -0 . 0011*v. *abs (v)  —  9.8; 

Then  the  commands 

n  =  200; 

[ti, vi ]  =  ode  ( ’rk ' , ' vpbolt2 ' , 0 , 10 , 49 ,n)  ; 
n  =  2*n; 

[ t2 , v ]  =  ode('rk'  ,  'vpbolt2'  ,0,10,49, n)  ; 

t  =  (0:10)' ; 

ve  =  zeros  (size (t) ) ; 

ve (1 : 5) =  94. 388*tan(0. 478837  -  0.103827*t(l:5)); 
ve  (6: 11)=  -94. 388*tanh (0.103827* (t (6 : 11) -4 . 6119) )  ; 

[t,  vi  (l:n/20:l+n/2)  ,  v  (1 :  n/10  :  n+1)  ,  ve3 

generate  the  table 


Section  6.3 


403 


404 


t 

with  n  =  200 

with  n  =  400 

actual  v 

0 

49.0000 

49.0000 

49.0000 

1 

37.1548 

37.1548 

37.1547 

2 

26.2430 

26.2430 

26.2429 

3 

15.9456 

15.9456 

15.9455 

4 

6.0046 

6.0046 

6.0045 

5 

-3.8015 

-3.8015 

-3.8013 

6 

13.5101 

-13.5101  - 

■13.5100 

7 

-22.9354 

-22.9354  - 

■22.9353 

8 

-31.8985 

-31.8985  - 

•31.8984 

9 

-40.2559 

-40.2559  - 

•40.2559 

10 

-47.9071 

-47.9071  - 

•47.9071 

We  notice  first  that  the  final  three  columns  almost  agree  to  the  4  displayed  decimal  places. 
Scanning  the  last  colmun  for  sign  changes  in  v,  we  suspect  that  v  =  0  (at  the  bolt's  apex) 
occurs  just  after  t  =  4.6  sec.  Then  interpolation  between  t  =  4.600  and  t  =  4.625  inthe 
table 


[  t2 (185 : 189) ,v(185:189) ] 


4.6000 

0.1165 

4.6250 

-0.1285 

4.6500 

-0.3735 

4.6750 

-0.6185 

4.7000 

-0.8635 

indicates  that  t  =  4.61  at  the  bolt's  apex.  Now  the  commands 

y  =  zeros (n+1 , 1) ; 
h  =  10/n; 
for  j  =  2:n+l 

Y(j)  =  y<j”D  +  v(j-l)*h  +  0.5*  (-.04*v(j-l)  -  9.8)  *hA2 ; 
end 

ye  =  zeros (size (t) ) ; 

ye (1:5)=  108 . 465+909 . 091*log (eos (0 . 478837  -  0 . 103827*t (1 : 5) ) )  ; 
ye (6: 11)=  108 . 465-909 . 091*log (cosh (0 . 103827 

*(t(6:ll)-4.6119)))  ; 

[t,  y  (1 : n/10 : n+1)  ,  ye] 

generate  the  table 


t 

Approx  y 

Actual  y 

0 

0 

0.0001 

1 

42.9881 

42.9841 

2 

74.6217 

74.6197 

3 

95.6719 

95.6742 

4 

106.6232 

106.6292 

5 

107.7206 

107.7272 

6 

99.0526 

99.0560 
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7  80.8027  80.8018 

8  53.3439  53.3398 

9  17.2113  17.2072 

10  -26.9369  -26.9363 


We  see  almost  2-decimal  place  agreement  between  approximate  and  actual  valúes  of  y. 
Finally,  interpolation between  t  =  9  and  t  =  10  here  suggests  that  y  =  0  just  añer  t  =  9.4. 
Then  interpolation  between  t-  9.400  and  t  =  9.425  in  thetable 

[t2  (377:381) ,y(377:381)] 


9.4000 

0.4740 

9.4250 

-0.6137 

9.4500 

-1.7062 

9.4750 

-2.8035 

9.5000 

-3.9055 

indi  cates  that  the  bolt  is  aloft  for  about  9.41  seconds. 


SECTION  6.4 

NUMERICAL  METHODS  FOR  SYSTEMS 

InProblems  1-8  we  first  write  the  given  system  in  the  form  x'  =  f(t,x,y),  y'  -  g(t,x,y). 
Then  we  use  the  témplate 

h  =  0.1;  í,  =  t0+h 

x,  =  x0+hf(t0,x0,y0 );  y,  =  y0  +  hg(t0,x0,y0 ) 

*2  =  *i  +hf(tl,xl,yi);  y2  =  yx+hg{tx,xvy¡) 

(with  the  given  valúes  of  t0,  x0,  and  yQ )  to  calcúlate  the  Euler  approximations  x,  »  x(0.1), 
y  i  ~  T(0. 1)  and  x2  «  x(0.2),  y2  »  y  (0.2)  in  part  (a).  We  give  these  approximations  and  the 
actual  valúes  xact  =  x(0.2),  yacl  =  y (0.2)  in  tabular  form.  We  use  the  témplate 

h  =  0.2;  tx  =  tQ  +  h 

ui  =  x0  +  hf(t0,x0,y0 );  v,  =  y0+hg(t0,xQ,y0) 

x,  =  xü+\h[f(t0,xQ,y^)  +  f(tx,U\,vx)] 

Ti  =  y0  +  ih[g(t0,xü,yü)  +  g(tx,ux,vx)] 
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to  calcúlate  the  improved  Euler  approximations  w,  »  x(0.2),  ux  » _y(0.2)  and 

x,  »  x(0.2),  «  j(0.2)  in  part  (b).  We  give  these  approximations  and  the  actual  valúes 

xac,  =  x(0.2),  yaa  =  y  (02)  in  tabular  form.  We  use  the  témplate 


h  =  0.2; 

F\  =  f(to,x0,y0);  G,  =  g(t0,Wo) 

F2=  f(t0+\h,x0+\hFvyü+\hGx);  G2=  g{t0+\h,x0  +  \hFvy0+\hGx) 

—  f(t0  +  y/z,XQ  +  2hF2,y0  +  y/z  G2),  G3  =  g(t0  +  \h,  x0  +  jh  F2,  y 0  +  y  hG 2) 

Ft  =  f(t0  +  h,x0+hF3,y0  +  hG2 );  G4  =  g<70  +  /z,x0  +  /zF3,  +  /zG3) 

*.  =  x0+^+2F2+2F3  +  F4);  *  =  j0+^(G1+2G2+2G3+G4) 

O  o 

to  calcúlate  the  intermedíate  slopes  and  Runge-Kutta  approximations  x,  «  x(0.2),  yt  «  j(0.2)  for 
part  (c).  Again,  we  give  the  results  in  tabular  form. 

I-  (a) 


2.  (a) 


X\ 

yi 

X2 

J2 

^act 

J4ct 

0.9 

-0.9 

0.81 

-0.81 

0.8187 

-0.8187 

(b) 


U\ 

V] 

x\ 

y\ 

^act 

^act 

0.8 

-0.8 

0.82 

-0.82 

0.8187 

-0.8187 

(c) 


F\ 

G, 

F 

g2 

Fi 

G3 

f4 

G4 

-1 

1 

-0.9 

0.9 

-0.91 

0.91 

-0.818 

0.818 

*1 

y\ 

•^act 

JVact 

0.8187 

—0.8187 

0.8187 

-0.8187 
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In  Problems  9-11  we  use  the  same  Runge-Kutta  témplate  as  in  part  (c)  of  Problems  1-8  above,  and 
give  both  the  Runge-Kutta  approximate  valúes  with  step  sizes  h  =  0.1  and  h  =  0.05,  andalso 
the  actual  valúes. 


9. 

With  h  = 

0.1: 

x(l)  »  3.99261, 

XI)  * 

6.21770 

With  h  = 

0.05: 

x(l)  «  3.99234, 

XI)  * 

6.21768 

Actual  valúes: 

x(l)  «  3.99232, 

XI)  * 

6.21768 

10. 

With  h  = 

0.1: 

x(l)  ~  1.31498, 

XI)  * 

1.02537 

With  h  = 

0.05: 

x(l)  «  1.31501, 

XI)  * 

1.02538 

Actual  valúes: 

x(l)  «  1.31501, 

XI)  * 

1.02538 

11.  With  h  =  0.1: 

x(l)  » 

-0.05832, 

XI) 

«  0.56664 

With  h  =  0.05: 

x(l)  « 

-0.05832, 

XI) 

*  0.56665 

Actual  valúes: 

x(l)  « 

-0.05832, 

XI) 

*  0.56665 

12.  We  fírst  convert  the  given  initial  valué  problem  to  the  two-dimensional  problem 

x'  =  y,  x(0)  =  0, 

y'  -  -x  +  sin  t,  y(0)  =  0. 

Then  with  both  step  sizes  h  =  0.1  and  h  =  0.05  we  get  the  actual  valué  x(l)  «  0.15058 

accurate  to  5  decimal  places. 

13.  With  y  =  x'  we  want  to  solve  numerically  the  initial  valué  problem 

x'  =  y,  x(0)  =  0 

y'  =  -32  -  0.04y,  X0)  =  288. 

When  we  run  Program  RK2DIM  with  step  size  h  =  0.1  we  find  that  the  change  of  sign  in 
the  velocity  v  occurs  as  folio ws: 

/xv 

7.6  1050.2  +2.8 

7.7  1050.3  -0.4 

Thus  the  bolt  attains  a  máximum  height  of  about  1050  feet  in  about  7.7  seconds. 

14.  Now  we  want  to  solve  numerically  the  initial  valué  problem 

x'  =  y,  x(0)  =  0, 

y'  =  -32  -  0.0002/,  X0)  =  288. 
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Running  Program  RK2DIM  with  step  size  h  =  0.1,  we  find  that  the  bolt  attains  a 
máximum  height  of  about  1044  ñ  in  about  7.8  sec.  Note  that  these  valúes  are  comparable  to 
those  found  in  Problem  13. 


15.  With  y  =  x',  and  with  x  in  miles  and  t  in  seconds,  we  want  to  solve  numerically  the 
initial  valué  problem 

x'  =  y 

y'  =  -95485.5/(x2  +  7920x  +  15681600) 

x(0)  =  o,  yo)  =  i. 

We  find  (running  RK2DIM  with  h  =  1)  that  the  projectile  reaches  a  máximum  height  of 
about  83.83  miles  in  about  168  sec  =  2  min  48  sec. 


16.  We  first  defined  the  MATLAB  function 

function  xp  =  fnball(t,x) 

%  Defines  the  baseball  system 
%  xl'  =  x'  =  x3 ,  x3'  =  -cvx' 

%  x2'  =  y'  =  x4 ,  x4'  =  -cvyf-  g 

%  with  air  resistance  coefficient  c. 


g 

32/ 

c  = 

0.0025; 

xp  = 

x; 

V  = 

sqrt (x (3) . A2)  + 

x(4) 

xp(l) 

=  x<3); 

xp(2) 

=  x  ( 4 )  ; 

xp(3) 

=  ~c*v*x (3) ; 

xp(4) 

=  -c*v*x (4)  - 

9! 

Then,  using  the  «-dimensional  program  rkn  with  step  size  0.1  and  initial  data 
corresponding  to  the  indicated  initial  inclination  angles,  we  got  the  following  results: 


Angle 

Time 

Range 

40 

5.0 

352.9 

45 

5.4 

347.2 

50 

5.8 

334.2 

We  have  listed  the  time  to  the  nearest  tenth  of  a  second,  but  have  interpolated  to  find  the 
range  in  feet. 


17.  The  data  in  Problem  16  indícate  that  the  range  increases  when  the  initial  angle  is  decreased 
below  45°.  The  further  data 
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Angle 

Range 

41.0 

352.1 

40.5 

352.6 

40.0 

352.9 

39.5 

352.8 

39.0 

352.7 

35.0 

350.8 

indícate  that  a  máximum  range  of  about  353  ft  is  attained  with  a  ~  40°. 


18.  We  "shoot"  for  the  proper  inclination  angle  by  running  program  rkn  (with  h  =  0. 1 )  as 
follows: 


Angle 

Range 

60 

287.1 

58 

298.5 

57.5 

301.1 

Thus  we  get  a  range  of  300  ft  with  an  initial  angle  just  under  57.5°. 


19. 


First  we  run  program  rkn  (with  h=  0.1)  with  v0  =  250ft/sec  and  obtain  the  following 
results: 


t  x  y 

5.0  457.43  103.90 

6.0  503.73  36.36 

Interpolaron  gives  x  =  494.4  when  y  =  50.  Then  a  run  with  v0  =  255  ft/sec  gives  the 
following  results: 

t  x  y 

5.5  486.75  77.46 

6.0  508.86  41.62 

Finallyarun  with  vo  =  253  ft/sec  gives  these  results: 

t  x  y 

5.5  484.77  75.44 

6.0  506.82  39.53 


Now  x  «  500  ft  when  y  =  50  ft.  Thus  Babe  Ruth's  home  run  ball  had  an  initial  velocity 
of  253  ft/sec. 
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20.  A  run  of  program  rkn  with  h  =  0.1  and  with  the  given  data  yields  the  following  results: 

t  x  y  v  a 

5.5  989  539  162  +0.95 

5.6  1005  539  161  -0.18 


11.5  1868  16  214  -52 

11.6  1881  -1  216  -53 

The  first  two  lines  of  data  above  indicate  that  the  crossbow  bolt  attains  a  máximum  height  of 
about  1005  ñ  in  about  5.6  sec.  About  6  sec  later  (total  time  1 1 .6  sec)  it  hits  the  ground, 
having  traveled  about  1880  ft  horizontally. 

21.  A  run  with  h  =  0.1  indicates  that  the  projectile  has  a  range  of  about  21,400  ft  «  4.05  mi 
and  a  flight  time  of  about  46  sec.  It  attains  a  máximum  height  of  about  8970  ft  in  about  17.5 
sec.  At  time  t  «  23  sec  it  has  its  mínimum  velocity  of  about  368  fl/sec.  It  hits  the  ground 
(t  ¡=b  46  sec)  at  an  angle  of  about  11°  with  a  velocity  of  about  5 1 8  ft/sec. 
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NONLINEAR  SYSTEMS  AND  PHENOMENA 


SECTION  7.1 

EQUILIBRIUM  SOLUTIONS  AND  STABILITY 

In  Problems  1—12  we  identify  the  stable  and  unstable  critical  points  as  well  as  the  funnels  and  spouts 
along  the  equilibrium  Solutions.  In  each  problem  the  indicated  solution  satisfying  x(0)=x0  is 
derived  fairly  routinely  by  separation  of  variables.  In  some  cases,  various  signs  in  the  solution 
depend  on  the  initial  valué,  and  we  give  a  typical  solution.  For  each  problem  we  show  typical 
solution  curves  corresponding  to  different  valúes  of  x0. 

1.  Unstable  critical  point:  x  =  4 

Spout:  Along  the  equilibrium  solution  x(t)  =  4 

Solution:  If  x0>4  then 
C  dx 

J  ~x-4  =  1^’  ln(*~4)  =  /  +  C  =  ln(x0  - 4) 

x-4  =  (x0-4)e';  x(t)  =  4  +  (x0 -4)e‘ . 

Typical  solution  curves  are  shown  in  the  figure  on  the  left  below. 
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2. 


3. 


Stable  critical  point:  x  =  3 

Funnel:  Along  the  equilibrium  solution  x{t)  =  3 

Solution:  If  x0  >  3  then 

=  J(-l  )df,  ln(x  -  3)  =  - t  +  C ■  C  =  ln(x0  -  3) 

x-3  =  (x0-3)e"';  x(/)  =  3  +  (x0-3)e“' . 

Typical  solution  curves  are  shown  in  the  figure  on  the  right  at  the  bottom  of  the  preceding 
page. 

Stable  critical  point:  x  =  0 

Unstable  critical  point:  x  =  4 

Funnel:  Along  the  equilibrium  solution  x(t)  =  0 

Spout:  Along  the  equilibrium  solution  x(t)  =  4 

Solution:  If  x0  >  4  then 
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4. 


Stable  critical  point:  x  =  3 

Unstable  critical  point:  x  =  0 

Funnel:  Along  the  equilibrium  solution  x(t)  =  3 

Spout:  Along  the  equilibrium  solution  x(t)  =  0 

Solution:  If  x0  >  3  then 


í(-3) d,-\ ^ 

-3/  +  C  = 


rr  i 

n 

1 

LO 

i 

X) 

C  =  lnÍLZl 


dx 


-3 1  =  ln*o(*  3) ;  e"3' 
x(x0-3) 


^o(^~3) 

x(x0-3) 


x(0  = 


3x0 

x0  +  (3-x0)e'3'  ‘ 


Typical  solution  curves  are  shown  in  the  figure  on  the  right  at  the  bottom  of  the  preceding 
page. 


5. 


Stable  critical  point:  x  =  -2 

Unstable  critical  point:  x  =  2 

Funnel:  Along  the  equilibrium  solution  x(t)  =  -2 

Spout:  Along  the  equilibrium  solution  x(t)  =  2 

Solution:  If  x0  >  2  then 


¡4dl  =  J 


4r  +  C  =  In 


4  dx 
x2  -4 

x-2 


f 


1 


1 


\X-2  x+2 

x0-2 


dx 


x  +  2 


C  =  ln 


Xq  +  2 


4 f  _  ln  (x~2Xxo+2)-  _  (x  -  2)(x0  +  2) 

(x  +  2)(x0  -  2)  ’  (x  +  2)(x0  -  2) 

2  [(x0  +  2)  +  (x0  -  2)e4' 1 

x(t )  =  -1 = - — - 

(x0  +  2)  -  (x0  -  2)e4 


Typical  solution  curves  are  shown  in  the  figure  on  the  left  at  the  top  of  the  next  page. 
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6.  Stable  critical  point:  x  =  3 

Unstable  critical  point:  x  -  — 3 

Funnel:  Along  the  equilibrium  solution  x(í)  =  3 

Spout:  Along  the  equilibrium  solution  x(t)  =  —3 

Solution:  If  x0  >  3  then 


7.  Critical  point:  x  =  2 

This  single  critical  point  is  semi-stable ,  meaning  that  Solutions  with  xo  >  2  go  to  infinity 
as  t  increases,  while  Solutions  with  xo  <  2  approach  2. 

Solution:  If  x0  >  2  then 
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1 


J 


-dx 

(*-2)2 


x-2 


-t  +  C;  C  =  —2— 

Xq-2 


\  =  _t  +  _±_  =  l-^o -2) 

x  2  Xq  2  Xq  2 

r(t\  =  O  A  X»~2  -  ^O^-1)"4' 

W  1  -  t(x0  -  2)  íx0-2/-l 

Typical  solution  curves  are  shown  in  the  figure  on  the  left  below. 


0  12  3  4  5 

t 


8. 


Critical  point:  x  =  3 

This  single  critical  point  is  semi-stable,  meaning  that  Solutions  with  xo  <  3  go  to  minus 
infinityas  t  increases,  while  Solutions  with  x0>3  approach3. 

Solution:  If  x0  >  3  then 


1 

x  -  3 


t  +  C\ 


c  = 


x0 


1 

-3 


1  =  t  +  _L_  =  l+Kxp-3) 

x-3  x0-3  x0  -3 

wt\  =  3|  *o-3  =  *o(3/  +  l)-9f 

l+í(x0-3)  /x0-3t  +  l 


Typical  solution  curves  are  shown  in  the  figure  on  the  right  above. 
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9.  Stable  critical  point:  x  =  1 

Unstable  critical  point:  x  =  4 

Funnel:  Along  the  equilibrium  solution  x(t)  =  1 

Spout:  Along  the  equilibrium  solution  x(t)  -  4 

Solution:  If  x0  >  4  then 

h*  -  f  3A  .  ff-i _ U* 

J  J  (x-4)(x-l)  Jvx-4  x  — 1 J 
3í  +  C  =  ln^— C  =  ln^^ 

x  1  Xq  1 

3í  =  foQ-^Oo-1).  ey  =  (x  -  4)(x0  -  1) 
(x  -  l)(x0  -  4)  ’  (x  —  l)(x0  -  4) 

x(t)  =  4(1~xo)  +  (xo"4)g3' 

(l-x0)  +  (x0-4)e3'  ‘ 

Typical  solution  curves  are  shown  in  the  figure  below. 


10.  Stable  critical  point:  x  =  5 

Unstable  critical  point:  x-2 

Funnel:  Along  the  equilibrium  solution  x(t)  =  5 

Spout:  Along  the  equilibrium  solution  x(t)  -  2 

Solution:  If  x0  >  5  then 


(-3  )dx 

rr  *  n 

J  (x-5)(x-2)  "  J 

in 

1 

X 

1 

CN 

i 

H 

dx 
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3  t  +  C  =  ln— — — ;  C  =  ln^^- 

x  -  5  x0  -  5 

3/  =  ln  (*~2)(*o  -5),  e3l  _  (x - 2)(x0  - 5) 
(x-5)(x0-2)’  (x  -  5)(x0  -  2) 

x(t)  =  2(5-Jco)  +  5(^o-2)g3' 

(5-x0)  +  (x0-2>3' 

Typical  solution  curves  are  shown  in  the  figure  on  the  left  below. 


11. 


Unstable  critical  point:  x  =  1 

Spout:  Along  the  equilibrium  solution  x(t)  =  1 


Solution:  =  J(-2 :)dt; 


(x-1)2 


=  -2t  +  - 


K-l)2 


Typical  solution  curves  are  shown  in  the  figure  on  the  right  above. 


12.  Stable  critical  point:  x  =  2 

Funnel:  Along  the  equilibrium  solution  x(t)  =  2 


Solution: 


(2  -x)3 


J2  dt; 


(2-xf 


=  2t  +  - 


(2~x0)2 


Typical  solution  curves  are  shown  in  the  figure  at  the  top  of  the  next  page. 
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In  each  of  Problems  13  through  18  we  present  íhe  figure  showing  slope  field  and  typical  solution 
curves,  and  then  record  the  visually  apparent  classification  of  critical  points  for  the  given  differential 
equation. 

13.  The  critical  points  x  =  2  and  x  —  —  2  are  both  unstable.  A  slope  field  and  typical  solution 
curves  of  the  differential  equation  are  shown  below. 


x '  =  (x  +  2)  (x  -  2) 2 
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The  critical  points  x  =  ±2  are  both  unstable,  while  the  critical  point  x  =  0  is  stable.  A 
slope  field  and  typical  solution  curves  of  the  difFerential  equation  are  shown  below. 


x '  =  x  (x2  -  4) 


t 


The  critical  points  x  =  2  and  x  =  -2  are  both  unstable.  A  slope  field  and  typical  solution 
curves  of  the  differential  equation  are  shown  below. 


x  •  =  (x2  -  4) 2 
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16.  The  critical  point  x  =  2  is  unstable,  while  the  critical  point  x  =  -2  is  stable.  A  slope 
field  and  typical  solution  curves  of  the  differential  equation  are  shown  below. 


x'sV-4)3 
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17.  The  critical  points  x  =  2  and  x  =  0  are  unstable,  while  the  critical  point  x  =  -2  is  stable. 
A  slope  field  and  typical  solution  curves  of  the  differential  equation  are  shown  below. 


x '  —  x?  (x^  -  4) 


t 
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The critical  points  x-2  and  x  =  -2  are unstable,  while  the  critical  point  x  =  0  is  stable. 
A  slope  field  and  typical  solution  curves  of  the  differential  equation  are  shown  below. 


x '  =  X3  (x2  -  4) 


The  critical  points  of  the  given  differential  equation  are  the  roots  of  the  quadratic  equation 
^x(10-ji:)-/z  =  0,  thatis,  x2-10x  +  10  h  =  0. 

Thus  a  critical  point  c  is  given  in  terms  of  h  by 

C  -  .  5 ±&=m. 

2 

It  follows  that  there  is  no  critical  point  if  h  >  2j,  only  the  single  critical  point  c  =  0  if 
h  =  2j,  and  two  distinct  critical  points  if  h<2\  (so  10  -  25  h  >0).  Henee  the  bifurcation 

diagram  in  the  /zc-plane  is  the  parabola  with  the  (c  -  5)2  =25-10 h  that  is  obtained  upon 
squaring  to  elimínate  the  square  root  above. 

The  critical  points  of  the  given  differential  equation  are  the  roots  of  the  quadratic  equation 
■¡■¿ñ  x(x  -  5)  +  s  =  0,  thatis,  x2-5x  +  100s  =  0. 

Thus  a  critical  point  c  is  given  in  terms  of  s  by 
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5  ±  a/25  -  400í  5  ,  5 


±— Vi  —  16.v. 
2  2 


It  follows  that  there  is  no  critical  point  if  s  >  -fe,  only  the  single  critical  point  c  =  0  if 
s  =  -¡V,  and  two  distinct  critical  points  if  s  <  -fe  (so  1  - 1  6.?  >  0  ).  Henee  the  bifurcation 

diagram  in  the  sc-plane  is  the  parabola  (2c  -  5)2  =  25(1  - 1 6s)  that  is  obtained  upon 
elimination  of  the  radical  above. 


21. 


(a)  If  k - a2  where  a>  0,  then  kx-x 3  =  -a2x-x2  =  —x{a2  +  x2)  isOonlyif 

x  =  0,  so  the  only  critical  point  is  c  =  0.  If  a  >  0  then  we  can  solve  the  differential 
equation  by  writing 


/» 

J 


ccdx 


x(a  +  x ) 


x  a2+x2J 


dx 


a2  dt. 


1 


lnx~  — ln(a2  +  x2)  =  -a2t  +  —  InC, 
2  2 


a2  +x2 


=  Ce 


-2a1! 


a2Ce 


2all 


\-Ce~2a ' 


It  follows  that  x  >  0  as  /  — >  0,  so  the  critical  point  c  =  0  is  stable. 


(b)  If  k  =  +a 2  where  a  >  0  then  kx-x 3  =  +  a2x - x3  =  —  x(x  +  a)(x -  a)  is 

0  if  either  x  =  0  or  x-±a-  ±~Jk.  Thus  we  have  the  three  critical  points  c  =  0,  ±  \fk, 
and  this  observation  together  with  part  (a)  yields  the  pitchfork  biñircation  diagram  shown  in 
Fig.  7. 1 .13  of  the  textbook.  If  x  &  0  then  we  can  solve  the  differential  equation  by  writing 


2a2  dx 


x(x  -  a)(x  +  a) 


2  1 

—  + - 

x  x-a 


+  - 


1 


dx 


x2-a2 


x  +  a 

2  lnx  +  ln(x-cf)  +  ln(x-a)  =  -la2t  +  \nC, 

2 


-  J2a2  dt. 


Ce 


-2a1! 


x2  = 


1  -  Ce 


~2crt 


X  - 


±4k 


■K- 


■Ce 


-2  a1! 


It  follows  that  if  x(0)  *  0  then  x  — >  -Jk  if  x  >  0,  x  — >  —Jk  if  x  <  0.  This  implies  that 
the  critical  point  c  =  0  is  unstable,  while  the  critical  points  c  =  ±V&  are  stable. 

22.  If  k  =  0  then  the  only  critical  point  c  =  0  of  the  equation  x'  =  x  is  unstable,  because  the 
Solutions  x(t)  =  x0e'  diverge  to  infinity  if  x0  *  0 .  If  k  =  +a2  >  0,  then 

x  +  a2xi  =  x(l  +  a2x2)  =  0  only  if  x  =  0,  so  again  c  =  0  is  the  only  critical  point.  If 
k  =  - a 2  <  0,  then  x  -  a2x3  =  x(l  -  a~x2)  =  x(l  -  ax)(l  +  ax )  =  0  if  either  x  =  0  or 


424 


Chapter  7 


x  =  ±1  la  -  +  V-T Tk.  Henee  the  bifurcation  diagram  of  the  differential  equation 
x'  =  x  +  kx3  looks  as  pictured  below: 


23.  (a)  If  h  <  kM  then  the  differential  equation  is  x'  =  kx((M  -  h/ k)- x),  whichisa 

logistic  equation  with  the  reduced limiting population  M  -hl  k. 

(b)  If  h  >  kM  then  the  differential  equation  can  be  rewritten  in  the  form 
x  =  ~  ax  ~  b*  with  a  and  b  both  positive.  The  solution  of  this  equation  is 


(a  +  b x0)eal  -  bx0 

so  it  is  obvious  that  x(t)->0  as  t oo 


24.  If  x0>  N  then 

l-k<N-H)*-U"-H'*  -  ÍU _ L_U 

J  J  (x-N)(x-H)  J  \x-N  x-Hj 

—k(N  -  H)t  +  C  =  \n— C  =  ln^=^ 
x-H  x0-H 

-k( N  —  H)t  =  ln  —  —  ~ £D-  ■  p-k(N-H)t  (x  —  N)(Xq  —  H) 

1  }  (■ x-H)(x0-M )’  (x - H)(x0  - M) 

X(ñ  = 

(x0  -  H)- (x0  -  N)e~k{N~H)' 
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25.  (i)  In  the  first  altemative  form  that  is  given,  all  of  the  coefilcients  within  parentheses  are 

positive  if  H<xq<  N.  Henee  it  is  obvious  that  x(t)  N  as  t  — »  oo . 

(ii)  In  the  second  altemative  form  that  is  given,  all  of  the  coefficients  within  parentheses 
are  positive  if  xo  <  H.  Henee  the  denominator  is  initially  equal  to  N  -  H>  0,  but  decreases 
as  t  increases,  and  reaches  the  valué  0  when 


t  =  — — ln^— fí» 
N-H  H-x0 


>  0. 


26.  If  4h  =  kNÍ1  then  Eqs.  (13)  and  (14)in  the  text  show  that  the  differential  equation  takes 
the  form  x'  =  ~k(M  12  -x)2  with  the  single  critical  point  x  =  MI  2.  This  equation  is 
readily  solved  by  separation  of  variables,  but  clearly  x'  is  negative  whether  x  is  less  than 
or  greater  than  MI  2. 


27.  Separation  of  variables  in  the  differential  equation  x'  =  -k[(x-a)2  +b2^  yields 


x(0 


a-b  tan  I  bkt  +  tari~} 


a-x^ 

b  J 


It  therefore  follows  that  x(t)  goes  to  minus  infinity  in  a  finite  period  of  time. 

28.  Aside  from  a  change  in  sign,  this  calculation  is  the  same  as  that  indicated  in  Eqs.  (13)  and 
(14)  in  the  text. 

29.  This  is  simply  a  matter  of  analyzing  the  signs  of  x'  in  the  cases  x  <  a,  a  <x<b,  b<x<c, 
and  c  >  x.  Altematively,  plot  slope  fields  and  typical  solution  curves  for  the  two  differential 
equations  using  typical  numerical  valúes  such  as  a  =  -1,  b  =  1,  c  =  2. 


SECTION  7.2 

STABILITY  AND  THE  PHASE  PLAÑE 

1.  The  only  solution  of  the  homogeneous  system  2x-y  =  0,  x  -  3_y  =  0  is  the  origin 

(0,  0).  The  only  figure  among  Figs.  7.2.1 1  through  7.2.18  showing  a  single  critical  point 
at  the  origin  is  Fig.  7.2.13.  Thus  the  only  critical  point  of  the  given  autonomous  system 
is  the  saddle  point  (0,  0)  shown  in  Figure  7.2.13  in  the  text. 

2.  The  only  solution  of  the  system  x  -  =  0,  x  +  3 y  +  4  =  0  is  the  point  (1,1).  The  only 

figure  among  Figs.  7.2.1 1  through  7.2.18  showing  a  single  critical  point  at  (1,  1)  is  Fig. 
7.2.15.  Thus  the  only  critical  point  of  the  given  autonomous  system  is  the  node  (1,  1) 
shown  in  Figure  7.2.15  in  the  text. 
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The  only  solution  of  the  system  x-2j/  +  3  =  0,  x-y  +  2  =  0  isthepoint  (-1,1).  The 
°nly  figure  among  Figs.  7.2.1 1  through  7.2.18  showing  a  single  critical  point  at  (—1, 1)  is 
Fig.  7.2.18.  Thus  the  only  critical  point  of  the  given  autonomous  system  is  the  stable 
center  (- 1 ,  1 )  shown  in  Figure  7.2. 1 8  in  the  text. 

4.  The  only  solution  of  the  system  2x  -  2 y  -  4  =  0,  x  +  4 y  +  3  =  0  is  the  point  (1,-1).  The 
only  figure  among  Figs.  7.2.1 1  through  7.2.18  showing  a  single  critical  point  at  (1,  -1)  is 
Fig.  7.2.12.  Thus  the  only  critical  point  of  the  given  autonomous  system  is  the  spiral 
point  (1,-1)  shown  in  Figure  7.2.12  in  the  text. 

5.  The  first  equation  1  -  y2  =  0  gives  y  =  1  or  y  =  - 1  ata  critical  point.  Then  the 
second  equation  x  +  2y  =  0  gives  x  =  -2  or  x  =  2,  respectively.  The  only  figure 
among  Figs.  7.2.1 1  through  7.2.18  showing  two  critical  points  at  (-2,  1)  and  (2,  -1)  is 
Fig.  7.2.1 1 .  Thus  the  critical  points  of  the  given  autonomous  system  are  the  spiral  point 
(-2, 1)  and  the  saddle  point  (2, 1)  shown  in  Figure  7.2.1 1  in  the  text. 

6.  The  second  equation  4  -  x2  =  0  gives  x  =  2  or  i  =  -2  ata  critical  point.  Then  the 
first  equation  2-4x-15y  =  0  gives  y  =  -2/5  or  x  =  2/3,  respectively.  The  only 
figure  among  Figs.  7.2.1 1  through  7.2.18  showing  two  critical  points  at  (-2,  2/3)  and 
(2,  —2/5)  is  Fig.  7.2.17.  Thus  the  critical  points  of  the  given  autonomous  system  are  the 
spiral  point  (-2,  2/3)  and  the  saddle  point  (2,-2/5)  shown  in  Figure  7.2.17  in  the  text. 

7.  The  first  equation  4x-x3=0  gives  x  =  -2,  x  =  0,  or  x  =  2  at  a  critical  point. 
Then  the  second  equation  x-2y  =  0  gives  y  =  -l,  y  =  0,  or  y  =  1,  respectively. 
The  only  figure  among  Figs.  7.2.1 1  through  7.2.18  showing  three  critical  points  at 
(-2,  -1),  (0,  0),  and  (2,  1)  is  Fig.  7.2.14.  Thus  the  critical  points  of  the  given 
autonomous  system  are  the  spiral  point  (0,  0)  and  the  saddle  points  (-2,  1)  and  (2,  1) 
shown  in  Figure  7.2.14  in  the  text. 

8.  The  second  -y  -  x2  =  0  equation  gives  y  =  -x2  at  a  critical  point.  Substitution  of  this 

in  the  first  equation  x-_y-x2+xy  =  0  then  gives  x  -  x3  =  0,  so  x  =  -1,  x  =  0,  or 

x  =  1.  The  only  figure  among  Figs.  7.2.1 1  through  7.2.18  showing  three  critical  points 
at 

(~15  -1),  (0,  0),  and  (1,-1)  is  Fig.  7.2.16.  Thus  the  critical  points  of  the  given 
autonomous  system  are  the  spiral  point  (-1,-1),  the  saddle  point  (0,  0),  and  the  node 
(1,-1)  shown  in  Figure  7.2.16  in  the  text. 

IneachofProblems9-12weneedonlyset  x'  =  x"  =  0  and  solve  the  resulting  equation  for  x. 

9.  The  equation  4x  -  x3  =  x(4  -  x2)  =  0  has  the  three  Solutions  x  =  0, ±  2.  This  gives  the 

three  equilibrium  Solutions  x(t)  =  0,  x(/)  =  2,  x(t)  =  -2  of  the  given  2nd-order 
differential  equation.  A  phase  plañe  portrait  for  the  equivalent  lst-order  system 
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x'  =  y,  y'  -  -4x  +  x3  is  shown  in  the  figure  below.  We  observe  that  the  critical  point 
(0, 0)  in  the  phase  plañe  appears  to  be  a  center,  whereas  the  points  (±2, 0)  appear  to  be 
saddle  points. 


10.  The  equation  x  +  4x3  =  x(l  +  4x2)  =  0  has  the  single  real  solution  x  =  0.  This  gives  the 
single  equilibrium  solution  x(t)  =  0  of  the  given  2nd-order  differential  equation.  A 
phase  plañe  portrait  for  the  equivalent  lst-order  system  x'  =  y,  y’  -  —2 y -x- 4x3  is 
shown  in  the  figure  below.  We  observe  that  the  critical  point  (0,0)  in  the  phase  plañe 
appears  to  be  a  spiral  sink. 


X 


11.  The  equation  4  sin  x  =  0  is  satisfied  by  x  =  nn  for  any  integer  n.  Thus  the  given  2nd- 
order  equation  has  infinitely  many  equilibrium  Solutions:  x{t)  =  nn  for  any  integer  n. 
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A  phase  portrait  forthe  equivalent  lst-order  system  x' =  y,  y'  =  -3y-4sinx  is  shown 
below.  We  observe  that  the  critical  point  (nn,  0)  in  the  phase  plañe  looks  like  a  spiral 
sink  if  n  is  even,  but  a  saddle  point  if  n  is  odd. 


We  immediately  get  the  single  solution  x  =  0  and  thus  the  single  equilibrium  solution 
x(t)  =  0.  A  phase  plañe  portrait  forthe  equivalent  lst-order  system 
x'  -y,  y'  =  -(x2  - 1  )y-x  is  shown  below.  We  observe  that  the  critical  point  (0, 0)  in 
the  phase  plañe  looks  like  a  spiral  source,  with  the  solution  curves  emanating  firom  this 
source  spiraling  outward  toward  a  closed  curve  trajectory. 
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In  Problems  13-16,  the  givenx-  andy-equations  are  independent  exponential  differential 
equations  that  we  can  solve  immediately  by  inspection. 


13.  Solution:  x(t)  =  xoe~2‘,  y{t)  =  y$e  2t 

Then  y  =  (y0  / x0)x  =  kx,  so  the  trajectories  are  straight  lines  through  the  origin.  Clearly 
x(t),  y(t)  — »  0  as  t  -»  +oo,  so  the  origin  is  a  stable  proper  node  like  the  one  shown 
below. 


\  i 

•l  '1/  i/  jy 
i  j  i//V 

X k 

'sis/, m 
s/?  f  T 
./i/'  Tt  T 

tV\\. 

T  \\\n 

T  \ 

-5  0  5 
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14.  Solution:  x(t)  =  xoe2',  yit)  =  y0e  2t 

Then  xy  =  x0y0  =  k,  so  the  trajectories  are  rectangular  hyperbolas.  Thus  the  origin  is  an 
unstable  saddle  point  like  the  one  in  the  left-hand  figure  below. 
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15. 


Solution:  x(t)  =  x0e~2/,  y(t)  =  y0e~‘ 


Then  x  =  (x0/  y])(y0e  ’f  =  ky1,  so  the  trajectories  are  parabolas  of  the  form 

x  =  ky  , and  clcarly  x(i),y(¿)—>0  as  /— >+qo.  Thus  the origin is  a stable  improper 
node  like  the  one  shown  in  the  right-hand  figure  above. 


16.  Solution:  x(/)  =  x0e‘,  y(t)  =  y0e: 

The  origin  is  an  unstable  improper  node. 
of  the  form  y  =  kx3,  departing  from  the 


The  trajectories  consist  of  the^-axis  and  curves 
)rigin  as  in  the  left-hand  figure  below. 


17.  Differentiation  of  the  first  equation  and  substitution  using  the  second  one  gives 

x"  =  y'  =  x,  so  x"  +  x  =  0. 

We  therefore  get  the  general  solution 

x(/j  =  A  eos  t  +  Bsint 

y(t)  =  B  eos  /  -  A  sin  /  (y  =  x' ). 

Then 

x2  +  y2  =  (y4cost  + 5sint)2  +(Bcos/-^sint)2 

=  (A2  +  B2)cos2  t  +  (A2  +  B2)sin2 1  =  A2  +  B2. 

Therefore  the  trajectories  are  clockwise-oriented  circles  centered  at  the  origin,  and  the 
origin  is  a  stable  center  as  in  the  right-hand  figure  above. 


Section  7.2 


431 


18.  Elimination  of  y  as  in  Problem  17  gives  x"  +  4x  =  0,  so  we  get  the  general  solution 


x(t)  =  A  eos  2 1+  B  sin  2 1, 

y(t)  =  -2B  eos  2f  +  2^4  sin  2t  (y  =  -jc'). 

It  follows  readily  that 

4x2  +  y1  =  4 A2  +4B2 ,  so  — ^—T  +  ^T  =  1 

(b/2f  b2 

where  b2  =  4  A2  +  4 B2.  Henee  the  origin  is  a  stable  center  like  the  one  illustrated  in  the 
left-hand  figure  below,  and  the  vertical  semiaxis  of  each  ellipse  is  twice  its  horizontal 
semiaxis. 


19.  Elimination  of  y  as  in  Problem  1 7  gives  x"  +  4x  =  0,  so  we  get  the  general  solution 

x(t)  =  A  eos  2 t  +  B  sin  2 1, 

y{t)  =  B  eos  2t  -  A  sin  2t  (y  =  ±x' ). 

Then  x2  +  y2  =  A2  +  B2,  so  the  origin  is  a  stable  center,  and  the  trajectories  are 
clockwise-oriented  circles  centered  at  (0,  0),  as  in  the  right-hand  figure  above. 

20.  Substitution  of  y'  =  x"  írom  the  first  equation  into  the  second  one  gives 

x”  =  -5 x-y  =  -5x-4x\  so  x"  +  4x'  +  5x  =  0.  The  characteristic  roots  of  this 

equation  are  r  =  -2  ±  i,  so  we  get  the  general  solution 

x(t)  =  e~2t(A  eos  /  +  B  sin  t), 

y(f)  =  e~2t[(-2 A  +  B) eos  t  -  (A  +  2¿>)sin  í] 
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(the  latter  because  y  =  x' ).  Clearly  x(t),  y(t)  -»  O  as  t^+oo,  so  the  origin  is  an 
asymptotically  stable  spiral  point  with  trajectories  approaching  (0,0). 


21.  We  want  to  solve  the  system 

-ky  +  x(l-x2 -y2)  =  0 
kx  +  y(l  -  x2  -  y2)  =  0. 

If  we  multiply  the  first  equation  by  -y  and  the  second  one  by  x,  then  add  the  two 
results,  we  get  k(x2  +  y2)  =  0.  It  therefore  follows  that  x  =  y  =  0. 

22.  After  separation  of  variables,  a  partial-fractions  decomposition  gives 


so 


f  dr 

Y  i  i  i  "j 

J  Ki-/-2)  “  J 

U  2(r  +  l)  2(r-l)J 

=  lnr-^-ln(r +  1) 

Y1"(r-,>4 

2 1  =  ln 


Cr1 

r2- 1 


(assuming  that  r  >  1,  for  instance).  The  initial  condition  r(0)  =  r0  then  gives 

2,  =  so  e»  _  rMzJ). 

'bV-D  ,  r,V-  O 


We  now  solve  readily  for 
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26. 


Theequation  dyldx  =  -x3/y3  separatesto  x3dx  +  y3dy  =  0,  so  jc4  +  _y4  =  C. 
Thus  the  trajectories  consist  of  the  origin  (0,  0)  and  the  ovals  of  the  form  x4  +  y4  =  C, 
as  illustrated  in  the  right-hand  figure  at  the  bottom  of  the  preceding  page.. 

27.  If  </(t)  =  x(t  +  y)  and  yXf)  -  y(t  +  y)  then 

=  x\t  +  y)  =  y(t  +  y)  =  yif), 
but 

=  y'if  +  f)  =  +  y)-(t  +  y)  =  t  <¡)it)  +  y  </>{t)  *  t  ^t). 

28.  If  <fií)  =  x(t  +  y)  and  yAJ)  =  y(t  +  y)  then 

=  x\t  +  y)  =  F(x(t  +  y),  y(t  +  y))  =  F(<j>(f),  iy(t)), 

and 

similarly.  Therefore  <j)(i)  and  i/ÁJ)  satisfy  the  given  differential  equations. 


SECTION  7.3 

LINEAR  AND  ALMOST  LINEAR  SYSTEMS 

In  Problems  1-10  we  first  find  the  roots  A¡  and  X2  of  the  characteristic  equation  of  the 
coefficient  matrix  of  the  given  linear  system.  We  can  then  read  the  type  and  stability  of  the 
critical  point  (0,0)  from  Theorem  1  and  the  table  of  Figure  7.3.9  in  the  text. 

1.  The  roots  A¡  =  -1  and  A2  =  -3  of  the  characteristic  equation  A2  +  4A  +  3  =  0  are 
both  negative,  so  (0,0)  is  an  asymptotically  stable  node  as  shown  on  the  lefi  below. 


Section  7.2 


435 


2.  The  roots  A\  =  2  and  Ai  =  3  of  the  characteristic  equation  A2  -  5 A  +  6  =  0  are  both 
positive,  so  (0,0)  is  an  unstable  improper  node  as  shown  on  the  right  at  the  bottom  of  the 
preceding  page. 

3.  The  roots  A¡  =  -1  and  A¿  =  3  of  the  characteristic  equation  A2  -  2  A  -  3  =  0  have 
different  signs,  so  (0,0)  is  an  unstable  saddle  point  as  shown  on  the  left  below. 


4.  The  roots  A\  =  -2  and  Al  =  4  of  the  characteristic  equation  A2  -  2A  -  3  =  0  have 
different  signs,  so  (0,0)  is  an  unstable  saddle  point  as  shown  on  the  right  above. 

5.  The  roots  A\  =  Ai  =  -1  of  the  characteristic  equation  A2  +2A  +  1  =  0  are  negative  and 
equal,  so  (0,0)  is  an  asymptotically  stable  node  as  in  the  left-hand  figure  below. 
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10. 


The  roots  ¿ufa  =  ±3  i  of  the  characteristic  equation  X2  +9  =  0  are  puré  imaginary,  so 
(0,0)  is  a  stable  (but  not  asymptotically  stable)  center  as  in  the  right-hand  figure  at  the 
bottom  of  the  preceding  page. 


11. 


The  Jacobian  matrix 


has  characteristic  equation  A2  +  3  A  +  2  =  0 


and  eigenvalues  A¡  =  -1,  A2  =  -2  that  are  both  negative.  Henee  the  critical  point 
(2,  1)  is  an  asymptotically  stable  node  as  in  the  left-hand  figure  below. 
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12. 


The  Jacobian  matrix 


-2 

4 


has  characteristic  equation  A2  -  5  A  +  6  =  0 


and  eigenvalues  A¡  =  2,  A2  =  3  that  are  both  positive.  Henee  the  critical  point 
(2,-3)  is  an  unstable  node  as  in  the  right-hand  figure  above. 


13. 


The  Jacobian  matrix 


has  characteristic  equation  A2  - 1  =  0 


and  eigenvalues  A\  =  -1,  Ai  =  +1  having  different  signs.  Henee  the  critical  point 
(2,  2)  is  an  unstable  saddle  point  as  in  the  left-hand  figure  at  the  top  of  the  next  page. 


14. 


The  Jacobian  matrix 


1 

-1 


has  characteristic  equation  A2  —  4  =  0 


and  eigenvalues  A¡  =  -2,  Ai  =  2  that  are  real  with  different  signs.  Henee  the  critical 
point  (3,  4)  is  an  unstable  saddle  point  as  in  the  right-hand  figure  at  the  top  of  the  next 
page. 
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and  eigenvalues  A¡,  A2  =  -1  ±  /  that  are  complex  conjugates  with  negative  real  part. 
Henee  the  critical  point  (1,1)  is  an  asymptotically  stable  spiral  point  as  shown  in  the 
figure  on  the  left  below. 


The  Jacobian  matrix 


-2 

3 


has  characteristic  equation  A2  -  4  A  +  5  =  0 


and  eigenvalues  A¡,  A2  =  2  ±i  that  are  complex  conjugates  with  positive  real  part. 
Henee  the  critical  point  (3,  2)  is  an  unstable  spiral  point  as  shown  in  the  right-hand 
figure  above. 


Section  7.3 


439 


imaginary  eigenvalues  A¡,  A2  -  ±3 /.  Henee  (-2,-1)  is  a  stable  (but  not  asymptotically 
stable)  center  as  shown  on  the  right  above. 


In  each  of  Problems  19-28  we  first  calcúlate  the  Jacobian  matrix  J  and  its  eigenvalues  at  (0,0) 
and  at  each  of  the  other  critical  points  we  observe  in  our  phase  portrait  for  the  given  system. 

Then  we  apply  Theorem  2  to  determine  as  much  as  we  can  about  the  type  and  stability  of  each  of 
these  critical  points  of  the  given  almost  linear  system.  Finally  we  a  phase  portrait  that 


1  +  2  y  -3  +  2x 
3  = 

4-y  -6-X 

ri  -31  , 

At  (0,0):  The  Jacobian  matrix  J  =  ^  has  characteristic  equation  A  +  5A  +  6  =  0 

and  eigenvalues  A\  =  -3,  A2  =  -2  that  are  both  negative.  Henee  (0,0)  is  an 
asymptotically  stable  node  of  the  given  almost  linear  system. 

9/5  -5/3 1 

At  (2/3,  2/5):  The  Jacobian  matrix  J  =  has  characteristic  equation 

v  18/5  -20 /3_ 

A2  +tI  A  -6  =  0  and  approximate  eigenvalues  A,  «  -5.89,  A¿  «1.02  with  different 

signs.  Henee  (2/3,  2/5)  is  a  saddle  point. 

The  left-hand  figure  at  the  top  of  the  next  page  shows  both  these  critical  points. 
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6  +  2x  —5 
[  2  -l  +  2y_ 

\6  -5l 

At  (0,0):  The  Jacobian  matrix  J  =  has  characteristic  equation  A2  -51  +  4  -  0 

and  eigenvalues  A¡  =  1,  12  =  4  that  are  both  positive.  Henee  (0,0)  is  an  unstable  node 
of  the  given  almost  linear  system. 

[4  -5] 

At  (—1 ,— 1):  The  Jacobian  matrix  J  =  ^  has  characteristic  equation 

l2  -1-2  =  0  and  eigenvalues  1,  =  —  1,  1,  =  2  with  different  signs.  Henee  (-1,-1)  is  a 
saddle  point. 


At  (-2.30,-!  .70):  The  Jacobian  matrix  J  ¡ 


has  complex  conjúgate 


eigenvalues  1,  ~ -1.5 +  1.25/,  ^  »  -1.5  -1.25/  with  negative  real  parts.  Henee 
(-2.30,-1.70)  is  a  spiral  sink. 

The  figure  on  the  right  above  shows  these  three  critical  points. 


21. 


1  +  2x  2  +  2  y 
[2-3  y  -2  -  3x_ 

At  (0,0):  The  Jacobian  matrix  J  = 


has  characteristic  equation  l2  + 1  -  6  =  0 


and  eigenvalues  A¡  =  -3,  12  =  2  with  different  signs.  Henee  (0,0)  is  a  saddle  point  of 
the  given  almost  linear  system. 
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At  (—0.5 1  —2.12):  The  Jacobian  matrix 


-0.014  -2.2361 

„  „  _ .  _  has  complex  conjúgate 

8.354  -0.479 J 


eigenvalues  A¡  «  -0.25  +  4.32/,  A1  »  -0.25  +  4.32/  with  negative  real  parts.  Henee 
(-0.51,-2.12)  is  a  spiral  sink. 


The  figure  on  the  left  below  shows  these  two  critical  points. 


r  1  -y2  4-2  xy~ 

2  +  2  xy  -1  +  x2 

At  (0,0):  The  Jacobian  matrix 


1  4 

2  -1 


has  characteristic  equation  A2  -  9  -0 


and  eigenvalues  A\  =  -3,  =  3  that  have  different  signs.  Henee  (0,0)  is  a  saddle  point 

of  the  given  almost  linear  system. 

At  (±3 .65,  +0.59):  The  Jacobian  matrix  J«  ^-649  8.325  has  positive  real 

_-2.325  12.325J  F 

eigenvalues  \  «  2.649,  A1  ~  10.325.  Henee  these  critical  points  are  both  nodal  sources. 

[-24.649  -4.325] 

At  (±0.82, ±5.06)  :  The  Jacobian  matrix  J«  ’  has  negative  real 

_  10.325  -0.325J  S 

eigenvalues  A¡  «  -22.649,  A¡,  ~  -2.325.  Henee  these  critical  points  are  both  nodal 
sinks. 


The  figure  on  the  right  above  shows  these  five  critical  points. 


23. 


2  +  3x2  -5 

4  -6  +  4  y3 
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At  (0,0):  The  Jacobian  matrix  J  = 


has  chaxacteristic  equation  A2  +4A +  8-0 


2 

4 


-5 

-6 


and  complex  conjúgate  eigenvalues  A,  =  -2  +  2i,  A1- -2-  2 i 
Henee  (0,0)  is  a  spiral  sink  of  the  given  almost  linear  system. 


At  (-1.08,-0.68):  The  Jacobian  matrix 


5.495 

4 


-5 

-7.276 


with  negative  real  part. 
has  eigenvalues 


Al  «  -5.45,  A1  ~  3.61  with  different  signs.  Henee  (-1.08,-0.68)  is  a  saddle  point. 
The  figure  on  the  left  below  shows  these  two  critical  points. 


At  (0,0):  The  Jacobian  matrix  J  = 


A2  -  5A  + 1 5  =  0  and  complex  conjúgate  eigenvalues  A,  «  2.5  +  2.96/',  «  2.5  -  2.96/ 

with  positive  real  part.  Henee  (0,0)  is  a  spiral  source  of  the  given  almost  linear  system. 
The  figure  on  the  right  above  shows  this  critical  point. 


25. 


1  +  3  y  -2  +  3x 
2-2x  -3  —  2  y 


At  (0,0):  The  Jacobian  matrix  J  = 


has  characteristic  equation  A2  +  2A  + 1  =  0 


and  equal  negative  eigenvalues  A¡=-1,  A2  =  - 1.  Henee  (0,0)  is  either  a  nodal  sink  or  a 
spiral  sink  of  the  given  almost  linear  system. 
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At  (0.74,-3.28) :  The  Jacobian  matrix 


-8.853  0.226 
0.516  3.568 


has  real  eigenvalues 


A¡  «-8.86,  Aj  i=»  3.58  with  different  signs.  Henee  (0.74,-3.28)  is  a  saddle  point. 

f -0.370  5.410  1 


At  (2.47,-0.46) :  The  Jacobian  matrix  J 


-2.940  -2.087 


has  complex  conjúgate 


eigenvalues  2,  «  -1.23  +  3.89/,  2,  --1.23  +  3.89/  with  negative  real  parí.  Henee 
(2.47,-0.46)  is  a  spiral  sink. 

[ 1 .222  -1.636] 

At  (0.121,0.074):  The  Jacobian  matrix  has  real  eigenvalues 


1.758  -3.148 


2,  «  -2.34,  A¿  ~  0.42  with  different  signs.  Henee  (0.121,0.074)  is  a  saddle  point. 

The  left-hand  figure  below  shows  clearly  the  first  three  of  these  critical  points.  The  right- 
hand  figure  is  a  close-up  near  the  origin  with  the  final  critical  point  now  visible. 


3  -  2x  -2-2  y 
J  =  ' 

2-3  y  -1  -3x_ 

[3-2]  2 

At  (0,0):  The  Jacobian  matrix  J  =  ^  has  characteristic  equation  2  -22  + 1  =  0 

and  equal  positive  eigenvalues  A¡  =  1 ,  Aj  -  1 .  Henee  (0,0)  is  either  a  nodal  source  or  a 
spiral  source  of  the  given  almost  linear  system. 

[2.592  -2.506]  , 

At  (0.203,0.253)  :  The  Jacobian  matrix  J»  has  real  eigenvalues 

1.241  —1.61 1 

2,  a  -0.65,  A¿  » 1.63  with  different  signs.  Henee  (0.203,0.253)  is  a  saddle  point. 
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\  +  4x3  -1-2 y 

_|_2-2x  -1  +  4  y\ 

At  (0,0):  The  Jacobian  matrix  J : 


1  -1 

2  -1 


has  characteristic  equation  A2  + 1  =  0 


and  equal  positive  eigenvalues  A¡  =  -i,  Á2  =  +/.  Henee  (0,0)  is  either  a  center  or  a 
spiral  point,  but  its  stability  is  not  determined  by  Theorem  2. 

[0.934  0.0141 

At  (-0.254,-0.507)  :  The  Jacobian  matrix  J  has  real  eigenvalues 


2.508  -1.521 


A¡  »— 1.53,  0.95  with  different  signs.  Henee  (-0.254,-0.507)  is  a  saddle  point. 

.....  .  ....  _  .  .  .  .  f-14.087  -4.2731 


At  (-1.557,-1.637):  The  Jacobian  matrix  J« 


5.113  16.532 


has  real  eigenvalues 


A ,  «  -13.36,  A1  ~  15.80  with  different  signs.  Henee  (-1.557,-1.637)  is  a  saddle  point. 
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At  (—1.070,— 1.202)  :  The  Jacobian  matrix  J»  has  unequal  negative 

4.141  -7.940 J  4  6 

eigenvalues  Ai  «  -9.07,  A,  »  -2.78  .  Henee  (-1.070,-1.202)  is  a  nodal  sink. 

The  left-hand  figure  below  shows  these  four  critica!  points.  The  close-up  on  the  right 
suggests  that  the  origin  may  (but  may  not)  be  a  stable  center. 


3  +  3x2  -1  +  3  y2 
13  +  3  y  -3  +  3* 


At  (0,0):  The  Jacobian  matrix  J  — 


has  characteristic  equation  A2  +  4  =  0 


and  equal  positive  eigenvalues  A\  =  -2 i,  A2  =  +2/.  Henee  (0,0)  is  either  a  center  or  a 
spiral  point,  but  its  stability  is  not  determined  by  Theorem  2. 

r  3.044  -0.340] 

At  (-0.121,-0.469)  :  The  Jacobian  matrix  .1  ~  ^  ^  ^  has  real  eigenvalues 


11.593  -3.364 


A¡  «-2.67,  ^  «  2.35  with  different  signs.  Henee  (-0.121,-0.469)  is  a  saddle  point. 
.  .  ..  .  _  f  3.048  0.176] 


At  (0.126,0.626) :  The  Jacobian  matrix  J  ¡ 


14.878  -2.621 


has  real  eigenvalues 


A i  ~  -3.05,  =¡3.48  with  different  signs.  Henee  (0.126,0.626)  is  a  saddle  point. 

.  __  . .  .  f  82.000  85.903] 


At  (5.132,-5.382)  :  The  Jacobian  matrix  J 


-3.146  12.395 


has  unequal  positive 


eigenvalues  A[  « 16.52,  A2  ~  77.87 .  Henee  (5.132,-5.382)  is  a  nodal  source. 


The  first  three  of  these  critical  points  are  shown  in  the  figure  at  the  top  of  the  next  page. 
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30. 


31. 


‘  0  1 
2x  -1 


At  (1,1)  :  The  Jacobian  matrix  J  = 


0  1 
2  -1 


has  characteristic  equation  A2  +1-2  =  0 


and  real  eigenvalues  A,  «  -2,  Z,  ~+l  with  different  signs.  Henee  (1,1)  is  a  saddle  point. 

"0  1  " 

-2  -1 


At  (1,  —  1) :  The  Jacobian  matrix  J  = 


has  characteristic  equation 


A2  +1  +  2  =  0  and  complex  conjúgate  eigenvalues  A¡  ~  -0.5  + 1 .323/,  A1 «  -0.5  - 1 .323/ 

with  negative  real  part.  Henee  (1,-1)  is  a  spiral  sink  as  in  the  right-hand  figure  on  the 
preceding  page. 


'  0  2  y 

3x2  -1 

At  (1,1)  :  The  Jacobian  matrix  J  = 


0  2 
3  -1 


has  characteristic  equation  A2  +1-6  =  0 


At  (-1,-1)  :  The  Jacobian  matrix  J  = 

i  2 


has  characteristic  equation 


and  real  eigenvalues  A,  =  -3,  12  =  +  2  with  different  signs.  Henee  (1,1)  is  a  saddle  point. 

"0  -2 
3  -1. 

A2  +1  +  6  =  0  and  complex  conjúgate  eigenvalues  \  »  -0.5  +  2.398/,  A1 «  -0.5  -  2.398/ 
with  negative  real  part.  Henee  (-1,-1)  is  a  spiral  sink. 

These  two  critical  points  are  shown  in  the  figure  below. 


-3 


0  3 

X 
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32.  J  = 


y  x 

i  -2 


At  (2, 1) :  The  Jacobian  matrix  J  = 


has characteristic equation  A2  +  1-4  =  0 


and  real  eigenvalues  Al  »  -2.56,  Á2  ~  +1.56  with  different  signs.  Henee  (1,1)  is  a  saddle 
point. 


At(-2,-l):  The  Jacobian  matrix  J  = 


has  characteristic  equation 


A1  +31  +  4  =  0  and  complex  conjúgate  eigenvalues  \  »  -1 .5  + 1 .323/, 

^  ~  — 1-5  —  1 .323/  with  negative  real  part.  Henee  (-2,-1)  is  a  spiral  sink. 


These  two  critical  points  are  shown  in  the  figure  below. 


33.  The  characteristic  equation  of  the  given  linear  system  is 

(1  -  sf  +  1  =0 

with  characteristic  roots  1\,  12  =  e±  i. 

(a)  So  if  f<0  then  A¡,  I2  are  complex  conjugates  with  negative  real  part,  and 
henee  (0,  0)  is  an  asymptotically  stable  spiral  point. 

(b)  If  e  =  0  then  1¡,  12  =  ±/  (puré  imaginary),  so  (0,0)  is  a  stable  center. 

(c)  If  s>  0,  the  situation  is  the  same  as  in  (a)  except  that  the  real  part  is  positive,  so 
(0,  0)  is  an  unstable  spiral  point. 
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34.  The  characteristic  equation  of  the  given  linear  system  is 


(Á+l)2-£  =  0. 

(a)  If  £<  0  then  Ai,  ¿2  —  - 1  ±  /  V— &  ■  Thus  the  characteristic  roots  are  complex 
conjugates  with  negative  real  parí,  so  it  follows  that  (0,0)  is  an  asymptotically  stable 
spiral  point. 

(b)  If  s  =  0  then  the  characteristic  roots  A\  =  Á2  =  - 1  are  equal  and  negative,  so 
(0,0)  is  an  asymptotically  stable  node.  If  0  <  £<  1  then  Ai,  Az  —  -1  ±  4s  are  both 
negative,  so  (0,0)  is  an  asymptotically  stable  improper  node. 

35.  (a)  If  h  =  0  we  have  the  familiar  system  x'  =  y,  y'  =  -x  with  circular  trajectories 

about  the  origin,  which  is  therefore  a  center. 

(b)  The  change  to  polar  coordinates  as  in  Example  6  of  Section  7.2  is  routine, 
yielding  r'  -  hr3  and  6'  =  -1. 

(c)  If  h  =  -1,  then  r'  =  - r 3  integrates to  give  2 r2  =  H(t  +  C)  where  C  isa 
positive  constant,  so  clearly  r  -»  0  as  t—>  +oo ,  and  thus  the  origin  is  a  stable  spiral 
point. 

(d)  íf  h  =  +1,  then  r'  =  r3  integrates  to  give  2 r2  =  -1  /(t  +  C)  where  C  =  -B 
is  a  positive  constant.  It  follows  that  2 r2  =  \/(B  -  /),  sonow  r  increases  as  t  starts  at 
0  and  increases. 


36. 


(a) 

7.2. 


Again,  the  change  of  variables  is  essentially  the  same  as  in  Example  6  of  Section 


(b) 


9  O  9  • 

If  £=  -a  then  the  equation  r'  =  -r(a  +r)  integrates  to  give  the  equation 


,+c , -jüf.HgW) 

a 2  2  a2 


that  (after  exponentiating)  we  readily  solve  for 

2  _  n2exp(-2to2  -2Ca2) 

1  -  exp(— 2  ta1  —  2  Ca2 ) 

This  makes  it  clear  that  r  — >  0  as  t  ->  +oo ,  so  the  origin  is  an  asymptotically  stable 
spiral  point  in  this  case. 

(c)  If  £  =  a2  then  the  equation  r'  =  r(a2  -  r2)  integrates  to  give  the  equation 
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37. 


38. 


t  +  C  =  21nr-ln(fl-r)-ln(fl  +  r) 
2  a2 


that  (after  exponentiating)  we  solve  for 


a 


1  +  exp(-2ta2  -  2Ca 2) 

It  therefore  follows  that  r  -+  a  as  t  -»  +oo . 

The  substitution  y  =  vx  in  the  homogeneous  first-order  equation 

dy  _  y(2x3-y3) 

yields 


dx  x{x3 -2y3) 
dv 


v4  +  v 


dx  2v3  - 1 

Separating  the  variables  and  integrating  by  partial  fractions,  we  get 


f  1  1  2v-l  .  , 

+ - 1-  — - I  dv  =  - 


v  v+1  v-v+1 


dx 

x 


ln((v  +  l)(v2 -v  +  1))  =  lnv-lnx  +  lnC 


(v  +  l)(v2  -  v  +  1) 


Cv 


v3  +  l  = 


Cv 


Finally,  the  replacement  v  =  y/x  yields  x3  +  y3  =  Cxy. 

The  roots  of the  characteristic  equation  A2 -TA  +  D  =  0  are  given  by 


Al,A2  - 


r±Vr2-4D 


We  examine  the  various  possibilities  individually. 

•  If  the  point  {T,  D )  lies  above  the  parabola  T2  =  AD  in  the  trace-determinant  plañe 
but  off the  £)-axis,  so  the  radicand  T2  -AD  is  negative,  then  A¡  and  A1  have 


Section  7.3 


451 


nonzero  imaginary  part  and  nonzero  real  part  TI 2.  Henee  we  have  a  spiral  source  if 
T  >0,  a  spiral  sink  if  T  <  0. 

®  Ifthepoint  ( T,D )  lies  on  the  positive  Z)-axis,  so  T=  0  but  D>  0,  then 
Al-  A2  =  iy/D,  puré  imaginary,  so  we  have  a  stable  center. 

®  If  the  point  ( T,D )  lies  beneath  the  T-axis,  then  Al  ,A1=\[t±  ^ Jt 2  +4|D||  because 

D  <  0.  It  follows  that  A,  and  are  real  with  different  signs,  so  we  have  a  saddle 
point. 

«  If  the  point  ( T,D )  lies  between  the  7-axis  and  the  parabola  T2  =  AD,  then  the 
radicand  T2  -AD  is  positive  but  less  than  T2 .  It  follows  that  A,  and  ^  are  real 
and  both  have  the  same  sign  as  T,  so  we  have  a  nodal  source  if  T  >  0,  a  nodal  sink 
if  T<  0. 


SECTION  7.4 

ECOLOGSCAL  APPLICATIONS: 
PREDATORS  AND  COI^PETSTORS 


1. 


200  -  Ay  -Ax 

2  y  — 150  +  2x 


At(0,0):  The  Jacobian  matrix 


0 

-150 


has  characteristic  equation 


(200  -  /l)(-150  -  A)  =  0  and  real  eigenvalues  Al  =  -150,  A¿  =  200  with  different  signs. 
Henee  (0,0)  is  a  saddle  point  of  the  linearized  system  x'  =  200x,  y'  -  -150>\  See  the 
left-hand  figure  below. 
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At  (75,50):  The  Jacobian  matrix 


-300 

0 


has  characteristic  equation 


A2  +  30000  =  0  and  puré  imaginary  eigenvalues  A,,  A,  =  ±100/73.  Henee  (75,50)  is  a 
stable  center  of  the  linearization  n'  =  -300v,  v'  =  100w.  See  the  right-hand  figure  at  the 
bottom  of  the  preceding  page. 


2.  Upon  separation  of  variables,  the  equation 


yields 


dy  _  -150y  +  2xy  _  >-( — 1 50  +  2jc) 
dx  ~  200x-4 xy  ~  x(200-4y) 


200lny  -4y  =  2x-1501nx  +  C 


assumingthat  x,y>  0. 


3.  The  effect  of  using  the  insecticide  is  to  replace  b  b y  b+f  and  a  b y  a- f  in  the 

predator-prey  equations,  while  leaving  p  and  q  unchanged.  Henee  the  new  harmful 
populationis  (b+f)/q  >  b/q  =  xe,  and  the  new  benign  population  is 
(a  -j)lp  <  atp  =  yE. 

Problems  4-7  deal  with  the  competition  system 

x'  =  60x  -  4x2  -  3 xy,  y'  =  42 y  -  2 y2  -  3 xy  n) 


that  has  Jacobian  matrix 


60  -  8x  -  3>> 
-3y 


-3x 

42  -  4_y  -  3x 


4. 


At  (0,0)  the  Jacobian  matrix 


0 

42 


has  characteristic  equation 


(60  -  A)(42  -  A)  =  0  and  positive  real  eigenvalues  A,  =  42,  =  60.  Henee  (0, 0)  is  a 

nodal  source  of  the  linearized  system  x'  =  60x,  y’  =  42  y. 


5. 


At  (0,21)  the  Jacobian  matrix  J  = 


has  characteristic  equation 


-3  0  ‘ 

-63  -42_ 

(-3  -  A)(-42  -  A)  =  0  and  negative  real  eigenvalues  A,  =  -42,  ^=-3.  Henee  (0, 2 1)  is 
a  nodal  sink  of  the  linearized  system  u'  =  -  3 u,  v'  =  -  63 u  -  42v . 
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6. 


At  (15,0)  the  Jacobian  matrix 


J  = 


-60 

0 


-45 

-3 


has  characteristic  equation 


(-60  -  X)(-3  -  X)  =  0  and  negative  real  eigenvalues  Xl  =  -60,  X1  =  -3.  Henee  (15,0)  is 
a  nodal  sink  of  the  linearized  system  u'  =  -  60w  -  45v,  v'  =  — 3v . 


7. 


At  (6,12)  the  Jacobian  matrix 


-18 

-24 


has  characteristic  equation 


(-24  -  X )2  -  (-36)(- 18)  —  0  and  real  eigenvalues  X¡  =  -24  +  1 8^2  >  0, 

X¿  =  —  24  — 18V2  <  0  with  different  signs.  Henee  (6,12)  is  a  saddle  point  of  the 
linearized  system  u'  =  —  24w-18v,  v'  =  —  36n-24v.  The  figure  on  the  left  below 

illustrates  this  saddle  point.  The  figure  on  the  right  shows  all  four  critical  points  of  the 
system. 


mpj  ■  1 1 

Problems  8-10  deal  with  the  competition  system 


60x  -  3x2  -  4 xy,  y'  =  42y  -  3y2  -  2 xy 


(3) 


that  has  Jacobian  matrix  J  = 


60  -  6x  -  4  y  — 4x 

-2  y  42-6  y-  2x 


8. 


At  (0,14)  the  Jacobian  matrix 


J  = 


4  0 

-28  -42 


has  characteristic  equation 


(4  -  X)(-42  -  A)  =  0  and  real  eigenvalues  X,  =-  42,  X1  =  4  with  different  signs.  Henee 
(0, 14)  isa  saddle  point  of  the  linearized  system  u'  =  4  u,  v'  =  -  28  u-  42v . 
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9. 


At  (20, 0)  the  Jacobian  matrix 


-80 

2 


has  characteristic  equation 


(-60  -  2)(2  -  2)  =  0  and  real  eigenvalues  2,  =-60,  Z,  =2  with  different  signs.  Henee 
(20,0)  is  a  saddle  point  of  the  linearized  system  w'  =  -60w-80v,  v'  =  2v. 


10. 


At  (12,6)  the  Jacobian  matrix 


36 

-48 

12 

-18 

has  characteristic  equation 


(-36 - 2)(-l 8 -  A)  - (— 12)(— 48)  =  0  and  negative  real  eigenvalues  Á¡,A2=-27±  3^73. 
Henee  (12,6)  is  a  nodal  sink  of  the  linearized  system  w'  =  -36w-48v,  v'  =  -12w-18v. 
The  figure  on  the  leñ  below  illustrates  this  sink.  The  figure  on  the  right  shows  all  four 
critical  points  of  the  system. 


Problems  11—13  deal  with  the  predator-prey  system 

x  =  5x-x2  -  xy,  y’  =  -2 y  +  xy 


(4) 


that  has  Jacobian  matrix  J  ■ 


5-2  x  —  y  -x 
y  -2  +  x 


11.  At  (0, 0)  the  Jacobian  matrix  J 


5  0' 
0  -2 


has  characteristic  equation 


(5  -  2)(-2  -2)  =  0  and  real  eigenvalues  2,  =  -  2,  2¡  =  5  with  different  signs.  Henee 
(0,0)  is  a  saddle  point  of  the  linearized  system  x'  =  5x,  y'  =  -2y. 
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12. 


At  (5,0)  the  Jacobian  matrix 


has  characteristic  equation 


(-5  -  A)(3  -  A)  =  0  and  real  eigenvalues  A¡  =  -  5,  =  3  with  different  signs.  Henee 

(5, 0)  is  a  saddle  point  of  the  linearized  system  u'  =  -  5u  -  5v,  v'  =  3v  . 


13. 


At  (2,3)  the  Jacobian  matrix 


-2 

0 


has  characteristic  equation 


(-2  -  A)(-A)  -  (3)(-2)  =  A2  +  2A  +  6  =  0  and  complex  conjúgate  eigenvalues 
Al,A2  =  -l±iyf5  with  negative  real  parí.  Henee  (2, 3)  is  a  spiral  sink  of  the 
linearized  system  u'  =  -2u  —  2v,  v'  =  3u  (illustrated  below). 


U 


Problems  14-17  deal  with  the  predator-prey  system 

x'  =  x2  -2x-  xy,  y'  =  y2  -  4 y  +  xy 


that  has  Jacobian  matrix 


2x  —  2 

y 


y 


-x 

2y-A+x 


(5) 


14. 


At  (0,0)  the  Jacobian  matrix 


0 

-4 


has  characteristic  equation 


(-2  -  A)(-4  -  A)  =  0  and  negative  real  eigenvalues  A,  =-  4,  A1  -  -  2.  Henee  (0,0)  is  a 
nodal  sink  of  the  linearized  system  x'  =  -2x,  y'  =  -4 y. 
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At  (0,4)  the  Jacobian  matrix  J 


4  4 


has  characteristic  equation 


(-6-A)(4-A)  =  0  and  real  eigenvalues  A¡=-  6,  A¡  =  4  with  different  signs.  Henee 
(0,4)  is  a  saddle  point  of  the  linearized  system  u'  =  -  6u,  v'  =  4u  +  4v . 


At  (2,0)  the  Jacobian  matrix  J  = 


has  characteristic  equation 


(2  -  A)(-2  -A)  =  0  and  real  eigenvalues  A,  =-  2,  A1=2  with  different  signs.  Henee 
(2,0)  is  a  saddle  point  of  the  linearized  system  u'  =  2u  -  2v,  v'  =  —  2v . 


3  -3 

At  (3, 1)  the  Jacobian  matrix  J  =  has  characteristic  equation 

(3  -  A)(\  -A)-  (1)(— 3)  =  A2-4A  +  6  =  0  and  complex  conjúgate  eigenvalues 
A],A1=2±iy¡2  with  positive  real  part.  Henee  (3,1)  is  a  spiral  source  of  the 
linearized  system  u'  =  3u  -  3v,  v'  =  u  +  v  (illustrated  below). 


Problems  1 8  and  1 9  deal  with  the  predator-prey  system 

x'  =  2  x-xy,  y'  =  -5  y  +  xy 

,  ,  r  ,  •  .  .  [2  -  y  -x 

that  has  Jacobian  matrix  J  = 

¡  y  -5  +  x 


(7) 
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18.  At  (0, 0)  the  Jacobian  matrix  J 


has  characteristic  equation 


(2  -  X)(-5  -  X)  -  0  and  real  eigenvalues  X¡  =-  5,  X¿=  2  with  different  signs.  Henee 
(0, 0)  is  a  saddle  point  of  the  linearized  system  x'  =  2x,  y’  =  -5y. 


19. 


At  (5,2)  the  Jacobian  matrix 


-5 

0 


has  characteristic  equation 


(-/L)(-A)  -  (2)(-5)  =  X2  +10  =  0  and  puré  imaginary  roots  X  =  ±i  VÍO,  sotheorigin 
is  a  stable  center  for  the  linearized  system  u'  =  -  5v,  v'  =  2 u.  This  is  the  indeterminate 
case,  but  the  figure  below  suggests  that  (5,2)  is  also  a  stable  center  for  the 
original  system  in  (7). 


W 


Problems  20-22  deal  with  the  predator-prey  system 

x'  =  -  3x  +  x2  -  xy,  y'  =  -5 y  +  xy 


that  has  Jacobian  matrix 


-3  +  2x  -  y 

y 


-x 

-5  +  x 


(8) 


20. 


At  (0,0)  the  Jacobian  matrix  J  = 


0 

-5 


has  characteristic  equation 


(-3  -  /l)(-5  -  X)  =  0  and  negative  real  eigenvalues  X¡=-5,  X1=-2>.  Henee  (0, 0)  is  a 
nodal  sink  of  the  linearized  system  x'  =  -3x,  y'  =  -5y. 
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21. 


At  (3,0)  the  Jacobian  matrix  J  = 


3  -3' 
0  -2 


has  characteristic  equation 


(3  —  A)(—2  —  A)  —  0  and  real  eigenvalues  A¡=-2,  ^  =  3  with  different  signs.  Henee 
(3,0)  is  a  saddle  point  of  the  linearized  system  u'  =  3w  -  3v,  v'  =  -  2v . 


22. 


At  (5,2)  the  Jacobian  matrix 


-5 

0 


has  characteristic  equation 


(5  -  A)(-A)  -  (2)(-5)  =  A2  -  5 A  + 10  =  0  and  complex  conjúgate  eigenvalues 
A¡,A 2  =  j^5±iyfl5^  with  positive  real  part.  Henee  (5,2)  is  a  spiral  source  of  the 
linearized  system  u'  =  5u-  5v,  v'  =  2 u  (illustrated  below). 


Problems  23—25  deal  with  the  predator-prey  system 

x'  =  lx-x2-xy,  y'  =  -5y  +  xy 


that  has  Jacobian  matrix 


7-2  x-  y 

y 


-x 

-5  +  x 


(9) 


23. 


At  (0,0)  the  Jacobian  matrix  J  = 


0 

-5 


has  characteristic  equation 


(7  -  A)(-5  -  A)  =  0  and  real  eigenvalues  \  =  -  5,  y  =7  with  different  signs.  Henee 
(0,0)  is  a  saddle  point  of  the  linearized  system  x'  =  7x,  y'  =  -5y. 
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has  characteristic  equation 


24.  At  (7,0)  the  Jacobian  matrix  J  = 

(-7  -  A)(2  -  A)  =  0  and  real  eigenvalues  A¡  =  -  7,  ^  =  2  with  different  signs.  Henee 
(7, 0)  is  a  saddle  point  of  the  linearized  system  u'  =  -7u- 7v,  v'  =  2v  . 


25. 


At  (5,2)  the  Jacobian  matrix  J  = 


has  characteristic  equation 


(—5  -  A)(-A)  —  (2)(— 5)  =  A2  +5A  + 10  =  0  and  complex  conjúgate  eigenvalues 
Al,A2  =  ^(-5±z  Vl5  j  with  negati  ve  real  part.  Henee  (5,2)  is  a  spiral  sink  of  the 
linearized  system  u'  =  -  5u  —  5v,  V  =  2m  (illustrated  below). 


2- y  —x 
-y  3-jc 


At  (0,0) :  The  Jacobian  matrix  J  =  ^  ^  has  characteristic  equation  A2  -52  +  6  =  0 
and  positive  real  eigenvalues  A¡=2,  A1  =  3 .  Henee  (0,0)  is  a  nodal  source. 

. . .  r  o  -3i . ,  .  . 


At  (3, 2) :  The  Jacobian  matrix 


-2  0 


has  characteristic  equation  A2  -6  =  0 


and  real  eigenvalues  A,,  A1  =  ±Vó  with  different  signs.  Henee  (3,2)  is  a  saddle  point. 


If  the  initial  point  (x0,y0)  lies  above  the  southwest-northeast  separatrix  through  (3,2) , 
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then  (x(í),y(t))  — >  (0,co)  as  t —*■  oo.  Butif  (x0,y0)  lies  belowthis  separatrix,  then 
(x(í),  y  (/))—>  (°°,0)  as  /  — »  oo.  See  the  left-hand  figure  below. 


At  (0, 0)  :  The  Jacobian  matrix 


has  characteristic  equation 


/l2  +  7A  + 12  =  O  and  negative  real  eigenvalues  Á,= -4,  Az= -3.  Henee  (0,0)  is  a  nodal 
sink. 


At  (3, 2)  :  The  Jacobian  matrix 
real  eigenvalues  Al,A1  =  ±2y¡3 


J  = 


0  6 
2  0 


has  characteristic  equation  A2  -12  =  0  and 


with  different  signs.  Henee  (3,2)  is  a  saddle  point. 


If  the  initial  point  (x0,y0)  lies  below  the  northwest-southeast  separatrix  through  (3,2)  , 
then  (x(t),y  (/))-»  (0,0)  as  t  ->  oo.  Butif  (x0,y0)  lies  above  this  separatrix,  then 
(x(t),y(/))  ->  (oo,°°)  as  t  -» co.  See  the  right-hand  figure  above. 


28. 


2y-16  2x 
—y  4  -  x_ 

has  characteristic  equation 

A2  +  \2Á  -  64  =  0  and  real  eigenvalues  A¡  =  -16,  A,  =4  with  opposite  signs.  Henee 
(0,0)  is  a  saddle  point. 


At  (0,0) :  The  Jacobian  matrix  J  = 


-16  0 
0  4 


Section  7.4 


461 


At  (4, 8)  :  The  Jacobian  matrix  J  = 


0  8' 
-8  0 


has  characteristic  equation  A2  +64  =  0 


and  conjúgate  imaginary  eigenvalues  Ai,A1  =  ±8 i .  This  is  the  indeterminate  case,  but  the 
figure  in  the  answers  section  of  the  textbook  indicates  that  (4, 8)  is  a  stable  center  for  the 
original  nonlinear  system. 


As  t  -»  oo,  each  solution  point  (x(í),  y  (/))  with  nonzero  initial  conditions  encircles  the 
stable  center  (4,8)  periodically  in  a  clockwise  direction.  See  the  figure  below. 


O  5  10  15 


X 


29. 


J  = 


— 2x-jy  +  3  —j¡x 


1 

2 

-2  y  4  -  2x 
At  (0,0) :  The  Jacobian  matrix  J  = 


3  0 
0  4 


has  characteristic  equation 


X1  -  71  +  12  =  0  and  positive  real  eigenvalues  A,  =  3,  A¿=4 .  Henee  (0,0)  is  a  nodal 
source. 


At  (3,0) :  The  Jacobian  matrix  J  = 


-3 

has  characteristic  equation 

0-2 
L. 

A2  +  5 A  +  6  =  0  and  negative  real  eigenvalues  A¡  =  -3,  A1  =  —2  .  Henee  (3,0)  is  a  nodal 
sink. 

~  -2  -f 
-4  0 


At  (2,2) :  The  Jacobian  matrix  J 


has  characteristic  equation 


A2  +  2 A -4  =  0  and  real  eigenvalues  A,  «-3.2361,  ^  =1.2361  with  different  signs. 
Henee  (2,2)  is  a  saddle  point. 
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If  the  initial  point  (x0,.y0)  lies  above  the  southwest-northeast  separatrix  through  (2,2), 
then  (x(í), >»(/))  ->  (0, oo)  as  /  ->  oo.  But  if  (x0,_y0)  lies  below  this  separatrix,  then 
(x(t),j/(/))  >  (3,0)  as  t —>  oo.  See  the  left-hand  figure  below. 


-2x  +  y_y  +  3  jx 

rV  ix-1 


At  (0,0)  :  The  Jacobian  matrix  J 


0  -1 


has  characteristic  equation 


A2  -22  -3  =  0  and  real  eigenvalues  A,  =  -1,  A1  =  3  of  opposite  sign.  Henee  (0,0)  is  a 
saddle  point. 


At(3,0):  The  Jacobian  matrix  J  = 


-3  -1 
J  2 

0  -2 


has  characteristic  equation 


A2+Jf/L  +  Jf  =  0  and  negative  real  eigenvalues  \  =  -3,  Aj  =  —Jf .  Henee  (3,0)  is  a 
nodal  sink. 


At  (5,4)  :  The  Jacobian  matrix  J  = 


i  0 


has  characteristic  equation  A2  +  5A -2  =  0 


and  real  eigenvalues  A¡  «  -5.3723,  2^  =  0.3723  with  different  signs.  Henee  (5,4)  is  a 
saddle  point. 


If  the  initial  point  (x0,y0)  lies  above  the  northwest-southeast  separatrix  through  (5,4) , 
then  (x(t),  J'(t)) (°o,co)  as  t  — >  oo.  Butif  (x0,.y0)  lies  below  this  separatrix,  then 
(*(0,^(0)  (3,0)  as  /  — >  oo.  See  the  right-hand  figure  above. 


Section  7.4 


463 


-2x-}y  +  3  -\x 


3  O 

At  (0, 0)  :  The  Jacobian  matrix  J  =  has  characíeristic  equation  Á2  -A -6  =  0 

0  -2J  ^ 

and  real  eigenvalues  A¡  =  -2,  /t,  =  3  of  opposite  sign.  Henee  (0,0)  is  a  saddle  point. 

r-3  -¿i 

At  (3, 0) :  The  Jacobian  matrix  J  =  ^  has  characteristic  equation 

A2  +  22-3  =  0  and  real  eigenvalues  A¡  =  -3,  A1  =  1  of  opposite  sign.  Henee  (3,0)  is  a 
saddle  point. 

f-2  — ! L1 

At(2,4):  The  Jacobian  matrix  J=  2  has  characteristic  equation 

4  0  J 

A2  +2A +  2  =  0  and  complex  conjúgate  eigenvalues  A¡,A2=-l±i  with  negative  real 
part.  Henee  (2,4)  is  a  spiral  sink. 

As  t  — »  oo,  each  solution  point  (x(í),  j(í))  with  nonzero  initial  conditions  approaches 
the  spiral  sink  (2,4) ,  as  indicated  by  the  direction  arrows  in  the  figure  below. 


32. 


—6x  +  y  +  30  x 

4  y  4x-6y  +  60 

At  (0,0)  :  The  Jacobian  matrix  J  = 


30  0 

0  60 


has  characteristic  equation 


A2  -  90 A  + 1 800  =  0  and  positive  real  eigenvalues  A,  =  30,  A1  =  60 .  Henee  (0,0)  is  a 
nodal  source. 
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At  (0,20)  :  The  Jacobian  matrix  J  = 


has  characteristic  equation 


At(10,0):  The  Jacobian  matrix  J  = 


has  characteristic  equation 


'50  0 

80  -60j 

A¿  + 102  -  3000  =  0  and  real  eigenvalues  A¡  =  -60,  Aí  =  50  of  opposite  sign.  Henee 
(0,20)  is  a  saddle  point. 

-30  10' 

0  100 

A2  -  70 A  -  3000  =  0  and  real  eigenvalues  A,  =  -30,  A,  =  100  of  opposite  sign.  Henee 
(10,0)  is  a  saddle  point. 

-90  30  " 

__240  -180 

A2  +  240 A  +  9000  =  0  and  negative  real  eigenvalues  A[  «  -23 1 .05,  A^  =  -38.95 .  Henee 
(30,60)  is  a  nodal  sink. 


At  (30,60)  :  The  Jacobian  matrix  J  = 


has  characteristic  equation 


As  t  -»  oo,  each  solution  point  (x(í),_y(/))  with  nonzero  initial  conditions  approaches 
the  nodal  sink  (30,60) .  See  the  figure  below. 


X 


J  = 


-6x  +  y  +  30  x 

4  y  4x-6y  +  60 


At  (0,0) :  The  Jacobian  matrix  J  = 


has  characteristic  equation 


30  0 

0  80_ 

A1  - 1 10 A  +  2400  =  0  and  positive  real  eigenvalues  2,  =  30,  ^  =  80 .  Henee  (0,0)  is  a 
nodal  source. 
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At  (0,20) :  The  Jacobian  matrix  J  = 


has  characteristic  equation 


At  (15,0)  :  The  Jacobian  matrix  J  = 


has  characteristic  equation 


'10  0  ' 

40  -80 

2 2  +  702.  -  800  =  0  and  real  eigenvalues  2,  =  -80,  ^  =  10  of  opposite  sign.  Henee 
(0,20)  is  a  saddle  point. 

-30  15 ' 

w  0  llOj 

22  -802-3300  =  0  and  real  eigenvalues  2,  =  -30,  2j  =  1 10  of  opposite  sign.  Henee 
(1 5, 0)  is  a  saddle  point. 

~-8  -4 ' 

__44  -88 

22  +  962  +  880  =  0  and  negative  real  eigenvalues  2,  «  -85.736,  =  -10.264  .  Henee 


At  (4,22) :  The  Jacobian  matrix  J  = 


has  characteristic  equation 


(4,22)  is  a  nodal  sink. 

As  /-»  oo,  each  solution  point  (x(í),>'(/1))  with  nonzero  initial  conditions  approaches 
the  nodal  sink  (4,22) .  See  the  figure  below. 


0  10  20 
X 


34. 


-4x-j  +  30  -x 

2  y  2x-  8j>  +  20 


At  (0,0):  The  Jacobian  matrix 


0 

20 


has  characteristic  equation 


22  -  502  +  600  =  0  and  positive  real  eigenvalues  2,  =  20,  =  30 .  Henee  (0,0)  is  a 

nodal  source. 
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At(0,5):  The  Jacobian  matrix  J  = 


has  characteristic  equation 


'25  0  ' 

10  -20 

A2  -  5  A  -  500  =  0  and  real  eigenvalues  Al  =  -20,  X,  =25  of  opposite  sign.  Henee 
(0, 5)  is  a  saddle  point. 

~  -30  -15" 

^  0  50 

A2  -20/1-1500  =  0  and  real  eigenvalues  \  =-30,  A,  =50  of  opposite  sign.  Henee 


At  (15,0)  :  The  Jacobian  matrix  J  = 


has  characteristic  equation 


(15,0)  is  a  saddle  point. 


At(l0,10):  The  Jacobian  matrix 


-10 

-40 


has  characteristic  equation 


A2  +  60 A  + 1 000  =  0  and  complex  conjúgate  eigenvalues  A¡ ,  A1  «  -30  ±  1 0/  with 
negative  real  part.  Henee  (10,10)  is  a  spiral  sink. 


As  t->  co,  each  solution  point  (x(t),y  (/))  with  nonzero  initial  conditions  approaches 
the  nodal  sink  (10,10) .  See  the  figure  below. 


SECTION  7.5 

NONLINEAR  MECHANICAL  SYSTEMS 

In  each  of  Problems  \-4  we  need  only  substitute  the  familiar  power  series  for  the  exponential, 
sine,  and  cosine  functions,  and  then  discard  all  higher-order  terms.  For  each  problem  we  give 
the  corresponding  linear  system,  the  eigenvalues  A\  and  A2,  and  the  type  of  this  critical  point. 
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1.  x'  =  l-(l  +  x  +  -jx2H — "j  +  2y  «  -x  +  2y 

y'  =  ~ x ~^(y ~6 y3 4 — )  *-*-4. y 

r-i  2i 

The  coefficient  matrix  A  =  has  negative  eigenvalues  X\  =  -2  and 

¿2  = -3  indicating  a  stable  nodal  sink  as  illustrated  in  the  figure  below.  Altematively, 
we  can  calcúlate  the  Jacobian  matrix 


J(x,y) 


so  J(0,0) 


2. 


*'  =  2(x-ix3+---)  +  (>’-Jr/  +  --)  «  2 x  +  y 
y'  =  +  +  +  *  x  +  2y 


The  coefficient  matrix  A  = 


has  positive  eigenvalues  ¿1  =  1  and  ¿2  =  3 


indicating  an  unstable  nodal  source.  Altematively,  we  can  calcúlate  the  Jacobian  matrix 


J(x,y)  = 


2cosx  eos  y 
eos  x  2  eos  y 


so  J(0,0) 


3.  x'  =  (l  +  x  +  -jx2H — )  +  2y  — 1  »  x  +  2y 
y'  =  8x  +  (l  +  y  +  jy2  +  ■••)-!  «  8x  +  y 
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The  coefficient  matrix  A  = 


has  real  eigenvalues  =  -3  and  Á2  =  5  of 


1  2 
8  1 

opposite  sign,  indicating  an  unstable  saddle  point  as  illustrated  in  the  leñ-hand  figure 
below.  Altematively,  we  can  calcúlate  the  Jacobian  matrix 

J(x,y)  = 


e 

8 


so  J(0,0)  = 


1  2 
8  1 


-3  0  3 


X 


:  - - - i 

¿ 

C . N  '\  T  - 

||| 

L_ _ ^  A 

■4  0  4 


X 


The  linear  system  is  x'  =  x  -  2y,  y'  =  4x  -  3y  because 

sinxcosy  =  (x  -  jc3/3!  +  —  )(1  -y2/ 2!  +  —)  =  *  +  •••, 


and  eos  x  sin  y  «  y  similarly.  The  coefficient  matrix  A  = 


1 

4 


-2 

-3 


has  complex 


conjúgate  eigenvalues  A¡,A2  =  -1  ±2i  with  negative  real  part,  indicating  a  stable 
spiral  point  as  illustrated  in  the  right-hand  figure  above.  Altematively,  we  can  calcúlate 


the  Jacobian  matrix 


J(x,y) 


eos  x  eos  y  -sinxsiny-2 

3  sin  x  sin  +  4  -3cosxcosy 


so 


J(0,0)  = 


The  critical  points  are  of  the  form  (0,  nn)  where  n  is  an  integer,  so  we  substitute 
x  =  u,  y  =  v  +  nn.  Then 

u’  =  x'  =  -  u  +  sin(v  +  nn)  =  -w  +  (cosn^)v  =  -w  +  (-l)"v. 
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Henee  the  linearized  system  at  (O,  mi)  is 

u'  —  -u±v,  v'  =  2  u 

where  we  take  the  plus  sign  if  n  is  even,  the  minus  sign  if  n  is  odd.  If  n  is  even  the 
eigenvalues  are  A¡  =  1  and  A2  =  -2,  so  (0,  n.7i)  is  an  unstable  saddle  point.  If  n  is  odd 
the  eigenvalues  are  Á¡,Á2  =  (-1  ±  i  \¡1  )/2,  so  (0,  mi)  is  a  stable  spiral  point. 


Alternatively,  we  can  start  by  calculating  the  Jacobian  matrix  Jl(x,y)  = 


eos  y 
0 


At  (0  ,rm),  n  even:  The  Jacobian  matrix  J  = 


1 

0 


has  characteristic  equation 


A2  +  A -2  =  0  and  real  eigenvalues  A,  =  -2,  A1=  1  of  opposite  sign.  Henee  (0 ,nn)  is  a 
saddle  point  if  n  is  even,  as  we  see  in  the  figure  above. 


At  {0,nn),  n  odd:  The  Jacobian  matrix  J  = 


-1 

0 


has  characteristic  equation 


A2  +A  +  2  =  0  and  complex  conjúgate  eigenvalues  A¡ ,A¡  =  j (-1  ±  i^íl)  with  negative 
real.  Henee  (0 ,nn)  is  a  spiral  sink  if  n  is  odd,  as  indicated  in  the  figure. 


6.  The  critical  points  are  of  the  form  («,  0)  where  n  is  an  integer,  so  we  substitute 
x  =  u  +  n,  y  =  v.  Then 

v'  =  y'  =  sin7r(w  +  n)-v  =  cosn^sin^w  « (-l)”7rw- v, 

Henee  the  linearized  system  at  («,  0)  is 
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u'  - 


V, 


v'  =  ±701  -  V 


with  coefficient  matrix  A  = 


0 

±7t 


1 

-1 


where  we  take  the  plus  sign  if  n  is  even,  the 


minus  sign  if  n  is  odd.  The  characteristic  equation 


/l2  +  A  -  7t  =  0 


has  one  positive  and  one  negative  root,  so  (n,  0)  is  an  unstable  saddle  point  if  n  is  even. 
The  equation 

A2  +  A  +  u  —  0 

has  complex  conjúgate  roots  with  negative  real  part,  so  (n,  0)  is  a  stable  spiral  point  if  n 
is  odd. 


At  (n,0),  n  even:  The Jacobian matrix  J 


has  characteristic  equation 


'0  1  ' 

7t  -1 

+A-7T  =  0  and  real  eigenvalues  A,  «  -2.3416,  A1  « 1.3416  of  opposite  sign.  Henee 
(«,0)  is  a  saddle  point  if  n  is  even,  as  we  see  in  the  figure  above. 


At  (n,0),  n  odd:  The  Jacobian  matrix  J  = 


has  characteristic  equation 


'0  r 

-7T  -1 

A2  +  A  +  7r  =  0  and  complex  conjúgate  eigenvalues  \ ,  A1 «  -0.5  ±  1 .7005  i  with  negative 
real.  Henee  (n,0)  is  a  spiral  sink  if  n  is  odd,  as  we  see  in  the  figure. 
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7. 


The  criíical  points  are  of  the  form  (nn,  nn)  where  n  is  an  integer,  so  we  substitute 
x  =  u  +  nn,  y  =  v  +  nn.  Then 


u'  =  x'  =  1  - eu~v  =  1  — (l  +  (w-v)  +  -t-(w-v)2  +  •••)  »  -u  +  v, 
v'  =  y'  =  2sin(w  +  wr)  =  2sin«coswr  «  2(-l )"u. 


Henee  the  linearized  system  at  {nn,  nn)  is 


u'  =  -u  +  v,  v'  =  ±2u 


and  has  coefficient  matrix  A  = 


-1  1 

±2  0 


where  we  take  the  plus  sign  if  n  is  even,  the 


minussignif  n  isodd.  With  n  even,  The  characteristic  equation  A2  +  A -2  =  0  has 
real  roots  A¡  =  1  and  Aí  =  -2  of  opposite  sign,  so  (nn,  nn)  is  an  unstable  saddle  point. 
With  n  odd,  the  characteristic  equation  A2  +A  +  2  =  0  has  complex  conjúgate 

eigenvalues  are  A¡,  Aj  =  (-1  ±  /  -Jí  )/2  with  negative  real  part,  so  (nn,  nn)  is  a  stable 
spiral  point. 


-3pi  -2pi  -pi  0  pi  2p¡  3pi 

X 


Altematively,  we  can  start  by  calculating  the  Jacobian  matrix  J(x,y)  = 


-e 

2cosx 


e 


x-y 


0 


At  (nn,nn),  n  even:  The  Jacobian  matrix  J  = 


1 

0 


has  characteristic  equation 


A2  +  A-  2  =  0  and  real  eigenvalues  A¡=- 2,  A1=\  of  opposite  sign.  Henee  (nn,  nn)  is 
a  saddle  point  if  n  is  even,  as  we  see  in  the  figure  above. 
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At  ( nn,nn ),  n  odd:  The  Jacobian  matrix  J  = 


1 

0 


has  characteristic  equation 


A2  +  A  +  2  —  0  and  complex  conjúgate  eigenvalues  Al ,  /L,  «  —0.5  + 1 3229 i  with  negative 
real.  Henee  ( nn,nn )  is  a  spiral  sink  if  n  is  odd,  as  we  see  in  the  figure. 


The  critical  points  are  of  the  form  (nn,  0)  where  n  is  an  integer,  so  we  substitute 
x  =  u  +  nn,  y  =  v.  Then 

u'  =  x'  =  3sin(«  +  «;r)  +  v  =  3sin«cosn;r  +  v  »  3(-l )"w  +  v, 
v'  =  y'  =  sin(u  +  nn)  +  2v  =  sin  w  eos  +  2v  «  (-!)"«  +  2v, 


Henee  the  linearized  system  at  (nn,  0)  is 

u'  =  ±3  u  +  v,  v'=  ±w  +  2v 


with  coefficient  matrix  A  = 


±3 

±1 


,  where  we  take  the  plus  signs  if  n  is  even,  the 


minus  signs  if  n  is  odd.  If  n  is  even  then  the  characteristic  equation  A2  -5Á  +  5-0 
has  roots  A\,¿2  =  (5±yÍ5  )/2  that  are  both  positive,  so  (nn,  0)  is  an  unstable  nodal 
source.  If  n  is  odd  then  the  characteristic  equation  A2  -  5 A  +  5  =  0  has  real  roots 
Ai,A2  =  (-1  ±  V2T )/2  with  opposite  signs,  so  (nn,  0)  is  an  unstable  saddle  point. 


-3pi  -2pí  -pi  0  pi  2pi  3pi 

X 


Alternad vely,  we  can  start  by  calculating  the  Jacobian  matrix  J(x,y)  = 


3cosjc 

cosx 


1 

2 
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At  (rm ,  0),  n  even:  The  Jacobian  matrix  J  = 


3  1 
1  2 


has  characteristic  equation 


A2  -5A  +  5-0  and  positive  real  eigenvalues  Al  ~  1.3812,  ^  =  2.6180.  Henee  (rm, 0) 
a  nodal  source  if  n  is  even,  as  we  see  in  the  figure  on  the  preceding  page. 


At  (nrr,0),  n  odd:  The  Jacobian  matrix  J  = 


-3  1 
-1  2 


has  characteristic  equation 


A2  +  A  -5  =  0  and  real  eigenvalues  Al  ~  -2.7913,  A¡,  =1.7913  of  opposite  sign.  Henee 
(rm,  0)  is  a  saddle  point  if  n  is  odd,  as  we  see  in  the  figure. 


As  preparation  for  Problems  9-11,  we  first  calcúlate  the  Jacobian  matrix 

0  1  " 

2 

-rcosr  -c 

of  the  damped  pendulum  system  in  (34)  in  the  text.  At  the  critical  point  (rm,  0)  we  have 


0 

1  " 

0  1  ' 

-co2  eos  rm 

-c 

±co2  -c 

3(rm,Q)  = 

where  we  take  the  plus  sign  if  n  is  odd,  the  minus  sign  if  n  is  even. 

9.  If  n  is  odd  then  the  characteristic  equation  A2  +  c  A  -  a>2  =0  has  real  roots 

,  ,  _  -c±yjc2  +4¿y2 
- 2 

with  opposite  signs,  so  (rm,  0)  is  an  unstable  saddle  point. 

10.  If  n  is  even  then  the  characteristic  equation  A2  +  c  A  +  co2  =  0  has  roots 

_  -c±y[c2  ~4ü)2 
^  -  2  • 

If  c 2  >  Acó2  then  A\  and  Ai  are  both  negative  so  (rm,  0)  is  a  stable  nodal  sink. 
If  n  is  even  and  c2  <  Acó2  then  the  two  eigenvalues 


11. 


A\,A1  — 


-c±4c2  -  Acó2 


—  ±  —  4aco‘  -c‘ 
2  2 


are  complex  conjugates  with  negative  real  part,  so  (rm,  0)  is  a  stable  spiral  point. 
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Problems  12-16  cali  for  us  to  find  and  classify  the  critical  points  of  the  first  order-system 
x'  =  y,  y'  =  -f(x,y)  that  corresponds  to  the  given  equation  x"  +  /(x,x')  =  0.  Afterfmding 
the  critical  points  (x,  0)  where  / (x,  0)  =  0,  we  first  calcúlate  the  Jacobian  matrix  J(x,  y). 


12. 


J(x,y)  = 


0 


1 


15x2  -20  0 


At  (0,0) :  The  Jacobian  matrix  J  = 


has  characteristic  equation 


'  0  1" 

-20  0 

/l2  +  20  =  0  and  puré  imaginary  eigenvalues  Al,A2  =  ±/V 20  consistent  with  the  stable 
center  we  see  at  (0,0)  in  Fig.  7.5.4  in  the  textbook. 

'  0  f 

40  0J 

A.2  -40  =  0  and  real  eigenvalues  Al,A2  =  ±V40  of  opposite  sign,  consistent  with  the 
saddle  points  we  see  at  (±2,0)  in  Fig.  7.5.4. 


At  (±2,0) :  The  Jacobian  matrix  J  ■ 


has  characteristic  equation 


13.  J(x,y)  = 


0 


1 


15x2  -20  -2 


At  (0,0) :  The  Jacobian  matrix  J  = 


has  characteristic  equation 


'0  r 
-20  — 2_ 

X2  +  2A  +  20  =  0  and  complex  conjúgate  eigenvalues  AJ,A2=-1±  j'VÍ9  consistent  with 
the  spiral  node  we  see  at  (0,0)  in  Fig.  7.5.6  in  the  textbook. 

'0  r 

40  — 2_ 

A2  +  2  A  -  40  =  0  and  real  eigenvalues  Al,A2=- 1  ±  Vil  of  opposite  sign,  consistent  with 
the  saddle  points  we  see  at  (±2,0)  in  Fig.  7.5.6. 


At  (±2,0) :  The  Jacobian  matrix  J  = 


has  characteristic  equation 


14.  J  (x,y)  = 


0  1 
8-6x2  0 


At  (0,0) :  The  Jacobian  matrix  J  = 


0  1 
8  0 


has  characteristic  equation  A2  -  8  =  0  and 


real  eigenvalues  Al,A2=±y¡S  of  opposite  sign,  consistent  with  the  saddle  point  we  see  at 
(0,0)  in  Fig.  7.5.12  in  the  textbook. 

'  0  f 
-16  0 


At  (±2,0) :  The  Jacobian  matrix  J  = 


has  characteristic  equation 


A2  + 16  =  0  and  puré  imaginary  eigenvalues  At,A2=  ±4 /',  consistent  with  the  stable 
centers  we  see  at  (±2,0)  in  Fig.  7.5.12. 
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15.  J(x,>,)  = 


O  1 
2x-4  O 


At  (0,0) :  The  Jacobian  matrix  J  = 


0  1 
-4  0 


has  characteristic  equation 


A2 +4  =  0  and  puré  imaginary  eigenvalues  Al,A2  =  ±2 i,  consistent  with  the  stable  center 
we  see  at  (0,0)  in  Fig.  7.5.13  in  the  textbook. 

."0  1 

At  (4,0) :  The  Jacobian  matrix  J  = 


4  0 


has  characteristic  equation  A2  -  4  =  0  and 


real  eigenvalues  Al,A2  =  ±2  of  opposite  sign,  consistent  with  the  saddle  point  we  see  at 
(4,0)  inFig.  7.5.13. 


16.  J(x,.y)  = 


0  1' 
-4  +  15x2  -5x4  0 


At  (0,0) :  The  Jacobian  matrix  J  = 


0  f 

-4  0 


has  characteristic  equation 


A2  +4  =  0  and  puré  imaginary  eigenvalues  A,,A2  =  ±2 i,  consistent  with  the  stable  center 
we  see  at  (0,0)  in  Fig.  7.5.14  in  the  textbook. 

.‘0  1 

At  (±1, 0)  :  The  Jacobian  matrix  J 


6  0 


has  characteristic  equation  A2  -  6  =  0  and 


real  eigenvalues  Al,A2=  ±Vó  of  opposite  sign,  consistent  with  the  saddle  points  we  see 
at  (±1,0)  inFig.  7.5.14. 

'  0  1] 

-24  0 

A2  +  24  =  0  and  puré  imaginary  eigenvalues  Ax,Al  =  ±/V24,  consistent  with  the  stable 
centers  we  see  at  (±2,0)  in  Fig.  7.5.14. 


At(±2,0):  The  Jacobian  matrix  J  = 


has  characteristic  equation 


17.  J(x,y)  = 


-5- 


15  v2 


At  (0,0) :  The  Jacobian  matrix  J  = 


0  1  ‘ 
-5  -2 


has  characteristic  equation 


A2  +  2A  +  5  =  0  and  complex  conjúgate  eigenvalues  At,A2  =  -1  ±  2i  with  negative  real 

part,  consistent  with  the  spiral  sink  we  see  in  the  left-hand  figure  at  the  top  of  the  next 
page. 
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J(x,y) 


O  1 

-5  +  fx2  -4|y| 


At  (0,0) :  The  Jacobian  matrix  J  = 


1 

0 


has  characteristic  equation  A2  +  5  =  0  and 


puré  imaginary  eigenvalues  Al,A2  =  ±/V 5.  This  corresponds  to  the  indeterminate  case  of 

Theorem  2  in  Section  7.4,  but  is  not  inconsistent  with  the  spiral  sink  we  see  at  the  origin 
in  the  figure  on  the  right  above. 


At  (±2,0): 


The  Jacobian  matrix 


0  1 
10  0 


has  characteristic  equation  A2  - 10  =  0 


and  real  eigenvalues  Ai,A1=  ± VlO,  consistent  with  the  saddle  points  we  see  at  (±2, 0)  in 
the  right-hand  figure  above. 
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19.  J  (x,y)  = 


20. 


-5-Jfx2 


1 

■4M 


At  (0, 0) :  The  Jacobian  matrix  J  = 


0  1' 
-5  0 


has  characteristic  equation  A2  +  5  =  0  and 


puré  imaginary  eigenvalues  Ai,A2  =  ±i^¡5.  This  corresponds  to  the  indeteraiinate  case  of 

Theorem  2  in  Section  7.4,  but  is  not  inconsistent  with  the  spiral  sink  we  see  in  the  figure 
at  the  bottom  of  the  preceding  page. 


J(x,y)  = 


0 

-COSJC 


-W 

At  (M7r,0),  n  even:  The  Jacobian  matrix  J  = 


0  1 

-1  0 


has  characteristic  equation 


A2  + 1  =  0  and  puré  imaginary  eigenvalues  Ai,A2  =  ±i.  This  corresponds  to  the 

indeterminate  case  of  Theorem  2  in  Section  7.4,  but  is  not  inconsistent  with  the  spiral 
sinks  we  see  in  the  figure  below. 

f0  f 

At  {nn,  0),  n  odd:  The  Jacobian  matrix  J  = 


1  0 


has  characteristic  equation 


A2  - 1  =  0  and  real  eigenvalues  Al,A2  =  ±1  of  opposite  sign,  consistent  with  the  saddle 
points  we  see  in  the  figure. 


The  statements  of  Problems  21-26  in  the  text  inelude  their  answers  and  rather  fully  outline  their 
Solutions,  which  therefore  are  omitted  here. 


478 


Chapter  7 


SECTION  7.6 


CHAOS  IN  DYNAMICAL  SYSTEMS 


We  list  here  some  programs  that  may  be  useftil  in  the  projects  for  this  section.  Further 
discussion  of  these  projects  can  be  found  in  the  applications  manual  that  accompanies  this  text. 

As  indicated  in  Fig.  7.6.1  in  the  text,  you  can  use  the  Maple  commands 
r  :=  1.5: 

x  =  array (1 . . 200)  : 
x[l]  :=  0.5: 
for  n  from  2  to  200  do 
z  :=  x [n-1] : 
x  [n]  :=  r*z*  (1-z) : 

od : 

the  Mathematica  commands 
r  =  1.5; 

x  =  Tatole [n, {n, 1 ,200} ]  ; 
x[[l]]  =  0.5; 

For [ n=2 ,  n<=2 0  0 , 
n=n+l , 

z  =  x[ [n-1] ] ; 
x[[n]]  =  r*z* (1-z)  ] ; 

or  the  MATLAB  commands 

r  =  1.5; 
x  =  1:200; 
x(l)  =  0.5; 
for  n  =  2:200 
z  =  x  (n-1)  ; 
x  (n)  =  r*z* (1-z)  ; 
end 


to  calcúlate  and  assemble  a  list  of  the  successive  iterates  given  by  xn+]  =  rxjl-xn) ,  as 

illustrated  in  Figures  7.6.2  through  7.6.7  in  the  text.  The  following  BASIC  program  can  be  used 
to  investígate  periodic  cycles  for  this  iteration. 

100  'Program  PERIODS 
110  ' 

120  'The  period-doubling  iteration 
130  ' 


140 

150 

i 

i 

x  = 

rx  (1  - 

x) 

160 

i 

r 

=  2.75  : 

Period 

1 

170 

i 

r 

=  3.25  : 

Period 

2 

180 

9 

r 

=  3.50  : 

Period 

4 
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190 

5  r  =  3.55 

Period 

8 

200 

!  r  =  3.565 

Period 

16 

210 

!  r  =  3.57 

CHAOS 

220 

?  r  =  3.84 

Period 

3 

230 

*  r  =  3.845 

Period 

6 

240 

'  r  =  3.848 

Period 

12 

250 

i 

260 

DEFDBL  R,X 

270 

INPUT  "Valué  oi 

:  r";  R 

280 

INPUT  "Print  in  blocks  of  k  =  ” ;  K 

290 

p$  =  "#.#### 

77 

300 

X  =  .5 

1 Initial  seed 

310 

8 

320 

FOR  I  =  1  TO 

500 

'500  initial 

330 

X  =  R*X*  a 

-  X) 

1 iterations  to 

340 

NEXT  I 

1 stabilize . 

350 

8 

360 

FOR  I  =  1  TO  K 

370 

X  =  R*X*  a 

-  X) 

?  Final  iterations 

380 

PRINT  USING 

p$;  X; 

390 

NEXT 

400 

IF  K  O  8  THEN 

PRINT 

410 

9 

420 

? Press  any  key  but  Q  to  continué: 

430 

A$  =  INKEY$ 

440 

IF  A$  =  ""  THEN  GOTO  430 

450 

IF  A$  =  "q"  C 

II 

«/> 

< 

Pí 

"Q"  THEN  END 

460 

GOTO  360 

*  End  of  loop 

470 

7 

480 

END 

The  next  BASIC  program  below  can  be  used  to  plot  pitchfork  diagrams  as  in  Figures  7.6.8  and 
7.6.9  in  the  text.  As  written,  it  runs  well  in  Borland  TurboBasic  (probably  now  obsolete),  but 
may  have  to  be  fine-tuned  to  run  in  other  dialects  of  BASIC. 

100  'Program  PICHFORK 
110  ' 

120  'Exhibits  the  period-doubling  toward  chaos 
130  ’generated  by  the  Verhulst  iteration 
140  ' 

150  •  x  =  rx(l  -  x) 

160  ' 

170  'as  the  growth  parameter  r  is  increased 
180  'in  the  range  from  about  3  to  about  4. 

190  ' 

200  DEFDBL  H,K,R,X 

210  DEFINT  I, J,M,N,P,Q 

220  INPUT  "Rmin,Rmax" ;  RMIN,  RMAX  ’Try  2.8  and  4.0 

230  INPUT  "Xmin,Xmax" ;  XHIN,  XMAX  'Try  0  and  1 

240  ’ 


480 
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250 

KEY  OFF  : 

CLS 

260 

1 SCREEN  1 

:  N  =  319 

'For  med  resolution 

270 

S CREEN  2 

:  N  =  639 

1 For  hi  resolution 

280 

M  =  200 

'Hor  rows  for  either 

290 

H  =  (RMAX  -  RMINJ/N 

300 

K  =  (XMAX  -  XMINJ/M 

310 

I 

320 

LINE  (0,0) 

-  (N,0) 

'Draws  a  box 

330 

LINE  -  (N, 

199) 

’ around 

340 

LINE  -  (0, 

199) 

' the  s creen 

350 

LINE  -  ( 

0,0) 

360 

i 

370 

FOR  P  = 

1  TO  9 

1 Tick  marks  on 

380 

Q  = 

(P*(N+1)/10)  - 

1 

'top  and  bottom 

390 

LINE  (Q,  0)  -  (Q,  5) 

'  of  box 

400 

LINE  (Q ,195)  -  (Q,199) 

410 

NEXT  P 

420 

i 

430 

FOR  J  = 

0  TO  N 

'Jth  vertical  column 

440 

R  = 

RMIN  +  J*H 

’of  pixels  on  screen 

450 

X  = 

.5 

460 

FOR  P 

=  0  TO  1000 

1 These  itera tions 

470 

X 

=  R*X*(1-X) 

*to  settle  down. 

480 

NEXT  P 

490 

FOR  Q 

=  0  TO  250 

'These  iterations 

500 

X 

=  R*X* (1-X) 

'are  recordad. 

510 

I 

=  INT  ( (X  -  XMIN)/K) 

520 

I 

=  200  -1 

530 

IF 

(0<  =  I)  AND 

(I<200)  THEN  PSET  (J,I) 

540 

NEXT  Q 

550 

NEXT  J 

560 

» 

570 

WHILE  INKEY$  =  "" 

'Press  a  key  when 

580 

WEND 

'finished  looking. 

590 

SCREEN  0 

:  CLS  :  KEY 

ON 

600 

END 

A  more  elabórate  construction  of  these  pitchfork  diagrams  is  given  b y  the  following 
Mathematica  program,  a  slight  elaboration  of  one  found  on  page  102  of  T.  Gray  and  J.  Glynn, 
Exploring  Mathematics  with  Mathematica,  Addison-Wesley,  1991 . 


g  [xj  :  = 
Clear[r]  ; 
a  =  2.8; 

c  =  0 ; 

m  =  250; 

n  =  500 ; 


r  x  (1  -  x)  ; 

b  =  4.0. 

d  =  1; 


ListPlot [ 

Flatten [Table [ 


(*  r-range  for  Fig  7.6.8  *) 
(*  x-range  *) 

(*  no  of  x-points  *) 

(*  no  of  r- valúes  *) 
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Transpose [  { 

Table[r,  {m-M}]  , 

NestList  [g,  Nest[q,  0.5,  2m]  ,  m]  }], 
ir,  a,  b,  (b-a) /n}  ] , 

1]  , 

PlotStyle  ->  PointSize [0 . 001] , 

PlotRange  ->  {  {a,b}  ,  {c,d}  }  , 

Aspee tRatio  ->  0.75, 

Frame  ->  Trae, 

AxesLabel  ->  {  "r"  ,  ,?x"  }  ] 


This  Mathematica  program  runs  slowly,  and  requires  a  fast  machine  with  plenty  of  memory  to 
finish  within  a  reasonable  waiting  time.  The  following  MATLAB  program  (which  was  actually 
used  to  construct  Figs  7.6.8  and  7.6.9)  runs  much  faster  on  a  comparable  Computer,  and  may  be 
easier  to  understand. 


%  pitchfork  diagraxn  script 
%  for  Figures  7.6.8  and  7.6.9 

hold  off 
m  =  400; 

n  =  400; 

a  =  2.8;  b  =  4.0; 

dr  =  (b  -  a)/m; 

R  =  a+dr/2  :  dr  :  b; 

c  =  0 ;  d  =  1  ; 

dx  =  (d  -  c)  /n 
X  =  c+dx/2  :dx:d; 

[rr , xx ]  =  meshgrid(R,X)  ; 


C  =  zeros (m,n) ; 
for  j  =  1  :  m 

r  =  a  -  dr/2  +  j*dr; 
x  =  0.5; 

for  k  =  1:1000 

x  =  r*x* ( 1 —x )  ; 

end 

for  k  =  1:1000 

x  =  (1-x)  ; 

i  =  ceil (x/ dx)  ; 

C(i, j)  =  1; 
end 
end 

C  =  C  +  1; 

C  =  flipud(C)  ; 
image  (R,X,C) 


%  no  of  r-sub Ínter vals 
%  no  of  x-subintervals 

%  r-range  for  7.6.9 

%  vector  of  r-values 
%  x-range 

%  vector  of  x-values 
%  matrices  of  r-  and  x-coords 
%  of  grid  points  in  rx-rect 


%  Cycle  through  r-values 

%  Initialize  x- valué 
%  1000  iterations  to  stabilize 


%  1000  more  iterations 


%  lattice  point  to  plot 


%  matrix  of  points  for  image 


482 


Chapíer  7 


colormap([l  1  1;  O  O  0]) 
axis  square 


%  color  them  black  or  white 


The  following  MATLAB  function  defines  the  forced  Duffing  equation  for  Figures  7.6.13 
through  7.6.16. 


function  yp  =  ypduffing(t,x) 
F0  =  0.80; 
yp  =  x; 

y  =  x  (2)  ;  x  =  x(l)  ; 

yp  (i)  =  y  ; 

yp(2)  =  F0*cos (t) -y+x-x. A3; 


Then  the  following  MATLAB  script  can  be  used  to  construct  Fig.  7.6.16. 

%  fig7_6_16.m  script 

options  =  odeset  ( 'RelTol '  ,  le-8 ,  '  AbsTol '  ,  le-8)  ; 

[t,y]  =  ode45  ( ’ypduffing’ ,  [0  100],  [1;0]  , options)  ; 
n  =  length ( t) ; 
ylOO  =  y (n, : ) ' ; 

[t,y]  =  ode45  ( 'ypduffing' ,  [100  300],  ylOO, options ) ; 
hold  off 

plot (y (: ,1) ,y(:  ,2) , 'b')  %  Fig.  7.6.16(a) 

axis ([-1.5  1.5  -1.5  1.5]) 
axis  square 
hold  on 

plot ([-1.5  1.5] , [0  0],*k') 
plot ( [0  0] , [-1 . 5  1.5] ,  'k') 
pause 
hold  off 

plot(t,y(: ,1) , 'b')  %  Fig.  7.6.16(b) 

axis ([100  300  -1.5  1.5]) 
axis  square 
hold  on 

plot ( [100  300] , [0  0] , 'k ' ) 
plot ( [0  0] , [-1.5  1.5] , 'k') 
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SECTION  8.1 


PERIODIC  FUNCTIONS  AND  TRIGONOMETRIC  SERIES 

The  basic  trigonometric  functions  cos(t)  and  sin(r)  have  period  P  =  2n,  so  the  sine  or  cosine 
of  a>t  (as  in  Problems  1^)  completes  its  first  period  when  ú)t  =  27r,  henee  P  =  2ní  co. 

1.  Smallest  period  P  -  2nl2>  (left-hand  figure  below) 


2.  Smallest  period  P  =  1  (right-hand  figure  above) 

3.  Smallest  period  P  =  An!3  (left-hand  figure  below) 


4.  Smallest  period  P  =  6  (right-hand  figure  above) 

However,  the  basic  tangent  and  cotangent  functions  have  period  n  (instead  of  2^),  so  P  =  n  /  co 
in  Problems  5  and  6. 

5.  Smallest  period  P  =  n\  see  the  left-hand  figure  at  the  top  of  the  next  page. 

6.  Smallest  period  P  =  1/2;  see  the  right-hand  figure  at  the  top  of  the  next  page. 
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The  hyperbolic  sine  and  cosine  functions  of  Problems  7  and  8  are  steadily  increasing  (for  t  >  0), 
and  henee  are  not  periodic. 

7.  Not  periodic  (left-hand  figure  below) 


8.  Not  periodic  (right-hand  figure  above) 

9.  Smallest  period  P  =  n  (left-hand  figure  below) 


10.  Smallest  period  P  =  7z/3  (right-hand  figure  above) 

11.  With  /(/)  =  1  the  integral  formulas  ofEqs.  (16)  and  (17)  in  the  text  give  üq  =  2  and 
on  ~  bn  =  0  for  n  >  0.  Thus  the  Fourier  series  of  /  is  the  single  temí  series  f[í)  =  1 . 


-2  71 


2  rt 


4  n 


t 
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In  Problems  12-13,  18-19,  23,  and  26  the  function  / (/)  is  defined  by  one  formula  on  the 

interval  0)  and  by  another  formula  on  (0,  7t).  The  coefficient  integráis  must  therefore  be 
split  accordingly,  and  the  appropriate  formula  substituted  in  each  integral: 


12. 


a„  = 


h  = 


—  r 

n  *-*  n  * 

—  f  f{t)  eos ntdt +—  IT  /(O  cosntdt, 

n  *-*  n  * 

—  f°  /  (i)  sin  «/<#+—  í  /  (/)  sin  nt  dt. 

7t  *-*  7t  * 


a0  =  —  f°  (+3)<#+-  P (-3) ¿/r  =  0 
tt  J-,r  7r  * 

an  =  —  f°  (+3)  cosntdt  +  —  ["(-3) 
bn  =  —  [°  (+3)  sin  ntdt  +  —  f  (-3)  sin  ntdt 

TT  7T  ^0 


eos  ntdt  =  0 


A 

1 


coswr  - 


’M 


0  for  n  even 
-Yllnn  for  n  odd 


(»>0) 


m 


12 

n 


siní  sin  3/  sin5¿  sin  It 
- + - + - + - +  < 


i* 

—  71 

-3 

71  3  7T  5  Tí 

13. 


an  = 


a„  = 


b  = 


-f  (0)dt+-[(\)dt  =  1 

71  *-*  7t  * 

—  f°  (0)  cosntdt  +  —  r(l)cos»tf*  = 
n  3~n  n  * 

|°  (0)  sin  «/  ú?/  +  —  (1)  sin  nt  dt  = 


sin  nn 
nn 


n 

1-COSM7T 

nn 


í  0  for  n  even 
1 2  /  nn  for  n  odd 
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14.  a0  =  1  (°  (3 )dt+-  (7 (-2 )dt  =  1 

7t  n  * 

an  =  —  í°  (3)  eos ntdt+—  F (-2)  eos nt dt  =  s'mn7t  -  o 

;r  J_,r  *  U7t 

bn  —  —  f°  (3)  sin  ntdt  +  ~  f  (-2)  sin  ntdt  = 

5(cosk^-1)  í  0  for  «  even 

[-10/ wr  for  n  odd 


a0  =  —  r  tdt  =  0,  a  =  —  T  tcosntdt  =  0 

n  n  •L'T 

,  1  r  •  >  2sin«;r-2/?/rcos«7r  Í-2/j 

=  -J_  tsmntdt  =  - ^ -  =  i 

TT  J-X  n  7T  4-1  / 


-Un  for  n  even 
+2  !n  for  n  odd 


.  sin/  sin 2/  sin 3/  sin 4/ 

2 - + - +. 

12  3  4 


(figure  at  top  of  next  page) 
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16. 


1  f2* 

a0  —  —  I  tdt  =  2?r 

7t  Jo 

=  —  Jf  tcosntdt  = 
1  r2jr 

b  =  —  I  tsmntdt  = 
n  * 


cos2«^--2«^sin2n^-l  _  A 

2  —  ” 
«  n 

2sm2nn -2mteos2mz  _  2 

«2;r  n 


f(0  ~  ^r-2 


sin  f 

- + 

1 


sin2í 

2 


sin3í 

+ - + 

3 


sin4í 

~ 4~ 


(figure  below) 


17. 


a0  =  -  f  {-t)dt+-  [(Odt  =  tt 

J-ÍT  n  JO 

a„  =  —  f°  (~t)cosntdt  +  — f  (t)  eos  ntdt 
n  *-*  n  ■*> 

2(coswr  +  w;rsinn;r-l)  _  í  O  for  n  even 

n2n  |~4/n27r  for  n  odd 

bn  =  —  f°  (-t)  sinnt  dt  +—  f  (t)  sinnt  dt  =  0 
n  *-*  n  * 


7T  4 

/(O  ~  T"1 

2  n 


cosí  eos 3/  eos 5/  eos It 

4 - - - 1 - — - j - h  < 


1  9  25  49 

See  the  figure  at  the  top  of  the  next  page. 
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18. 


a0  =  —  f°  (7r  +  t)dt+—  F(n-t)dt  =  n 
7t  n  * 

an  =  —  f°  (x  + 1)  eos  ntdt  +  —  F  (n -t)  eos  ntdt 
n  J-*  n  * 


2(1  -  eos  nn) 


n2n 


I  0  for  n  even 
I  Aln2n  for  n  odd 


bn  =  —  [°  (n  +  t)smntdt+—  F(n-t) sin  ntdt  =  0 

71  7Í  Jí) 


r,  .  n  4 

/(O  ~  -r+- 

2  ;r 


cosí  cos3í  cos5í  eoslt 

H - - - j - ¡ - j-  . 


25 
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(figure  below) 


19. 


an  = 


a.,  = 


l£(*+orfí+if(°)rf<  =  § 

—  f°  (n  +  t)  eosntdt+—  fiO)  eos  ntdt 
n  n  -*0 


1  -cosnn 


n2n 


¡  0  for  n  even 

12/  «2/T  for  n  odd 


bn  =  —  f°  (n  +  t) sin ntdt  +  —  r(0)sin«íí//  = 
n  *-*  n  * 


sin  nn  -  nn 
n2n 


\_ 

n 
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a 


n 


—  r t2cosntdt  -  ^n7C C°S  —  +  ilflL 2  ~ s*n W7r  -  2(-l)" 
n  rr’n  n2 
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1  2 

bn  —  —  I  /  sin ntdt 

7C  * 

(2  -  n27t2 )  eos  nn  +  2  nn  sin  nn  -  2 


rr’n 


j  -n/n  for  n  even 
{(n27r2  -4)/ 7rn3  for  n  odd 


n 


m  ~  ~2 

o 


eos/  eos 2 /  eos 3 /  eos  4/ 

- — . — _  -j - J_  , 


16 


+  7t 


sin/  sin  2/  sin  3/  sin  4/ 
- + - +■ 


(figure  below) 


sin/  sin  3/  sin  5/  sin  7/ 
■  +  — —  + - +  • 


27 
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The  trigonometric  identities 

2  eos  A  eos  B  =  cos(A  +  B)  +  eos  (A  -  B) 

2  sin  A  eos  B  =  sin(/4  +  B)  +  sin(^4  -  B) 

2  sin  A  sin  B  =  cos(T  -  B)  -  cos(A  +  B) 

are  needed  to  evalúate  the  integráis  that  appear  in  Problems  24-26. 


24.  a0  =  —  f°  (-sin/)J/+—  f  (sin/)  <7/  =  — 
n  J-“  n  *  n 

an  =  —  |°  (-  sin  /)  eos  ntdt +—  (sin  /)  eos  nt  dt 

2(l  +  cos nn)  _  \-4l n{n2  -\)  for  n  even 
;r(l-«2)  |  0  for  n  odd 

bn  =  —  f°  (-sin/)  sin ntdt  +  —  f  (sin/)  smntdt  -  0 
re  *-*  n  ■*> 

eos 2/  eos 4/  eos 6/  eos 8/ 

- j - 1 - j - f-  *  •  • 

1  15  35  63 


2  4 

/(/) - 

n  n 


(figure  at  top  of  next  page) 
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25.  In  order  to  evalúate  the  coefficient  integráis  in  Eqs.  ( 1 6)  and  (17)  of  the  text  we  would 
need  the  trigonometric  identity 

eos2  2 1  =  ^(l  +  cos4/) 

which,  however,  tells  us  in  advance  that  the  coefficients  in  the  Fourier  series  of  f[t)  = 
eos2  2 1  are  given  by  a0  =  1,  a4  =  1/2,  a„  =  0  otherwise,  and  b„  =  0  for  all  n  >  1. 


1  fív  2 

«o  =  —  L  (sin/)cfr  =  — 

n  *  n 

a,  =  —  J^sin/cos/ri/  =  0 

Ir...  _  ,  1  +  eos Yi7t  |-2/^-(«2-l)  for  n  even 

a„  =  —  I  (sin/)  cosa/ ri/  =  - r—  =  (  v  7 

n  *  n{  1  -  n  )  [  0  for  n  >  1  odd 

b{  =  —  Tsin2/^  =  — 

71  *  2 

bn  =  —  ["(sin/) smntdt  =  _.?*nwr  =  q  for  n>  1 

7T  JO 


7r(\-n  ) 


=  0  for  n  >  1 


...  .  11.  2  cos2/  cos4/  cos6 /  cos8/ 

/(/) - +— sin/ - - + - + - + - +• 

ni  7t  1  15  35  63 
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Note  that  j[t)  -  (sin  t  +  |sin  /j)/2,  so  this  answer  agrees  with  the  answer  to  Problem  24. 


SECTION  8.2 

GENERAL  FOURIER  SERIES  AND  GONVERGENCE 

1.  a0  =  -  (°  (-2 )dt+-  [3(2 )dt  =  0 

3  J-3  3  Jo 


2. 


a«  =  í  -  *■ 


1  f  nnt  . 

=  7  0)cos  —  dt 
j  Jo  3 


1  f  .  nnt  l-cosrc;r  l-(-l) 

-  (1)  sin - dt  =  - =  — - — — 

5  J  o  5  nn  nn 


sin  nn 
nn 
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(figure  below) 


m 


1  2 

— +  — 
2  n 


.  7Tt 

sin— + 
5 


1  .  3 nt 
_sm - + 

3  5 


1  .  5 nt 

—sin - + 

5  5 


1  .  Int 
—sin - 


7  5 


+  ••• 


<-•>*  - 1 

a-  =  ~  f  (2) 

2  n  J  ~2;r 

1  r°  ...  .  nt  ,  1  C\  ^ 

I  (2)sm — dt  + —  (-1) 

2  2n  Jo 


2  n 

nt  1 
icos — dt  +  — 
2  2  n 


C  * ,  ..  nt  ,  sinwr 
(— 1)  eos — dt  = 

Jo  2 


K  =  ~  I  (2)  sin 
J 


.  nt 

sin — dt  = 
2 


0 
nn 

3(cos«^  — 1) 
nn 


nn ' 


m 


)__6_ 
2  n 


.  t  1  .  3/  1  .  5/  1.7/ 

sin—  +— sin —  +— sin  —  +  — sin — h  ■ 
2  3  2  5  2  7  2 


(figure  below) 


4. 


— 


6..  = 


-  f  tdt  =  0, 
2  J-2 

1  f2  .  nnt 

—  t  sin - 

2  J  _2  2 


dt  = 


4(sin«;r-n;rcoswr)  _  4(-l)"+1 


nnt  . 

t  eos - dt  =  0 

2 


n2n2 


nn 


m 


4_ 

n 


1  .  3 nt 
+  -sin - 


3  2 


1  .  4 nt 

— sin - +  ••• 

4  2 


See  figure  at  top  of  next  page. 
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=  Tflrf' 


2 nnt  1  .  4/ot  .  2 nn 

eos - dt  =  —  sin - sin - 

3  nn L  3  3 

.  2 nnt  1  f  2  nn  4nn 

sin - dt  =  —  eos - eos - 

3  nn  3  3 


Analyzing  separately  the  cases  n  =  3k,  n  =  3k  +  1,  and  n  =  3¿  +  2,  wefmdthat 

=  0,  «3Í+1  =  -y/3  tm,  c¡3/c+2  =  +  j3/m,  andthat  b„  =  0  forall  n.  Henee  the 
Fourier  series  of  /(O  is 


1  V3  2nt  1  4;rí  1  8;z7  1  10  nt  1  14  nt 

7(0  =  — - eos - eos - +— eos - eos - +  — eos - 

3  7T  L  3  2  34  35  37  3 
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"o  =  í/1  | 

a.  =  f  t1  eos rurtdt  =  ‘*^cos^  +  2(„V-2)sin^  =  4<-l£ 

J_I  njr  rfn2 

bn  =  £  t2  sin  rmtdt  =  O 

/(O  =  ---4-  costtí-  — cos2;r/+  —  cos3;rí-—  cos4^í+  •••  (figure  below) 

3  7T2  4  9  16 


£ d>  = 


t2nnr,njrt  _  8iürcosiür  +  (/iV-2)sinwr  8(— 1)" 

2  «V  «V2 


r  sin - úfr 

2 


4  (/j2tt2 -2)coswr-2w;rsin«;r  +  2  f  -Mnn  for  n  even 


+4/«7r-16/«3;r3  for  n  odd 


3  n 


8  nt  1  2  nt  1  3nt  1  4  nt 

— r-  COS - COS - +  — COS - COS - h  ■ 


2  4 


4  .  7rí  1  .  2nt  1  .  3nt 

n\_  2  2  2  3  2  J 

16  f  .  nt  1  .  3 nt  1  .  5tu 

- sin - 1- — sin - + - sin - + 

n 3  2  27  2  125  2 


See  the  figure  at  the  top  of  the  next  page. 
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To  calcúlate  the  Fourier  coeffícients  in  Problems  1 1-14  we  use  the  trigonometric  identities  for 
sin  A  eos  B  and  sin  A  sin  B  that  are  listed  above  in  Section  8.1  (prior  to  Problems  24-26  there). 


11. 


ao 


f 

I 

j; 


7Vt  ,  4 

eos — dt  =  — 
2 


n 


7Ut 


eos — eos  rmt  dt  =  - 

-i  2 


nt  .  , 

eos — sm  rmt  dt  =  0 
2 


4  eos  nn 
n{4 n2  -1) 


4(-l)"+1 
7t(4n2  - 1) 


m  = 


241  i  i  i 

— +  —  —  cos/Tí - cos2tt/+ — cos3tt/ - cos4^í+  ••• 

n  7t|_3  15  35  63 


(figure  below) 


12. 


ctn 


r  4 

=  2  sin  nt  dt  =  — 

•)  0 

=  2  f  smKtcoslrmtdt  =  - _lcos  nn  - 
k  7c(4n2  -1) 

4  eos  «7r  sin  rm 

rr(4 n2  -1) 


=  2j^  sinxtsmlrmtdt 


4 

7t(4n2  -1) 
=  0 
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m  = 


Tí 


4_ 

71 


—  COS  2  7ít  + 

3 


— cos4tz7+ 
15 


— cos67r/+ 

35 


_1_ 

63 


cos8ttH — 


13. 


ao 


r  •  j  2 

s mjrt  dt  =  — 
Jo  ti 


ún7utcosrmtdt  =  - 


1  +  cos  nn 
7í(n2  - 1) 


sin  nt  cos  ntdt  =  0 


1  +  (-!)" 
n(n 2  -1) 


for  n>  1 


.  sin  nn  ..  r 

smnt  smnnt  dt  = - r -  =  0  for  n  >  1 

n(n2- 1) 


.  2  .  1 
sm  ntdt  =  — 
2 

11.  2 

— I —  sin  tí  t - 

n  2  Tí 


—cos  2  nt-i - cos4tt/h - cos6;r/H - cos8tt/+  ••• 

3  15  35  63 


14. 

aQ 

1 

f  sin  t  dt  =  0 

V 

2  tí  ■ 

Jb 

a„ 

1 

f2*  .  nt  , 

sin/ cos — dt  = 

2(coswtt-1) 

2f(-l)" -ll 

=  — - — r - -  for  n  ^  2 

n 

2  n . 

Jo  2 

n{n 2  -4) 

1 

-'I 

1 

¿In 

ü2 

sin  t  cos  /  dt  =  0 

¿ 

2  Tí 

b 
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h  = 


1 


r2x 


2n  Jo 
1  r2~ 
2n 


.  .  nt  . 

sin /sin — dt 
2 


1 

2 


2  sin  nn 
n(n2  —4) 


=  0  for  n  ^2 


Í'lTt  ^  ry 

sin  tdt  = 


1  .  4 

/(/)  =  — sin/+  — 

2  /r 


1/13/1  5/17/ 

— eos - eos - eos - eos — 

3  2  5  2  21  2  45  2 


(figure  below) 


15.  (a) 


1  f2" 

a0  =  —  t2  dt 
J  o 


8?r2 

3 


¿7 


n 


—  f2ff  t2  eos  ntdt  -  ^n7Icos^-n7t  +  2(2 «V2  -l)sin2n^ 
/r  •*>  tzt?3 


4 


n 


2 


1  f2*  .2  •  .  (2-4«V2)cos2n^ +  4«^sin2n^-2 

—  I  /  sin  ntdt  =  - - - - - - 

n  *  nn 


m  = 


47t2 

~T 


+«Z 


eos  nt 


sin/2/ 

n 


(figure  below) 


4  n 
n 


(b)  If  we  substitute  /  =  0  in  the  Fourier  series  of  part  (a)  and  note  that 
/(O)  =  {[/(0-)  +  /(0+)]  =  \[{2nf  +  (O)2]  =  2/r2,  we  get 
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„  2  4 n2  1 

2k  -  — 

J  n= 1  77 


SO 


When  we  substitute  t  -  n  and  y(;r) 


2  4;r 

;r  =  - + 


4i 

//=! 


(-1)" 


SO 


7?  in  the  series  of  part  (a)  we  get 

00  (  1^+1  _2 

y  (~1)  _ 

h  n2  12 ' 


16.  (a) 


t  dt 


2 


*-r 

J  o 

fi  .  coswr  +  rmsmrm  -1  (— 1)"  —  1 

a„  =  I  t  eos  nntdt  =  - — -  = 

jo  /í  **  *»• 

,  r'  .  ,  sin  nn-rm  eos  nn  (-1)” 

b  =  I  /sin  nntdt  = - r-^ -  =  - — — 

•»  «y 


n  n 

\n+\ 


r, 1  2  eos  1  ^  (-1)  smnnt 

/w  =  +-iLy — 


wodd 


n 


nr: 


n= 1 


(figure  below) 


(b)  Substitution  of  /  =  0, /(/)  =  Oin  this  series  immediately  gives  ^ 


n  odd 


n 


Tt 

T 


17. 


(a)  a0  =  ^tdt  =  2 


eos  2«?r  +  2nn  sin  2nn  - 1 


„2  ? 
n  n 


an  =  £  /eos nntdt  = 

,  r2  ,  sin2n^-2n^-cos2n^ 

o„  =  I  t  sm  nnt  dt  = 


2  2 

n 


=  0 

w;r 


/(/)  =  l-i£22^ 


7T 


(see  figure  on  next  page) 


n=i 


(b)  Substitution  of  /  =  1/2,  /(/)  =  1/2  in  this  series  gives 
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The  most  efficient  approach  to  Problems  18  and  20  is  to  derive  first  the  expansions 


t  =  71-2 


.  ^  sin2t  sin3f  sin  4/ 

siní  H - + - + - f- 

2  3  4 


tL  = 


An2 


+  4 


-Alt 


eos  2/  eos  3/  eos  4/ 

COS/  + - + - b - +  • 

4  9  16 

sin  2/  sin  3/  sin  At 
sint  + - + - H - +  •• 


for  0  <  t  <  2n,  as  the  Fourier  series  of  the  functions  flt)  and  g(t)  ofperiod  2n  defined  for 
0  <  /  <  2n  by  /(/)  =  t  and  g(t)  =  i2.  The  first  series  above  yields  the  series  in  Problem  18, 
and  a  combination  of  the  two  yields  the  series  in  Problem  20. 

The  expansions  in  Problems  19  and  21  are  valid  on  the  interval  -n  <  t  <  n  rather  than  the 
interval  0  <  t  <  2n.  When  we  calcúlate  the  Fourier  series  of  the  functions  fíj)  and  g(t)  of 
period  2n  defined  for  -n  <  t  <  n  by  J[t)  =  t  and  g(t)  =  í2,  we  fmd  that 


t 


=  2 


siní  - 


sin  2/ 
2 


sin3t 

+ - 

3 


sin4t 

- + ... 

4 


7Z 


-4 


eos 2 t  eos 3 t  cos4í 

cosí - + - +  ■ 

4  9  16 


if  —n  <  t  <  7i. 

18.  First  we  derive  the  the  Fourier  series  of  the  function  fit)  of  period  2n  defined  for 
0  <  t  <  2n  by  J{t)  =  t. 
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a{ n 


1  f2;r 

t  dt  =  2tt 


n 
i  f~K 


an  =  —  tcosntdt  = 


eos  2nn  +  2 nn  sin  2nn  — 1 


7t 
1  r2“ 


1 

¿(J  =  —  I  tsmntdt  = 
n  * 


sin  2«tt  -2nn  eos  2nn 


n2n 


2 

n 


sin  nt 


/(o  =  ^-2Z 

„=1  n 

n-t  1 


Henee 


[?r -/(!)]  =  for  0  <  r  <  2;r  (figure  below). 

M=1  W 


n=\ 


19. 


i  r  / 

«o  =  -  r<*  =  0, 

71  j  -x2 

j  ir/. 
b„  =  —  — sir 

"  tfJ-,  2 


—  1/ 


-sin  ntdt 


(-1)"+1  sin  nt 


»=i 


i  r  t 

an  =  —  —eos  ntdt  =  0 
nJ-„  2 

sinfín  -  nn  eos  nn  _  (-1)"+I 
n2n  n 

{-n  <t  <n)  (figure  below) 


20.  First  we  derive  the  the  Fourier  series  of  the  function  g(t)  of  period  2 n  defined  for 
0  <  t  <  2n  by  g(t)  =  t2. 
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a,  =  -  f'  l’oosnldl  -  4mrcos2«^  +  2(2ffV?  -1)sin2mr  _  4_ 

7C  *  n37T  n2 

b  -  —  f2*  t2  saint  dt  -  — — 2 } cos ^w;r  +  s^n ^w?r  ~ 2  _  4;r 

n  ■*  n'n  n 


4  n2 


‘i/i  .-s-^cosnt 

s(o  =  — +4£— 5—4*2; 

M=I  **  W=1  TL 

If  f(t)  is  the  function  of  Problem  1 8,  then  for  0  <  t  <  2n  we  have 


srnwí 


3t2-6nt  +  27r  1  7t  r.  ^  n1 

-  =  ~g(  0 — /(/)  +  — 

12  4  2  6 

=ííf+4|í7u*lrf£ 


W=1 


^  7t  ( 
2 


^v^sinwí)  n1 
n- 2}  -  +  — 

tí  n  J  6 


COS  Ylt 


w= 1 


n 


t2  dt  = 


i  r 

ao  =  -  i 

X  J-* 

a  -  J_  ("  t2cosnídt  -  ^n7t cos w;r  +  2(»2^2  - 1) sin wr  _  4(-l)" 
n  ■*-*  n37r  ” 2 

—  f  t2s\nntdt  =  0 
;r  J-jr 

(-1)"  cos«/ 


b  = 


2  n 
r  =  — + 


•>  «=i 

-2  *1.1  _2 


n  -3r 
12 


í__i 

12  4 


f  _2 


(-7T  <t  <7l) 


t+«Z 

J  n=l 


(-1)”  COS/tf 


-Z 


(-1)  COS  Mí 


(figure  on  next  page) 


n=\ 
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6 


24. 


1  f2* 

ao  =  —  I 

n  J  o 


t4  dt  = 


32;r4 


o 

1  fin 


1  fin  4 

an  =  —  I  /  eos  ntdt 

7T  * 

8  £2wr  (2«2;r 2  -  3 )  eos  2n;r  +  (2n47t4  -  (m2n2  +  3)  sin  2rm J 


nsjc 


=  16 


( 2n2  3 


n2  n4 


1  ("2^  4 

b  =  —  I  (  sin  nt  dt 
7t  * 


8  (2«V4  -6n27t2  +  3)cos2«;r  +  (6«;r-4H3?r3)sm2tt;r-3]  f  3 


«V 


16^ 


«  n 


s  16;r4 

/(O  -  — + 


16ÍÍ^-4W **«*£ 


«=i  V 


«  /? 


n=l 


^  3  *2' 


\n  n  J 


sin«/ 


(figure  below) 


(b)  When  we  substitute  t  =  0,  /(O)  =  8;r4  in  the  series  of  part  (a)  we  get 


87t4  =  l^l  +  32^2¿4-48£-T  =  — +  32^2Í— ]-48¿-4- 
5  n.i  «  5  6  J  £?« 
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We  now  solve  readily  for  J^Í/h4  =  n*  190.  Similarly,  we  find  that 

ZL(-ir/»4  =  7^4/720  by  substituting  t  =  ic,  f  (ir)  =  nA  in  the  series  of  parí  (a). 
Finally,  addition  of  the  first  two  series  stated  in  part  (b)  yields  the  third  one. 


Now  we  want  to  sum  the  altemating  series 


+ ... 


of  reciprocáis  of  odd  cubes.  Having  used  a  Fourier  series  of  t4  in  Problem  24  to  evalúate 
2(1  In),  it  is  natural  to  look  at  a  Fourier  series  of  t3.  Let  fit)  be  the  period  2n  function 
with  fit)  =  t3  if  -ir  <  t  <  ir.  We  calcúlate  the  Fourier  coefficients  of  fit),  and  get 


ao  =  —  [t3dt  =  0,  a  =  —  r  t3 eos ntdt  =  0 

n  ir 

,  1  (w  ,  .  2n7r(n27r2 -6)cosn7r-6(n27r2 -2)sinmr 

b„  =  —\  tsmntdt  = - ^ - - - 1 -  =  2 

n  ,  n4n 

o  .2  \ '  (  i\«+i  sin  Yit  ^  1  {  t\«+i  sinw/ 

t  =2x2_j(-l)  — - 122,  (-1)  — —  (figure  below) 


6  7Z 


\n  n  J 


If  we  substitute  t  =  idl  and  use  Leibniz's  series  Z(-l)"+%  =  id 4  of  Problem  17we 
find  that 


1- 


7Z 


32  ■ 


There  is  no  valué  of  t  whose  substitution  in  the  Fourier  series  of  fit)  =  t3  yields  the 
series  E(1  In3)  containing  the  reciprocal  cubes  of  both  the  odd  and  even  integers. 
Indeed,  the  summation  in  "closed  form"  of  the  series 


00  1 


«=i 


1  + 


1  1  1 

— -  — -  H — - 

23  33  43 


+  ••• 
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is  a  problem  that  has  challenged  many  fine  mathematicians  since  the  time  of  Euler.  Only 
in  modem  times  (by  R.  Apery  in  1978)  has  it  been  shown  that  this  sum  is  an  irrational 
number.  For  a  delightful  account  of  this  work,  see  the  article  "A  Proof  that  Euler  Missed 
.  .  .  An  Informal  Report"  by  Alfred  van  der  Poorten  in  the  The  Mathematical 
Intelligencer,  Volume  1  (1979),  pages  195-203. 


SECTION  8.3 

FOURIER  SSNE  AND  COSSNE  SERIES 


,  2  f\  ,  2  r  ,  2sinn;r  _ 

1.  a0  -  —  1  at  =  2,  a„  -  —  eos nt  dt  =  -  =  0 

7T  J  0  71 J  o  T17V 

Cosine  series:  f(t)  =  1 


—  - * - * - * - * -  t 

—  7T  7T  27T  37T  47T 
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2. 


a0  =  2  J  (1  —  /)  dt  =  1 

a"  =  2Í  O-Ocoswtfdf  =  =  — ^-[¡-(-l)2] 

*  n  n  n  n  L  J 


1  4 

Cosine  series:  f{t)  =  —  4 — r- 

2  7T 


/ 


cos3?r/  eos 5^/  coslnt 

COS7IÍ  + - r - + - - - + - ; - 


-+  ■ 


V 


bn  =  2  (1  -/)sin  nntdt  =  — 


wr  -sinwr)  2 
nn 


2  2 
71 


3. 


«°  =  £(1-/)*  =  o 

f2  „  jN  rmt  ,  4-4coswr-2wrsinH;r 

a"  = 

J  o 


(1  -/)cos - dt  = 

■  o  2 


W  2T 


“ttC1  -(—1)2] 

n n  L  J 


8  f  nt  1  'int  1  5;r/  1  Int 

Cosme  senes:  /(/)  =  ——  eos  —  +  -rCos - +  ~vCOs - +  ^-cos - + 

n2\  2  32  2  52  2  72  2 


See  figure  at  top  of  next  page. 
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t  dt  +  |  (2  -  /)  dt  =  1 

f1  nnt  .  f2  x  nnt  , 

icos - +  (2  -  i)  eos - c/i 

Jo  2  J  i  2 


16  nn  .  2 

-  eos — sin 

«V2  2 


nn 

~4~ 


0  for  n  odd 
0  if  n  =  4,8,12,— 
-\6/n2n2  if  rc  =  2, 6, 10, ••• 


Cosine  series:  f(t)  =  1 


16 


r  cos^ 


cos^i  cos3nt  eos  5  ttí  eos  7  nt 
"* - ^ - 1 - — - i - 


_ n 


-  .  o 


bn  =  f  tsm^^-dt  +  f  (2-/) sin 
Jo  2  J  i 


nnt 


dt 


32  nn  .  ,  nn 
- eos — sin 


«V2  4  4 


0  for  n  even 
+8 ln27t2  if  «  =  1,5,9,-” 
-8/«V  if  «  =  3,7,11,- 


Sine  series: 


5. 


:í 


2 
3 


1  dt  = 


o.. 


=  -í 

3  J. 


nnt  ,  2  f  .  2nn  .  nn 

„  .  eos — «r  =  —  sin - sin — 

3  J ,  3  wr  l  3  3 


Cosine  series:  f(t )  = 

3  n 


í  -2>/3  ¡nn  if  «  =  2,8,14,- 
+2yÍ3/nn  if  «  =  4,10,16,' 
0  otherwise 


1 — 1 1 


-3 


1  2  nt  1  Ant  1  8  nt  1  10  nt 

—eos - eos - b — eos - eos - b 

.2  3  4  3  8  3  10  3 


12 


15 


b..  = 


2 

f 2  .  nnt 

2 

f  nn 

2nn\ 

=  — 

sin - dt  = 

eos — 

-eos - 

3  j 

>.  3 

nn  1 

l  3 

3  J 

0  for  n  even 
+21  nn  if  «  =  1, 7, 13,  • 
-A/nn  if  «  =  3,9,15,- 
+2  ¡nn  if  «  =  5,11,17, 
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an 


a„ 


t{n-t)dt  = 
t(n  -t)  eos  ntdt  = 


2  \nn  eos  nn  +  rm  -2  sin  nrt\ 


Yí'n 


2 

7C 


t{n  -  t)smnt  dt  = 


2[2-2cos«7r-2«;rsinn;r]  4 


Ten 


Sine  series: 


m 


-ísi 

n\ 


sin  3/  sin  5/ 
sin/H - 5 — i - 7—  + 


sin  It 
73 
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ao  =  2  f  ( t-t2)dt  =  i 
Jo  j 

_  f>  2N  ,  2[«;rcosw7r  +  n;r-2sinn7rl  2  r  „t 

=  2l  O-ñcosnmd,  =  — l - -53 - 1  -  --Cl[1  +  (-»  ] 


„  .  .  ,  1  4  f  eos 2 cos4?r/  eos ótt/  cos8tt/ 

Cosme  senes:  /(/)  =- - T\ — -= —  + - 5 —  + - - —  + - - — +•• 


6  ;r  V  2 


bn  =  2  ^  (/-l2)  sin  nntdt 


2  [2 -2 


eos  «7r  -  «7T  sm  nn 


:[l-(-l)"] 


,  8  (  .  sin 3nt  sin 5nt  sinlnt  \ 

Sme  series:  / (r)  =  —  sin^í  + —3 —  + - 5 —  + - 5 —  +  •  •  • 

n  V  3  5  7  j 

for  0  <  t  <  1.  Notethat  t  =  1/2  yields  the  summation  of  Problem  25  in  Section  8.2. 


2  r  .  ,  4 

—  sin  /  dt  =  — , 
n  J  o  7t 


2  r  •  ,  2[l  +  cos«;r]  2[l  +  (-l)  1 

a„  =  —  smtcosntdt  =  — - r — ¿  =  — - — =*■  íf  «>1 

"  Jo  ^-(1-n2)  77-n 


rc{\-n  ) 


a,  =  —  \  sintcostdt  =  0 


Cosine  series:  / (/)  =  - 


2  4  f  eos  2/  eos  4/  eos  6t  eos  8/ 

tc  jt2  l  3  15  35  63 
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b  =  —  f  sintsinntdt  =  ^s‘n n7r  =  O  if  n>  1 
n*  n(\-n 2) 

2 

b¡  =  —  £  sin  2tdt  =  1 
Sine  series:  /(/)  =  sin/ 


Cln 


/•/r 

si 
J  o 


sin  t  dt  -  — , 
n 


i  r 

a«  =  - 

J0 


«/  , 

sínicos — dt  = 
2 


,  7OT 

1  +COS - 

2 


n(rf  -  4) 


-Aln{n2  - 
=  «¡-8/7r(rc2-4) 
0  if  «  = 


a2  =  —  I  sin/cos/¿//  =  0 

7t 


1  4 

Cosine  series:  f{t)  = - 

;r  n 


1  i  1  3/2  4/ 

— eos—  +  —eos — i-  — eos — 

3  2  5  2  12  2 

1  5/1  7/2  8/ 

+ — eos —  +  — eos —  +  — eos — 
21  2  45  2  60  2 


See  the  figure  at  the  top  of  the  next  page. 


4)  for  n  odd 
if  n  =  4,8,12 
6,10,14,- 
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ir,  . 

—  smisi 

7t  a /  O 


.  ni  , 
sin  i  sin — dt 
2 


a  ■  n7t 

4  sin — 
_ 2_ 

7r(n2  -4) 


O  for  n>  2  even 
—A/n{n2  -4)  if  n- 1,5,9,— 
+4/7r(n2-4)  if  n  =  3,7,11,— 


é2  =  —  sin  2tdt  =  ^ 

6,  =  —  JT  sin  2tdt  =  1 

.  *•  /  \  1  *  4fl  .  íl  .  3/  1.5/  1.7/  1.9/ 

Sine  senes:  /(i)  =—  sini - —  sin—  +— sin - sin — i - sin - sin — i — 

2  2  5  2  21  2  45  2  77  2 


11.  In  order  to  satisfy  the  endpoint  conditions  x(0)  =  x{n)  =  0  we  substitute  the  sine  series 
x(i)  =  V  sin  n/  and  1  =  —  (from  Example  1  in  Section  8.1)  into  the 

n= 1  ^  n  odd  ^ 

differential  equation  x"  +  2x  =  1 .  This  gives 


co  ce 

-y, n2¿>„  sin  ni  +  2^bn  sin  ni 

n=l  n=l 


4  y.  sin  ni 

^  n  odd  ^ 


We  therefore  choose  bn  =  A!nn(2  -  n2)  for  n  odd,  bn  -  O  for  neven.  This  gives  the 
formal  series  solution 
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4  sin/7/  4  (  .  sin 3/  sin 5/  sin 7/ 
í(/)  =  —  >  - =-  =  —  sin/ - 

tr  —  o  i  iic  nn 


n  nodd  «(2-«  )  7T 


21  115  329 


In  order  to  satisfy  the  endpoint  conditions  x(0)  =  x(tt)  =  0  we  substitute  the  sine  series 


x(t)  =  '£Jbn  sin nt  and  1  =  —  ]>]  SU1^  (from  Example  1  in  Section  8.1)  into  the 
«= i  n0dd  n 

differential  equation  x"  -  4x  =  1 .  This  gives 

S2.  •  .  ,  .  4ri  sin/7/ 

n  ¿wsm/7/-4>  bnsmnt  =  —  > - ■ 

„=i  tí  n  tí,  n 


We  therefore  choose  bn  =  -Mnn{n2  +  4)  for  n  odd,  bn  =  0  for  n  even.  This  gives  the 
formal  series  solution 

4fsin/  sin3/  sin5/  sin7/ 

x(/)  = - + - + - + - +•••  . 

n  5  39  145  371 


In  order  to  satisfy  the  endpoint  conditions  x(0)  =  x(l)  =  0  we  substitute  the  sine  series 
co  2  00  ( _ j\w+i  sin  fi7üt 

x(t)  =  y ]bn  sin/77T/  and  /  =  —  V -  (from  Example  1  in  Section  8.3,  with 

w=i  n  m=i  ^ 

L  ~  1)  into  the  differential  equation  x"  +  x  =  t .  This  gives 

vp  2  2 7  •  2  ^  (— l)w+1  sinwzt 

->w  n  bn$m.rutt  +  >  bnsmrmt  =  —  >  ~ — - . 

#1*1  W=I  M=]  /I 

We  therefore  choose  =  2(-l)/,+1  / tzt7(1  -  «2x2) .  This  gives  the  formal  series  solution 
2v(-l)"  sin/77r/ 

x(/)  =  —  2-j  n(n17l1  _  °f our  endpoint  valué  problem. 


In  order  to  satisfy  the  endpoint  conditions  x(0)  =  x(2)  =  0  we  substitute  the  sine  series 

x{t)  =  y\bn  sin-^-  and  /  =  — — sin-^-  (from  Example  1  in  Section  8.3  ,with 
/i— I  2  7T  ..-i  TI  2 


L  =  2)  into  the  differential  equation  x"  +  2 x  =  / .  This  gives 

00  2  00  A  00  /  1  \M+|  _ V. 

—y, - bns\nrmt  +  2^bn  sinnnt  =  — — - — sin - 

n=l  4  M_i  7T  „_i  77  2 


We  therefore  choose 


h  _  4(-l)'H~1  /  7m  =  16(-ir* 

2-n27V2/4  7tn(%-n2n2) 
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for  n  odd,  bn  =  0  for  n  even.  This  gives  the  formal  series  solution 

16^(-l)"sin(wrí/2)  ,  J  . 

x(t)  =  — A - Tin. — T —  oí  our  endpomt  valué  problem. 

n  „=1  n(n  n  —  8) 

In  order  to  satisfy  the  endpoint  conditions  x'(0)  =  x'(2)  =  0  we  substitute  the  cosine 

series  x(t)  =  ^+'*Ta„cosnt  and  t  =  Y  ---°y  *  (fforn  Example  1  in  Sectioi 

'  2  7T  , 


(from  Example  1  in  Section 


8.3,  with  L  =  n)  into  the  differential  equation  x"  +  2x  =  t .  This  gives 


w  oo 

n2an  eos  nt  +  a0+  2^¡T  an  eos  nt 


n  4  y,  eos  nt 

2  ^  nodd  ^ 


We  therefore  choose  a0=n/2,  an  =0  for  n>0  even,  and  an  =  4/nn2(n2  -2)  for 
n  odd.  This  gives  the  formal  series  solution 


7t  4 

—+— 


eos  nt 


4  n  n  (n  -2)  4  n 


n  4  (  eos 3t  cosSt  coslt 

=  —  +  —  —COSÍ  + - H - 1- - +  • 


63  575  2303 


of  our  endpoint  valué  problem. 


(a)  Obviously  xp(t )  =  t  is  a  particular  solution  of  x"  +  4x  =  4t,  so  a  general 
solution  is  given  by  x  (í)  =  A  eos  2t  +  B  sin  2 1  + 1.  We  satisfy  the  endpoint  conditions 
x(0)  =  x(2)  =  0  bychoosing  A- 0  and  B  =  -1/ sin 2. 

(b)  The  point  is  simply  that  the  series  in  (3 1 )  is  the  Fourier  sine  series  of  the  period  2 
function  defmed  by  flt)  =  t  -  (sin  2/)/(sin  2)  for  0  <  t  <  1: 


]  _  2(-l y 


„  H  .  ,  2|sin/27r  -M7rcos  nn]  2(-D" 

2  [tsmnntdt  =  -1 - ±  =  -  ■  ’ 

Jo  n n  nn 

2  (»m2/sin«r«*  -  ■2[?.<00s:Z>shl"Jr ~ror(sin:2)cosror]  = 

*  -A  „2,r2  A 


*  n  -4 

6  =  2(-l)n  |  2ior(-l)"  =  8(-l)" 

nn  n2n 2  -  4  nn(n2n2  —  4) 

sin2r  8  -A  (-1)"  sin nnt  _  . 

sm2  n^T\  n{n2n2  -  4) 


n  n  -4 


17.  Suggestion :  Substitute  u  =  -t  in  the  left-hand  integral. 

18.  The  termwise  derivative  of  the  given  Fourier  series  is 


-(4/n)  E  (sin  nni)ln  -  4  2  eos 


518 


Chapíer  8 


But  the  series  £  eos  mtí  diverges  at  t  =  0  (for  instance).  Henee  the  derived  series  does 
not  converge  to  any  function  at  all,  let  alone  to  f(t). 


19. 


20. 


The  first  termwise  integration  yields 
+2 


r  _  nV'(-l)”  eos  nt  ,  ^ 

2  “  ^  n 2 

z  /I=I  n 


and  substitution  of  /  =  0  gives  C,=2^(-l )',+1/«2  =  n1 16,  so 


n= i 


t 2  _  y.(-l)”cosní  7t2 
2  ±í  n2  +  6 


M=1 

A  second  termwise  integration  gives 

6 


£ .  2¿Hyw+fv+C!_ 


»= 1  n  V 

and  substitution  of  /  =  0  gives  C2  =  0.  The  final  termwise  integration  gives 


24 


n=l 


12 


and  substitution  of  t  =  0  yields  C3  =  2^(-l)” /n4. 

n= 1 

Substitution  of  t  =  n  va.  the  formula  of  Problem  1 9  above  gives 


4  qo  1  4  00  /  iyi 

—  =  -2V  J_+íL+2y<“1) 

™  ^n4  12  ^ 


24 


n=l 


ir  - 

24  tf «  ti  n  „*d « 

which  gives  1  +  -t  +  -t  +  4t+"-  =  — ■  Then 
34  54  74  96 

c  ^  1  ,1111111 
S  —  /  — —  —  lH t-H — — I — rt — r"H —  H —  H • 

ZL-f  __4  o4  o4  ¿4  r4  /;4  4  q4 


-  (-D 


n=i  « 
w+i 


n=l 


/I 


fl  1 

1 

1 

r  1 

1 

1 

1  ^ 

1  - T* 

H — — 

4 - T*  4-  ■ 

+ 

—  +  — r 

*4 — — 

H - T"  +  •  •  • 

34 

54 

74 

U4 

64 

84  J 
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'  1  1  1 

1  H - —  -I — —  H — —  Hh  * 

v  34  54  74 


C  I  1  1  1  1 

s  -  I  l  +  ^r  +  ^r+^r  +  ' 


l  (.  l  l  i  ' 

?"  7+7+' 

+  —5 
15 


Solution  of  this  last  equation  for  S  now  gives 


V-L  =  11 

^~4  “  15 


n=l 


n 


(.  1  1  1 
1  H - T*  H - 7  H - T"  +  * 

34  54  74 


16  7T  _  7T4 
15  96  "  90 


21. 


We  want  to  calcúlate  the  coefficients  in  the  period  AL  Fourier  sine  series 

nnt 


Fit)  =  si 


sm- 


2  L 


which  agrees  with  J{t)  if  0  <  t  <  L.  Then 

rlL 


o 

b-  =  2Í 


.  .  WT/  ,  2 

/(nsm - dt  + —  , 

o  2  L  2  L) 


r r  x  , 

f{2L -t)  sin— dt. 

L 


The  substitution  u  =  2L  -1  yields 


¿J 


.  nnt 


/(O  sin  — —  dt-  — 

o  2¿  ¿ 


0  „  ,  .  rm(2L-u) 

/(«)  sm - — - 

£  2L 


~  z, 

Now  it  is  clear  that 


..  .  .  nnt  ,  (-1)" 

/(O  sin - dt - 

o  2  L  L 


CL 


.  nnu 
f(u)sm——dit. 
o  2L 


b„ 


rL 


.  nnt  1 

/(/)  eos - dt 

o  2Z 


if  n  is  odd,  whereas  =  0  if  n  is  even. 


22.  We  want  to  calcúlate  the  coefficients  in  the  period  AL  Fourier  cosine  series 


nnt 


0(„  =  f+Ia,cos2i 


which  agrees  with  fit)  if  0  <  t  <  L.  Then 


rL 


a..  = 


2L  J 


... .  nnt  ,  2 

/  (0  eos - dt  h - 

o  2Z  2Z 


■2  L 


nnt 


f(2L-t)cos - dt. 

l  2  L 


The  substitution  u  =  2L  -t  yields 
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1  f£ 

»■  ■  iL m 


nnt  ,  1 

eos - dt - 

2  L  L 


’°  f(  s  nnilL  -u) 
f(u)  eos — - — - -du 

L 


2  L 


L 

Now  it  is  clear  that 


L  n7lt  J  (~1)" 

/(/)  eos - dt-- — — 

o  2  L  L 


nnu 

f(u)  eos - du. 

o  2  L 


2(l 

L. 


r, .  wr/  , 

/(O  eos - dt 

o  2Z 


if  «  is  odd,  whereas  a„  =  0  if  «  is  even  (including  n  =  0). 

8(-l)(”~I)/2 


23. 

K=~ 

n , 

r  nt 

/sin — 

Jo  2 

dt  = 

4 

ivn2 

( 

2  sin 

nn 

2 

nn\ 
-nn  eos — 

2  J 

r  /  i\ 

00 

1  . 

3/ 

1  . 

5/ 

1  .  7/ 

for  «  odd 


;r 


i - r-sin — h— sin - r-sm — +  • 

2  32  2  52  2  72  2 


24.  In  order  to  satisfy  the  endpoint  conditions  jc(0)  =  x'(n)  =  0  we  substitute  the  odd  half- 


multiple  sine  series  x(/)  =  ^  bn  sin—  and  /  =  —  ^ 

n  odd  2  7T  n 

21)  into  the  differential  equation  x"  -  x  =  t .  This  gives 


(n-l)/2 


-sin ^  (fromProblem 


En2b„  .  Ylt  _  .  72/  8  v — ' 

— -sin— +  >  Asm —  =  —  > 
4  2  ¿A  "  2  n^ 


(-l)(n-,)/2  .  nt 
- — —z sm — 


n  odd 


n  odd 


We  therefore  choose 


b.  = 


8(-iy 


(»- 1)/2 


t  nrf 


32(-l)( 


(n+l)/2 


l-«  /4 


nn2(n2  -4) 


for  «  odd.  This  gives  the  formal  series  solution 


x(0  = 


32  ^  (-l)(n+1)/2  .  nt 
^,^d«2(«2-4)  2 


1  .  nt  1 
— sm - 1-  — 


3  2  45 


1  .  5  nt 

- sm —  + 
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1  .  Int  ") 

- sm - 

2205  2  J 


of  our  endpoint  valué  problem. 
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SECTSON  8.4 


APPLICATIONS  OF  FOURIER  SERIES 


1. 


We  substitute  the  sine  series  jc(f)  =  Y  sin  >1/  and  F(t)  =  —  V  — — ■  (from 

«=]  «odd  ^ 

Example  1  in  Section  8.1)  into  the  differential  equation  x"  +  5x  =  F{t) .  This  gives 

'V1  2  7  c  ^  ,  12  ^r-1  sin  7# 

K  smnt  +  5  2_  bn  Sln^  =  — - • 

#i=l  #i=l  «odd  ^ 

We  therefore choose  6„  =0  for  n>0  even,  and  b„  =  \2lnn(5-n2)  for  n  odd.  This 
gives  the  formal  series  solution 


We  substitute  the  cosine  series  x(t)  =  —  +  eos  and 

2  n=\  2 

12  Z' _ l'vCw— 1)/2 

F(t)  =  —  V - eos -  into  the  differential  equation  xn  + 1  Ox  =  F(Y) .  This 

^  «ndrl  W  2 


gives 


Zn  sí  ruci  _  . 

— 7~an  COS— +  5¿Í0  + 102,  cos~r 

n=l  H  Z  „=1  Z 


YlTlt  12  ■5T"’  ( —  1)^ 


We  therefore  choose  a0=  0  and  an  =0  for  n  >  0  even,  and 

_  12(-1)("-1)/2/^»  _  48(-l)<"-‘)/2 

10-;t2m2/4  ;m(40-;r2n2) 
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3. 


00  oo  /  -|  \fj — 1  •  . 

We  substitute  the  sine  series  x(t)  =  y\bns\nnt  and  F(t)  =  2V- — - — Smn  (from 

»= i  «=i  n 

Example  1  in  Section  8.3,  with  L-  it)  into  the  differential  equation  x"  +  3x  =  F(t ) .  This 
gives 


-^«26nsinKt  +  3^]¿nsin«t  =  4^ 


£-.(-!)"  'sinnt 


n=\ 


»= 1 
\M-I 


tl-l 


n 


We  therefore  choose  hn  =  4(-l)w  / n{ 3  -  n2) .  This  gives  the  formal  series  solution 


=  4S 


(-1)"”  sinnt 
tí  »(3-«2) 


=  4 


sint  sin2í 
- + - 


sin  3/  sin4t 
-  +  - 


18 


52 


J 


4.  We  substitute  the  cosine  series  x(7)  =  —  +  ]£]#„  cos-^-  and 

2  n=l  2 


F(t )  =  2  -  Y  -^-cos— —  (from  Example  1  in  Section  8.3,  with  L-  2)  into  the 

¿A  rr  2 


differential  equation  x"  +  4x  =  F(t) .  This  gives 
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-1 6/n2n2  _  64 

4-?r2n2/4  7T2n2(16  —  ;r2«2) 


for  n  odd.  This  gives  the  formal  series  solution  xsp  (t)  =  — 


64  eos  nnt  /  2 


5. 


We  substitute  the  sine  series  x(f)  =  ¿6„sin«^rí  and  F(f)  =  — smrmt^  jntothe 


differential  equation  x"  +  lOx  =  F(?) .  This  gives 


-yt  n2n2b„  sin  nnt  +  10  y_bn  sin  nnt  =  —  y 


8  sin  nnt 


We  therefore  choose  bn  =  8/ n  n  (10-n  n  )  .  This  gives  the  formal  series  solution 
^  sinwrt 

*sp  11  3  3/i  a  2  2  \  * 

n  „^dd  n  (10  —  «  n  ) 
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InProblems  7-12  we  are  dealing  with  the  equation  mx"  +  kx  =  F(t )  where  F(t)  istheextemal 
periodic  forcé.  The  natural  frequency  is  coq  =  yfkTm  .  If  the  Fourier  series  of  F(t)  contains  a 
term  of  the  form  cos(Nrt/L)  or  sin(Nnt/L)  with  a>o  =  Nn/L,  then  puré  resonance  occurs. 
Otherwise,  it  does  not. 

7.  The  natural  frequency  is  co§  =  3,  and 

.  4Í  sin3/  sin5/  sin7t 

F(t)  =  —  sint  + - + - + - +••• 

7r{  3  5  7 

Thus  the  Fourier  series  of  F(t)  contains  a  sin  3 1  term,  so  resonance  does  occur. 

8.  The  natural  frequency  is  a>o  =  ^5  ,  and  F(t)  =  I  ó„sin  nnt.  Since  nn  *  y¡5  for  any 
integer  n,  puré  resonance  does  not  occur. 
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9. 


The  natural  frequency  is  coq  -  2,  and 


.  4  (  .  sin3f  sin  5t  sin  It 

F(t )  =  —I  sint  + - +  — - —  +  — - — +■ 

7T 


Because  the  sin  2 1  term  is  missing  from  the  Fourier  series  of  F(t),  resonance  will  not 
occur. 


10.  The  natural  frequency  is  ©o  =  2 n.  From  Equation  (16)  in  Section  8.3  ofthe  text  we  see 
that  the  Fourier  series  of  F(t)  contains  a  sin  2  nt  term.  Henee  puré  resonance  occurs. 


11.  The  natural  frequency  is  (Oq  -  4.  From  Equation  (15)  in  Section  8.3  we  see  that 


n  4  (  cos3t  cos5t 

m  ■  2-írí+— +— + 


Because  the  eos  4 1  term  is  missing,  we  see  that  resonance  will  not  occur. 


12.  The  natural  frequency  is  <ao  =  5,  and  the  Fourier  series  of  F(t)  is  of  the  form 
F(t)  =  E  6„sin  nt.  We  calcúlate  bs,  and  fínd  that 

.  2  p.  2.  .  .  ,  4-4cos5tt -10^-sin5^  8 

L  =  —  (jrt-t  )sm5tdt  =  -  =  -  *  0, 

5  n  *  v  125^r  125;r 

Thus  the  term  sin  5 1  is  present  in  F(t),  and  so  puré  resonance  occurs. 


Problems  13-18  are  based  on  Equations  ( 1 4)— ( 1 6)  in  the  text,  according  to  which  the  steady 
periodic  solution  of 


is  given  by 


mx"  +  cx'  +  kx  =  sin 

n=\ 

00 

*sp(0  =  Y<b"SÍn(Ú)r,t-an)’ 

n=\ 


where 


K 


rm 

T’ 

eco 

tan'1 - — r-  in  the  interval  [0,  7Í\, 

k  -  mcon 

B„ 


yj^k  -  ñürf  )2  +  (cíy„)2 
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This  calculation  is  readily  automated.  The  following  MATLAB  script  was  written  to  calcúlate 
the  coefficients  {bn}  for  Problem  13.  Only  the  valúes  of  m,c,k,L  and  the  calculation  ofthe 
forcé  function  coefficients  {5n}  need  to  be  changed  for  Problems  14-18. 


m  =  1;  c  =  0.1;  k  =  4; 

L  =  pi; 

results  =  ones (0,4) ; 
for  n  =  1 : 9 
w  =  n*pi/L; 

alpha  =  atan (c*w/ (k-m*wA2) ) ; 
if  k-m*wA2<0 

alpha  =  pi  +  alpha; 

end 

B  =  12/ (pi*n)  ;  %  forcé  function  coeffs 

if  floor  (n/2)  ==n/2  %  are  nonzero  if  n  is  odd, 

B  =  0 ;  %  zero  if  n  is  even 

end 

b  =  B/sqrt  (  (k-m*wA2)  A2+(c*w)  A2)  ; 
results  =  [results;  n,  b,  w,  alpha]  ; 

end 

results 


13.  B„  —  12/ m  for  n  odd,  Bn  —  0  for  n  even 

xsp(t)  »  1.2725  sin(t  -  0.0333)  +  0.2542  sin(3t  -  3.0817)  +  0.0364  sin(5t  —  3.1 178)  +  •  -  - 

14.  Bn  =  4(-l)”+1/w  for  n  =  1,  2, 3,  •  •  • 

xsp(0  ~  0.2500  sin(/  -  0.0063)  -  0.2000  sin(2/  -  0.0200) 

+  4.444  sin(3í  -  1.5708)  -  0.0714  sin(4t- 3.1 130) +  •  •  ■ 

Note  the  dominance  of  the  n  =  3  term. 

15.  B„  =  8  In’j?  for  n  odd,  Bn  =  0  for  n  even 

*sP(0  *  0.08150  sin(^-  1 .44692)  +  0.00004  sin(3«T- 3. 101 76)  +  -  •  • 

16.  F(t)  =  A0  +  X  A„cos(nnt/2)  where  A0  =  2,  A„  =  -1 6/^«2  for  n  odd,  A„  =  0  for 
n  even  and  positive. 

jtsp(0  «  0.5000+  1.0577  cos(;tf/2- 0.0103) 

-  0.0099  cos(3^r/2  -  3.1390)  -  0.001 1  cos(5^/2  -  3.1402)  •  ■  • 
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17.  B„  =  60 ¡nn  for  n  odd,  Bn  -  0  for  n  even 


xsp(0  «  0.5687  sin(7zí- 0.0562)  +  0.4271  sin(37zí  -  0.3891) 

+  0.1396sin(5?zí- 2.7899) +  0.031 8  sin(77tf- 2.9874)  + •  •  • 

xsp(5)  *  0.248  ft  *  2.98  in. 

18.  B„  =  (4/ 7m2)sm(nx/2) 

xsp(t)  «  0.0531  sin(/  -  0.0004)  -  0.0088  sin(3t  -  0.0019) 

+  1.0186  sin(5r  -  1.5708)  -  0.0011  sin(7/-  3.1387)  +  •  •  • 

Note  the  dominance  of  the  n  =  5  term. 

SECTION  8.5 

HEAT  CONDUCTION  AND  SEPARATION  OF  VARIABLES 

1.  From  Equation  (31)  in  the  text,  with  L  =  n  and  k  =  3,  we  get 

oo 

u(x,t)  =  exp(-3n2t)sinnx  . 

n= i 

With  ¿>2  =  4  and  bn  =  0  otherwise  we  get  the  solution 
u(x,  t)  =  4e-l2ísin  2x. 

2.  From  Equation  (40)  in  the  text,  with  k  =  10  and  L  —  5  we  get, 

ci  00 

=  -r-+2XexP 

^  n=l 

With  üq  =  14  and  an  =  0  for  n  >  0  we  get  the  solution  u(x,  t)  =  1  (constant). 

3.  With  L  =  1  and  k  =  2  in  Equation  (31),  we  take  b\  =  5,  63  =  -1/5,  and  b„  = 
otherwise.  The  result  is  the  solution 

u(x,t)  =  Se'2*1'  sinnx-^e'1**11  sin3;rjc. 

4.  From  Equation  (31)  with  k  =  1  and  L  =  n  we  get 


rf7Tt_ 

25 


cos- 


nnx 
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u(x,t)  =  exp(-«2/)sin  rae. 

n=l 

But  the  sin  A  eos  B  identity  yields 

4  sin  4x  eos  2x  =  2  sin  2x  + 2  sin  6x. 
Henee  we  choose  b2  =  b6  =  2  and  bn  =  0  for  n  *  2,  6.  Thus 
u(x,  t)  =  2e~4/sin  2x  +  2e~36<sin  6x. 


5. 


6. 


From  Equation  (40)  in  the  text,  with  k  =  2  and  L  =  3  we  get. 


u{x,t)  =  y  +  JXexP 


f  2 kV/'1 


n=l 


cos- 


nnx 


\  '  J 

With  «o  =  0,  a2=  4,  o4  =  -2,  and  an  =  0  otherwise,  and  a„  =  0  we  get  the  solution 


í 


u(x,t)  =  4exp 


8 n  t  |  2nx 


eos — 2exp 


yin  t 


2,\ 


cos- 


4nx 


From  Equation  (31)  with  k  =  1/2  and  L  =  1  weget 

QO 

u(x,t)  =  2XexP 


^  n2n2t^ 


n= 1 


V  2  y 


sm  nnx. 


Trigonometric  identities  yield 

4  sin  m  eos3  nx  =  ( 2  sin  tjx  eos  tdc){2  eos 1  to) 

-  (sin  2ot)(1  +  eos  2nx)  =  sin  2nx  +  (l/2)sin  4^x. 

Henee  we  choose  b2  =  1,  ¿4  =  1/2,  and  b„  =  0  otherwise  to  get 

u(x,  t)  =  exp(-2^ f)  sin  2ttx  +  (l/2)exp(-8^2r)  sin  4^xr. 


7.  From  Equation  (40)  in  the  text,  with  k  =  1/3  and  Z  =  2  we  get, 

nnx 


u(x,t)  =  ^-  +  £a„exp 


12 


cos- 


Because  of  the  identity  cos22;zx  =  (1  +  eos  4®c)/2  ,  we  choose  a0=  1,  as  =  1/2,  and 
a„  =  0  otherwise.  This  gives  the  solution 
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,  N.  ll 

u(x,t)  =  —  +  ~exP 


f  \6n2t^ 


cos4;rx. 


) 


8.  From  Equation  (40)  with  k  -  1  and  L  =  2  we  get 


a  00 

«(*»o  =  ^r+2]a»exp 

l  n=\ 


(  n2n2t ^ 


cos- 


nnx 


But 


10  eos  tüx  eos  3  to.  =  5  eos  2  m  +  5  eos  4  nx. 

Henee  we  choose  64  =  b%  =  5  and  6„  =  0  otherwise  to  get  the  solution 
w(x,  0  =  5  exp(-4^ t)  eos  2;zx  +  5  exp(-16^t)  eos  Am. 


Because  of  the  zero  endpoint  conditions  u(0,t )  =  u(5,t)  =  0,  we  use  the  Fourier  sine 
series  expansión 

,  rtS  100  x"1  1  •  nnx 
m(x,0)  =  - 2j— sm— r- 

^  nodd  ^  X 

of  w(x,0)  =  25  on  the  interval  0  <  x  <  5.  When  we  supply  the  exponential  factors  in 
Eq.  (31)  with  k  =  1/10  and  L  —  5,  we  get  the  solution 


u(x,t)  = 


100 


n 


X  ~exp 

nodd  ^ 


^  -n27r2t 

250 


sm- 


rmx 


10.  Because  of  the  zero  endpoint  conditions  »(0,t)  =  w(10,/)  =  0,  we  use  the  Fourier  sine 
series  expansión 

nnx 


m(x,0)  =  — Yj 


80  ^  (-1)"+1 


srn- 


x  „=i  n 


10 


of  w(x,0)  =  4x  on  the  interval  0<x<10  (from  Eq.  (16)  in  Section  8.3).  Whenwe 
supply  the  exponential  factors  in  Eq.  (31)  here  with  k  =  1/5  and  L  =  10,  we  get 

\n+l 


80  ^  (-1)" 


u(x,t)  = 

*  tí 


-exp 


f  n2n2t ' 


500 


sin- 


nnx 

TT 


1 1.  Because  of  the  zero-derivative  endpoint  conditions  ux (0,  t)  =  ux(\Q,t)  =  0,  we  use  the 
Fourier  cosine  series  expansión 

El  rurx 


w(x,0)  =  20-“ 

*  ,“d  n 


-  cos- 
2  10 


of  w(x,0)  =  4x  on  the  interval  0  <x  <  10  (from  Eq.  (15)  in  Section  8.3).  Whenwe 
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supply  the  exponential  factors  in  Eq.  (40)  here  with  k  =  1/5  and  L  =  10,  we  get 

nnx 


(  A  on  160  yi  1 

u(x,t)  =  20 - — 


¿T 


exp 


^  -n2n2t 


«odd 


500 


cos- 


10 


12.  From  Equation  (31)  with  k  =  1  and  L  =  100  weget 


u(x,t)  =  exp 


f  n2n2t ' 


y  10000, 


sm- 


nnx 

Too"' 


Because  of  the  zero  endpoint  conditions  u(0,t)  =  «(100,/)  =  0,  the  {bn}  should  be  the 
Fourier  sine  coefficients  of  fix)  =  x(100  -  x)  on  [0,  100],  given  by 

bn  =  — —  f  x(l00-x)sin-^í-£¿c 
"  100  ■»  v  ’  100 

20000(2-2cosn/r-n;rsin«;'z-)  Í80000/«V3  for  n  odd, 

n3n3  |  0  for  n  odd. 

This  gives  the  solution 


/  N  80000  xp  1 

«0,0  =  - 3 - ~TexP 

^  n  odd  ^ 

(a)  The  boundary  valué  problem  is 


(  r^n2t\  .  rmx 


-  sm- 


10000 )  100 


ut  =  ku^  (0  <  x  <  40), 
ux(0,t)  =  ux(40,  t)  =  0, 
u(x,  0)  =  100. 


By  Equation  (3 1)  in  the  text  (with  L  =  40)  the  solution  is  of  the  form 

f  n2n2kt ^ 

°n  exP|  - 

n=  I 


«0,0  =  ]T&„exp 


V 


1600 


sin- 


rmx 

^0~' 


We  use  the  Fourier  sine  coefficients  bn  =  400  Inn  for  n  odd,  b„  =  0  otherwise,  of  the 
initial  valué  function  / (x)  =  100  on  the  interval  0  <  x  <  100.  This  gives 


u(x,t) 


400 


7t 


Z  -exp 
T  1/1 


n  odd 


(  -n27i2kt  ^ 
1600 


sin- 


rmx 

"40~‘ 


(b)  With  k  =  1.15  for  copper  we  find  that 

«(20,300)  *  15.1591-0.000000204  + 


15.16°C. 
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With  k  —  0.005  for  concrete,  the  first  temí  of  the  series  gives 


w(20?/) 


400 


— exP 
n 


f 

v 


O.QO^2^ 

1600  j 


=  15, 


and  we  solve  for  t  ~  66, 342  sec  ~  19  hr 15  min  42  sec.  As  a  check  that  the  first  term 
suffices  for  this  computation,  we  fmd  that  the  next  term  in  the  series  is  then 
approximately  0.00000019. 


14.  (a)  The  boundary  valué  problem  is 

u,  -  ku^  (0  <  x  <  50) 

*4(0,  f)  =  ux(50,  t)  =  0 
w(x,  0)  =  2x 

with  k  =  1.15  cm2/sec  for  copper.  By  Equation  (40)  in  the  text  (with  1  =  50)  the 
solution  is  of  the  form 


u(x,t)  = 


Cín 


-  + 


Z«nexp 


«= 1 


2500  ; 


eos 


rntx 

lo”' 


Consulting  the  Fourier  series  given  in  Equation  (15)  of  Section  8.2,  we  satisfy  the  initial 
condition  u(x,  0)  =  2x  bychoosing  ao  -  100,  a„  =  -400 /n2^  for  n  odd,  and 
a„  =  0  for  n  even.  Thus 


u{x,t)  =  50- 


400 


x1  ^n,'exp' 

71  n  odd  n 


n27i2kt\  nnx 

-  eos - . 

2500  J  50 


(b)  With  k  =  1.15  for  copper  we  fmd  that 

w(10,60)  »  50-24.9698  +  0.1199  +  0.0018  +  0.0000 - «  25.15°C. 


(c)  To  fmd  out  how  long  it  takes  the  temperature  to  reach  45°C  at  the  point  x  =  10, 
we  solve  the  equation 


50- 


400  ( 
— exp 
n  l 


1.15ít2/^  tc 

-  eos— 

2500  J  5 


45 


that  we  get  upon  retaining  only  the  first  two  terms  of  the  series  above  (with  x  =  10). 
Using  logarithms  (for  instance)  we  fmd  that  t  «  414.23  sec  «  6  min  54  sec.  To 
confirm  that  two  terms  suffice  for  this  calculation,  we  retain  3  terms  and  use  a  Computer 
or  calculator  to  solve  the  equation 
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cn  400 
50 - r-exp 

7t 


1.15^2/^ 

n 

400  ( 

9x1. 15«-2/"] 

2500  J 

eos— 

5 

“9^eXP[ 

2500  J 

cos- 


3  71 


=  45 


for(again)  t  «  414.23  sec. 


15.  We  need  only  calcúlate  the  coefficients  in  the  usual  zero-endpoint  series 


u{x,t)  =  ¿¿>„exp 


f  n27r2kt ^ 


«= i 


sin- 


«;rx 


For  the  function  f{x)  =  A  for  0  <x  < 1/2,  /(x)  =  0  for  L/2<x<L  we  calcúlate 
the  Fourier  sine  coefficient 

1/2  for  «  odd, 


,  2  f Ln  .  rmx  4A  .  2  rm  4 A 

bn  =  —  A  sin - dx  =  — sin  —  =  — x-¡ 

L  J  o  L 


rm 


rm 


1  for  «  =  2,6,10,- 
0  for  «  =  4,8,12, 


16.  (a)  Summing  numerically  the  series  inPrpblem  15  with  the  valúes  k  =  0.15  for 

iron,  L  =  50,  ,4  =  100,  x  =  25,  and  /=1800,  wefindthat 


«(25,1800)  *  21.9259  -  0.0014  +  0.0000- 


21.9245  «  22  °C. 


(b)  Because  for  x  fíxed  the  temperature  is  a  function  of  the  product  kt,  in  the  case 
of  concrete  slabs  with  k  =  0.005  the  same  temperature  will  be  attained  when 

(0.005X0  =  (0.15X1800), 

that  is,  when  t  =  54000  sec  =  15  hr. 


SECTION  8.6 

VIBRATING  STRINGS  AND  THE 
ONE-DIMENSIONAL  WAVE  EQUATION 

In  Problems  1-10  we  use  the  general  solution 


n= i 


,  .  vi  .  nnat  .  rmat 

y(x,t )  =  2^  -4„  eos  ■  i-  Bn  sm  - 

L  L  j 


sin- 


nnx 


(*) 


of  the  string  equation  y„  =  a2)/^  with  endpoint  conditions  y{ 0,  t)  =  y(L,  t )  =  0.  This  form  of 
the  solution  is  obtained  by  superposition  of  the  Solutions  in  Equations  (23)  and  (33)  of  Problems 
A  and  B  in  this  sectioa  It  remains  only  to  choose  the  coefficients  {A„}  and  {£„}  so  as  to 
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satisfy  given  initial  conditions 


T<>,0)  =  4,  sin  =  f(x),  thus,  4, 

H=1 


—  f(x)  sin - dx;  and 

L  J  o  L 


/  ™  ^  tina  „  .  nnx  ,  .  ,  „  2  CL  , 

=  Z— r"5«sm— r~  =  £(*)>thus>  B„  =  —  £<» 

„=i  ¿  ¿  nna  J  0 


.  nnx  , 
sin - nx. 


Here  a  =  2  and  L  -  n.  To  satisfy  the  condition  y(x,  0)  =  (1/I0)sin2x  wechoose 
A2  =  1/10  in  Eq.  (*)  above,  and  A„  =  0  otherwise.  To  satisfy  the  condition 
yt{x,  0)  =  0  we  choose  B„  =  0  for  all  n.  Thus 

y(x,  t)  =  Z  cos  4/ sin  2c. 


Here  a  =  L  =  1 .  To  satisfy  the  condition 

y{x,  0)  =  —  sin  7dc — —  sin  3tdc 
10  20 

wechoose  A¡  =  1/10  and  As  =  -1/20  in  Eq.  (*)  above,  and  An  =  0  otherwise. 
To  satisfy  the  condition  y,(x,  0)  =  0  we  choose  Bn  =  0  for  all  n.  Thus 

y(x,  t)  =  —  eos  nt  sin  nx  — —  eos  3  7#  sin  3  nx. 

10  20 


Here  a  =  1/2  and  L  =  n.  Choosing  A¡  =  1/10  and  A„ 
and  B„  =  0  otherwise,  we  get 

/x  If  /  „  .  O  • 

y(x,  t)  =  —  eos— +  2sin—  srni. 
ÍOI  2  2 


0  otherwise,  Bi 


Here  a  =  1/2  and  L  —  2,  so  nnx/L  —  nnx/2  and  nmtIL  =  nnt/4.  To  satisfy  the 
condition 

,  m  1  •  1  ■  n  1  -  47TX 

y(x,  0)  =  —  sin  7tx  eos  tcc  =  — sin27zx  =  — sin - , 

5  10  10  2 

wechoose  A4  =  1/10  mdAn  =  0  for  n  *  4.  To  satisfy  the  condition  yt(x,0)  =  0 
we  choose  Bn  =  0  for  all  n.  Thus 

y(x,  t)  =  —  eos  nt  sin  2  nx. 

10 


Here  a  =  5  and  1  =  3.  Choosing  As  =  1/4  and  An  =  0  for  n  *  3,  B6  =  \ln  and 
B„  =  0  for  n  *  6,  we  get 
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y(x,  t)  = 


—  eos  Snt  sin  m+  —sin  10;tfsin27¡x. 
4  71 


Here  a  =  10  and  L  =  n.  To  satisfy  the  condition  yt(x,  0)  =  0  we  choose  B„  =  0 
for  all  n,  so 

oo 

y(pc,t)  =  ^  An  eos  1  Ont  sin  nx. 

H=1 


To  satisfy  the  condition  y(x,  0)  =  x{n- x)  we  choose 


All  =  —  J^x(7r -x)sinnx  £¿t  = 


4-4  eos  nn  -  2nn  sin  nn 


n’n 


¡S/n3n  for  n  odd, 
!  0  for  n  odd. 


This  gives  the  solution 


,  o.  8  v>  coslOwísinnx 
y(x,í)  =  -Jj - -j - . 

^  n  odd  ^ 


7. 


Here  a  -  10  and  L  =  1.  To  satisfy  the  condition  y(x,  0)  =  0  we  choose  A„  =  0  for 
all  n,  so 

00 

jy(x,  i)  =  ^Bn  sin  1  Onxt  sin  nnx. 

n= 1 


To  satisfy  the  condition  yt(x,  0)  =  x  we  choose 


Bn  =  1  g(-ir  =  h> 

lOwr  wr  5hV 


n+l 

' 

2  ~2~ 


for  n  >  1  (see  Equation  (16)  in  Section  8.3).  This  gives 


y(x,t)  = 


(-1) 


n+1 


5ít 


-sinlOwr/sin  nnx. 


n 


8.  Here  a  -  2  and  L  =  n.  To  satisfy  the  condition  y(x,  0)  =  sin  x  we  choose  A¡  =  1 
and  A„  =  0  for  n  >  1,  so 

Q0 

yix,  t )  =  eos  2 1  sin  x  +  I*.  sin2n/sin«x,  so 

h=i 


y,(x,  t )  =  -2  sin  2/  sin  x  +  ^2 nBn  cos2n/sinnx. 

»-i 

The  condition  y,(x,  0)  =  1  will  be  satisfied  if  2nB„  =  Mtw.  for  n  odd  and  bn  -  0 
for  n  even.  We  therefore  choose  Bn  =  2/ 7m2  for  n  odd  and  B„  =  0  for  n  even.  so 


Section  8.6 


535 
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,  .  _  .  4  v-,  sin2nísinnx 

y{x,t)  =  cos2ísmx  +  — > - ■ 

^  n  odd  ^ 

Here  a  =  2  and  L  =  1 .  To  satisfy  the  condition  y(x,  0)  =  0  we  choose  An  =  0  for 
all  n,  so 

oo 

y(x,  0  =  sin2n7ztsinn;rx. 


To  satisfy  the  condition  y,(x,  0)  =  x(l  -x)  we  choose 

„  1  f1  .  ,  2-2cosrm -nrusinrm 

Bn  =  —  I  x(l  -x)sm  nnxax  =  - —  - . 

nn  *  nn 

Henee 


T(X0 


sin2wrtsinwrx 


10. 


Here  a  =  5  and  L  =  n  so 


y{x,  t )  =  ^(4,  eos  5nt  +  Bn  sin  5 nt)  sin  nx. 


/l=1 


We  first  compute  the  Fourier  sine  series  sin2x  =  ^T/^sinnx  and  fmd  that  b„  =  0 

n= 1 

if  n  is  even  whereas 

4(cosn7r-l)  8 


bn  =  —  J^sin2xsinnx£&  = 


7tn{n 2  —  4)  nn{  4  —  n2 ) 

if  n  is  odd.  To  satisfy  the  condition  y{x,  t)  =  sin2x  we  choose  A„  =  b„,  and  to  satisfy 
the  condition  y,(x,  t)  =  sin2x  we  choose  Bn  =  b„/5n.  Then 

,  s  8  v->  ( 5«  eos  5nt  +  sin  5nt)  sin  nx 

y(x,t)  =  — y  ± - = - y— - . 

5  n2(4-n2) 


11.  Substitution  of  L  =  2  ft,  T  =  32  Ib,  and  the  linear  density 

_  1/32 oz  _  loz  11b  lslug  _  1  slug 
P  ~  2  ft  “  64ft  'l6oz  '  321b  ~  323  ft 


in  Eqs.  (2)  and  (26)  in  the  text  yields  the  velocity  a  =  yjf  /  p  =  -v/324  =  1024  ft/sec  with 
which  waves  move  along  the  string,  and  its  fundamental  frequeney 


_L  ¡L 

2  L\p 


a 

2L 


=  256  Hz, 
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which  is  approximately  middle  C. 


The  valué  of 


,  .  4 vnL  vi  1  .  nnat  .  nnx 

y(x,t)  =  — r~  ¿j  —sm— —  sin— 
n  a  ,f^án  L  L 

is  maximal  when  each  of  the  sine  producís  is  1.  This  happens  when  x  =  L/2,  t  =  LI2cr. 

( L  _£_"|  =  4v0¿  y  J_sin2  m_  =  4 VpL  y  J_  =  4v0¿  ?r2  =  v^L 

2  ’  2a )  n2a  n2  2  n2a  n 2  n2a  8  2a  ' 


y  y.y 
v  2  2(3 


Using  fps  units  with  the  string  of  Problem  1 1  where  L  =  2  ft,  a  =  1024  ft/sec,  and 
vo  =  60  mph  =  88  ft/sec,  we  get 


88x2 


0.0859 ft  »  1  inch. 


2x1024 

13.  If  y(x,t)  =  F(x  +  ai)  =  F{u )  with  u  =  x  +  at,  then  the  chain  rule  gives 

dy  dF  du  ,  , 

—  = - =  F  (u) -l  =  F  (x  +  at); 


dy  z 

dF  du  _ 

dx 

du  dx 

dy  _ 

dF  du 

dt  ' 

du  dt 

d2y 

dF'  du 

dx2 

du  dx 

d2y 

dF'  du 

=  a - 

du  dt 

dt 2 

=  F"(u)  -1  =  F"(x  +  at); 


2  i i  «í1!  _  «2  d  y 


=  a-F"{ü)-a  =  ¿rF"O  +  a0  =  n 


14.  *0,0  =  i[F(flf)  +  F(-af>]  =  |[F(ar)-F(a/)]  =  0 

y(L,  t)  =  j[F(£  +  a0  +  F(I-«0] 

=  j[F(L  +  at)-  F(-L  +  at))  =  ±[F(2L  +  (-L  +  at))-F(-L  +  at)]  =  0 
y{x,  0)  =  i[F(x)  +  F(x)]  =  F(x) 
y,(xd)  =  j[aF'(x  +  at)  -  aF'(x  -  at)] 
y,(x,0)  =  y  [aF\x)  -  oF'(x)]  =  0 

15.  If  *x,0)  =  0  then  the  fundamental  theorem  of  calculus  gives 

/*/  -i 

*x,0  =  *x,O-*x,0)  =  ^y,(x,r)dT  =  -[G(x  +  ar)  +  G(x-aT)]dT. 
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If  u  =  x  +  at,  v  =  x-at  then  we  solve  readily  for  x  =  \(u  +  v),  t  =  ^-(u-v).  Henee 


du  du 


=  f  [>(i(.  +  v),¿(«-v))].  §^+f^  = 

OV  dvL  J  dx  dv  dt  dv  2  dx  2 a  dt 

d2y  3  f  l  dy  |  1  3y  ^ 

dvdu  dv  l  2  dx  2a  dt  j 


_  j__3_rj_9y  +J_9y ''| _ 1  d_í  1  |  1  3y 

2  3x  l  2  3jc  2  a  dt  J  2a  dt  l  2  5jc  2a  3í 


_  1  d2 y  1  52y  1  32y  1  d2y  1  í  d2y  2  dZy 

4  dx2  4a  dxdt  4a  dtdx  4 a2  dt2  4 a2  ,  dx1  dt2 


d2y  d  ( dy 


Now  if  —  - . =  —  —  =0  then  antidifferentiation  with  respect  to  v  gives 

dvdu  dv\du ) 

dy/du-  G(v),  an  arbitrary  function  of  v.  Finally,  antidifferentiation  with  respect  to  u 
gives  y  =  F(u )  +  G(v)  =  F  (x  +  at)  +  G(x  -  at). 


When  we  sepárate  variables  as  in  Equations  (8)— (12)  in  this  section,  we  find  that  X(x) 
must  satisfy  the  eigenvalue  problem 


X"  +  ÁX  =  0, 


X(0)  =  XXL )  =  0. 


In  Example  4  of  Section  2.8  we  found  that  the  eigenvalues  and  eigenfunctions  of  this 
problem  are 


.  (2n-\)2it2 

A  "  4íT  ■ 


Xn(x)  =  sin 


(2  n  - 1  )nx 


for  n  -  1,2,  3,  ••  •.  The  function  Tn(t)  must  satisfy  the  conditions 


T:+\a%  =  0,  T'(0)  =  0, 


so  it  follows  that 


Tn(t)  =  eos 


(2  n  -  \)7üat 


Thus  the  form  of  y(t)  is 


.  .  v  ¿  (2n  —  \)nat  .  (2n-X)7rx 

y(x,t)  =  2,  A,  eos - — - sin  - .  /  . 

n-\  ZLj  ZLi 


Finally,  in  order  to  satisfy  the  initial  condition  y(x,  0)  =  f(x)  we  use  the  odd  half- 
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múltiple  sine  series 


m  -  ¿Asi inBszSm 


n=l 


discussed  in  Problem  21  of  Section  8.3. 

19.  The  general  solution  of  the  second-order  ordinary  differential  equation  a2 y"  =  g  is  a 

second-order  polynomial  in  x  with  leading  coefficient  g/2a2.  But  the  polynomial 

<t>{x)  =  gx(x-L)/2a2  has  this  leading  coefficient  and  satisfies  the  endpoint  conditions 
y(0)  =  y(L)  =  0. 


20. 


22. 


If  y(x,t)  =  v{x,t)  +  <j>(x),  then  y„=vu  and 

^2,.  ^2,.  ía2_  _  ^2,.  ^2. 

dx2 


8¿y  d2v  d2v  g 

XT  =  X J  +  í*  (*)  =  TJ  +  — >  so  a 
dx  dx  dx  a  dx 


2  d  y  _  2  dlv 

2  ■  y  \~j  -  ^  2  1  „2  >  &  ~  a 


The  transformation  of  the  boundary  conditions  is  straightforward. 

The  eigenvalue  problem 

X"  +  ÁX  =  0,  X(0)  =  X(L)  =  0 

has  the  usual  eigenvalues  and  eigenfunctions 


n2n 2 


"  L2  ’  '  L 

for  n  -  1,2,  3,  •••.  Thefunction  T„(t)  satisfies  the  equation 


Xn(x)  =  sin 


nnx 


so 


Thus 


T:+<»lRTn  =  0,  co2  =  -h2  >  0, 


T„(t)  =  An eos  (o„t  +  2?„sin  cont. 

oo 

v(x,t)  =  ^(4,  eos  íu„í  +  jB„  sin  í»„/)  sin 


.  nnx 


«* 1 


To  satisfy  the  conditions  v(x,  0)  =  fix)  and  v,(x,  0)  =  hj[x)  we  choose 
A„  =  bn  and  Bn  =  hbj  con  where 


/O)  =  ¿¿>„sin 


«=i 


.  nnx 

T' 


Then 
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where 


Finally, 


23.  If  jd4  <  x  <  3tz/4  then 

—  <  x  +  —  <  n  and  O  <  x - <  — , 

2  4  4  2 

so 

y( x,  n/4)  =  I  [F(x  +  n/4)  +  F(x  -  n/4)] 

=  [1  -  eos  2(x  +  ni 4)  +  1  -  eos  2(x  -  n! 4)] 

=  [1  —  eos  (2x  +  tt/2)  +  1  -  eos  (2x  -  tz/2)] 

=  ^  [2  +  sin  2x  -  sin  2x] 

_y(x,  tz/4)  =  1 


24.  (a)  f"(x)  =  4  eos  2x  =  0  if  x  =  jz/4  or  x  =  3^/4. 

(b)  If  0  <  /  <  tz/4  then  0  <  tz/4  ±  t  <  7ti2  so 

y(n/4,  /)=|  [F(^4  +  0  +  F(tz/4  -  /)] 

=  |  [1  -  eos  2(^/4  +  0  +  1  -  eos  2(n/4  - 1 )] 

=  ^  [1  -  eos  (7^2  +  20  +  1  -  eos  (tz/2  -  20] 

=  [2  +  sin  2t  -  sin  2t] 

y{n!4,t)  =  1 
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SECTION  8.7 


STEADY-STATE  TEMPERATURE  AND  LAPLACE'S  EQUATION 

1.  Because  7(0)  =  7(6)  =  0  we  take  our  separation  of  variables  in  the  form 


X"-AX  =  0  =  Y"  +  AY 


with  A  >  0.  Then  it  follows  that 


km  =  si„=; 
6 


A.  = 


2  2 

n  n 


and  thence  that 


V  t  \  A  u n7tx  r>  ■  i  n^x 

Xn(x)  =  4,cosh - +  B  sinh - . 

b  b 

The  condition that  X(0)  =  0  implies  that  A„  =  0  so  Xn(x)  =  £„  cosh  wrx/6,  and 
henee 


u(x,y)  =  sinh 

n= 1 


rmx  . 

- sin 

b 


nny 

~b~' 


Finally  we  satisfy  the  condition  u(a,y)  =  g(y)  bychoosing  C„  =  6„ /(sinh  rara/ 6), 
wherethe  {bn}  are  the  Fourier  sine  coefficients  of  g(y)  on  0  <  y  <  b. 


2.  Because  7(0)  =  7(6)  =  0  we  take  our  separation  of  variables  in  the  form 

X"-AX  =  0  =  7"  +  AY 
with  A  >  0.  Then  it  follows  that 


and  thence  that 


.  rmy  n2n 2 

Y„(y )  =  sm- An  =  —r 


V  /  \  A  u  nnx  n  ■  l  n7tx 

Xn(x)  =  4,  cosh  — —  +  Bn  sinh  — — . 

6  b 


The  condition  X(a)  =  0  implies  that 


B. 


4  cosh  nna  /  6 


sinhn^a/6 

It  now  follows  as  in  Equation  (12)  in  the  text  that 

,,  ,  _  _  .  ,  tvv(a-x) 

Xn{x)  =  Cn  sinh — 4 - 
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so 


-  ¿C.stahííí^sinS. 

n=I  b  b 

Finally  we  satisfy  the  condition  u(0,  y)  =  g(y)  bychoosing  Cn  =  bn  /(sinh  nna  /  b), 
where  the  {b„}  are  the  Fourier  sine  coeffícients  of  g(y)  on  0  <  y  <  b. 


3.  Just  as  in  Example  1  of  Section  8.7  we  have  X„(x)  =  sin  mata  and 

Yn(y)  =  An  cosh  +  Bn  sinh 

n  a 

The  condition  T(0)  =  0  nowyields  A„  =  0  so  Yn(y)  -  Bn  sinh rmy  / a ,  and  henee 

.  rmx  .  rmy 

u{x,y)  -  >  C„  sin - sinh — — . 

tt  a  a 

Finally  we  satisfy  the  condition  u(x,  b)  =  fix)  bychoosing  C„  =bj(s\x&irmb  I  á), 
where  the  {b„}  are  the  Fourier  sine  coeffícients  of  j{x)  on  0  <  x  <  a. 


Because  X'(Q)  =  X'(a)  =  0,  we  work  with  the  separation  of  variables 


X"  +  ÁX  =  0  =  Y"- AY. 

The  eigenvalue  problem 

X"  +  XX  =  0,  X'(0)  =  X'(a)  =  0 

has  eigenvalues  and  eigenfunctions  Áo  =  0,  Xq(x)  =  1  and 


2  = 


2  2 
n  tc 


a 


2  5 


Xn(x )  =  eos 


rmx 


a 


for  n  =  1,  2,  3,  •  •  •.  When  n  =  0,  70"  =  0  jields  Y0(y)  =  Ay +  B.  Then  Y0( 0) 
gives  B  =  0,  so  we  take  Yo(y)  =  y.  For  n  >  0  we  have 

Y„(y)  =  4.cosh^^+5nsinh^-> 

a  a 

and  y„(0)  =  0  gives  An  =  0,  so 

.  .  n  v1  n  n7TX  •  u  nnY 

u(x,y)  =  B0y  +  2_JBn  eos - smh- 

Finally 


=  0 


«=i 


a 


,  , .  „  .  V1  n  n7tX  ■  u  n7tb 

u(x,b )  =  B0b+yBn  eos - sinh - , 

tí  o  a 
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so  we  satisfy  the  condition  u{x,  b)  =  fix)  by  taking  B0  =  a0/2b  and 


B„  =aj 


í 


rmb 


sinh 
V  a  J 


,  where  f(x )  =  ^  + 


cos- 


nnx 


«= i 


5.  Now  F'(0)  =  Y’(b)  =  0,  so  we  work  with  the  separation  of  variables 

X"-ÁX  =  0  =  Y"+ÁY. 

The  eigenvalue  problem 

Y"  +  AY  =  0,  Y'(0)  =  Y'(b)  =  0, 

has  eigenvalues  and  eigenfunctions  A$  =  0,  Y0(y)  =  1  and 

Yn(y)  =  cos- 


3  =  v/,a _ nny 

b 2  ’ 


for  n  —  1,2,  3,  ■  •  When  n  —  0,  X"(x)  =  0  yields  Xo(x)  =  Ax  +  B.  Then 
Xo (a)  =  0  is  satisfíed  by  Xo(x)  =  a  -  x.  For  n  >  0  we  have 

XÁx )  =  4,cosh-T-  +  ^nsmh-— , 

b  b 

and  X„(á)  =  0  is  satisfied  by  the  particular  linear  combination 

„  .  „  ^  .  ,  nTt(a-x) 

Xn(x)  =  Cn  sinh  -  \  }, 

b 

of  cosh  nnxíb  and  sinh  nnx/b.  Therefore 

u(x,y)  =  C0(a  -x)  +  ¿  C„  sinh  m^a~  eos--. 

»=i  b  b 

Finally  we  satisy  the  condition  «(0,  y)  =  g(y)  by  choosing 

b„ 


Cn 


and  C, 


2a  "  sinh  nna  /  b  ’ 

where  the  {a„}  are  the  Fourier  cosine  coefficients  of  g(y)  on  0  <  y  <  b. 


6.  This  is  the  same  as  Problem  4  except  that  F'(0)  =  0  instead  of  F(0)  =  0,  so  Yo(y)  =  1 
and  Y„(y )  =  ^4„cosh  nny  la  for  n  >  0.  Then 

u(x,y)  =  Jo  +  V^cos^cosh^, 

7a  a  a 

so  we  satisfy  the  condition  u(x,  b )  =  J(x)  by  choosing  A0  =  a0/2  and  A„  = 
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anl(cosh.nnblc¡),  where  {a„}  are  the  Fourier  cosine  coefficients  of  J(x)  on  [0,  á\. 
1.  The  eigenvalue  problem 


X"  +  AX  =  0,  JT(0)  =  X(a)  =  0 


yields  the  eigenvalues  and  eigeníunctions 


A,  = 


2  2 
n n 


a 


Xn(x)  =  sin 


rmx 

a 


for  n  =  1,  2,  3,  •  ■  Then 


yields 


=  o 


Yn(y)  =  Anemyla  +  Bne~n7ty/a. 


In  order  that  Y(y)  — >  0  as  y  — >  oo  we  take  A„  —  0,  so 
u{x,y)  =  Y,Bne-n^la  sin—, 

n=l  a 

Finally  we  satisfy  the  condition  w(x,0)  =  j[x)  by  choosing  the  constants  {Bn}  as  the 
Fourier  sine  coefficients  of  j[x)  on  0  <  je  <  a. 


8.  The  eigenvalue  problem 


X"+ÁX  =  0,  X’(0)  =  X\a)  =  0 


yields  Ao  =  0,  Xq(x)  =  1  and 


for  n  >  0.  Then 


Xn(x)  =  eos 


rmx 

a 


Y"+AV  =  0 

n  n  n 

yields  Yo(y)  =  Aoy  +  Bo  and 

Y„{y)  =  Anemyta  +  Bne-,myla. 

In  order  that  Y(y )  be  bounded  as  y  oo,  we  take  Ao  =  0  and  A„  =  0  for  n  >  0, 

u(x,y)  =  BQ  +  f^Bne-n^la  eos—, 

»= i  a 


so 
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Finally  we  satisfy  the  condition  u(pc,  0)  =  fix)  by  choosing  B0  =  a0/2  and  B„ 
where  the  {an}  are  the  Fourier  cosine  coefficients  of  J[x)  on  [0,  a]. 


If  in  Problem  8  we  have  f(x)  =  lOx  on  0  <  x  <  10,  then 
2  f'o. 


a„  = 


10 

2  fio 


£  lOx  dx  =  100, 


f 


so 


Then 


lOxcos - dx 


400  v-  1 


nnx  _  200(cos  nn  - 1  +  rm  sin  n) 


„2  2 

n  tc 


u{x,y)  =  50-^  X 


-nnyt  10 


cos- 


^  wodd  ^ 


nnx 

7o-' 


w(0,5)  »  50  -8.4250  -0.0405  -0.0006  -0.0000  -■ 

w(5,5)  =  50-0-0  —  0  —  0 - -  50, 

«(0,5)  «  50 +  8.4250 +  0.0405 +  0.0006  + 0.0000 +■ 


The  boundary  valué  problem  is 


Uxx  Uyy  0 


(0  <  x  <  a,  0  <  } 
u(0,y)  =  ux{a,y)  =  u(x,  0)  =  0, 
u(x,  b)  =  fix). 

The  eigenvalue  problem 

X"+ÁX  =  0,  X(0)  =  X\a )  =  0 

yields  (by  Example  4  in  Section  3.8) 

,  (2n-\)27t2  .  (2n-\)nx 

A.  -  - í - ,  Xn{x)  =  sin-  7 


4  a2 

for  n  =  1,2,3,---.  Then 


2a 


y;:-ky„  =  o 


yields 


Uy)  =  Acosfa^-'^  +  a.sinhP"-1^. 


2a 


2a 


Because  7(0)  =  0,  we  choose  An  =  0,  so 


v  .  (2w-l);rx  .  (2«-l);ry 

u(x,y)  =  >£„  sin- — — ^ — sinh- — o  . 

2a  2a 


n= 1 


41.53, 

58.47. 

-  <  b ) 
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Finally  we  satisfy  the  condition  u(x,  tí)  =  fix)  by  choosing 


B.. 


J2n--\ 


sinh  [(2«  -  X)nb  /  2a]  ’ 


where  the  are  the  odd  half-multiple  sine  coefficients  of  f{x)  on  [0,  a],  as  given 

by  Problem  21  in  Section  8.3. 


Now  the  boundary  valué  problem  is 


Uxx  t"  Wjy  0 


(0  <  x  <  a,  0  <  y  <  6) 
u(a,  y)  =  uy(x,  0)  =  u(x,  tí)  =  0, 

«(o  >y)  =  g(y)- 

The  eigenvalue  problem 

Y"  +  AY  =  0,  T'(0)  =  Y(b)  -  0 

yields  (similar  to  Example  4  in  Section  2.8) 


2_2 


A,  = 


(2n-\)  n 


Yn{y)  =  eos 


(2  n  - 1  )ny 
2b 


X:-AnXn  =  0 


4  62 

for  n  =  1,  2,  3,  •  •  •.  Then 
yields 

*„(*)  =  4,coshg^^+¿,sing^i)^, 

"  2b  "  26 

Now  =  0  is  satisfied  by  the  particular  linear  combination 

v  ^  •  ,  (2«-l)?r(a-x) 

=  Qsmh - —i - ^ 

Ab 

of  cosh  (2«-1)tdc/26  and  sinh  (2«-l)?cc/26.  Henee 

u(x,y)  =  V  C„  sinh  -  l)7r(a  -  x)  (2n  - 

^  "  26  '1Í- 


n=l 


26 


Z.  .  ,  nn{a-x)  rmy 

A  sinh - -eos — — . 

*  26  26 


/i  odd 


Finally  we  satisfy  the  condition  w(0,  y)  =  g(y)  by  choosing 

a„ 


A  =  - 


sinh  hjtíi/  26’ 
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where  the  {a„}  are  the  odd  half-multiple  cosine  coefficients  of  g(y)  on  [0,  b\,  as  given 
by  Problem  22  in  Section  8.3. 


The  boundary  valué  problem  is 

Uxx  Uyy  0  (0  <  x  ^  30,  y  ->  0) 

w(0,T)  =  «*(30  ,y)  =  0 
u(x,  y)  bounded  as  y  ->  oo 
u(x,  0)  =  25 


The  eigenvalue  problem 


X"+ÁX  =  0, 


X(0)  =  X'(30)  =  0 


yields  (by  Example  4  in  Section  2.8) 


(2n-l)V 


X„(x)  =  sin 


.  (2 n  -  \)nx 


for  n  =  1,  2,  3,  •  •  •.  Then 


Y"-  AY  =  0 


yields 


,  .  (2n-\)ny~\  _  f  (2n-l>ry 

Y  (y)  =  A  exp  - - ’-Y-  +  8  exp  -- - ’—L. 

*  60  "  V  60 


and  we  take  A„  =  0  in  order  that  Y„(y)  be  bounded  as  y  — >  oo.  Henee 


u{x,y)  =  Yjh»e  "Xy,6° sin 


.  nnx 


Finally,  by  Problem  21  in  Section  8.3,  the  odd  half-multiple  Fourier  sine  coefficients  of 
u(x,  0)  =  25  on  [0,  30]  are  given  by 


for  n  odd.  Thus 


.  rmx  200  .  2nn  100 

25  sin - dx  =  - sin  —  =  - 

60  nn  4  nn 


100  1  .„ffW60  .  nnx 

u{x,y)  = - >  -e  -  sin— — 

n  ,f^d  n  60 


13.  We  start  with  the  periodic  polar-coordinate  solution 


u(r,6 )  =  —  +  '^jr"(ancosn0  +  bnsinn8) 

2  „_i 
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and  choose  an  =  0  in  order  to  satisfy  the  conditions  u(r,0)  =  u(r,n)  =  0.  Then 

oo 

u(r,0)  =  '*£jrncns\nnd 


n=l 


satisfies  the  nonhomogeneous  boundary  condition  u(a,  0)-  f  (0)  provided  that  a"cn  is 
is  the  «th  Fourier  sine  coefficient  of  / (0)  on  the  interval  O  <  0<  n,  that  is. 


c„  = 


/ (0)  sin  n0d0. 


14.  We  start  with  the  periodic  polar-coordinate  solution 

oo 

u(r,0 )  =  —  +  ]TV  (an  eos  n0  +  bn  sin  n0) 

and  choose  bn  =  O  in  order  to  satisfy  the  conditions  ue(r,0)  =  ue{r,n)  =  0.  Then 
u(r,0 )  =  —  +  cosn0 

2  n=i 

satisfies  the  nonhomogeneous  boundary  condition  u(a,  0)  =  f  (0)  provided  that  a"cn  is 
is  the  nth  Fourier  sine  coefficient  of  / (0)  on  the  interval  O  <  0<n,  that  is, 


c.,  = 


—  f  f  ($)  eos  n0  d.0. 
na"  * 


15.  As  in  the  textbook  discussion  of  the  polar-coordinate  Dirichlet  problem,  the  substitution 
u(r,0 )  =  R(r)Q(0)  in  Laplace's  equation  yields  the  separated  ordinary  differential 
equations 

r2R"  +  rR'-ÁR  =  O  (25) 

and 

®ff  +  A©  =  0.  (26) 

With  A  =  a2  the  general  solution  of  (26)  is 

&(0)  =  Acosa0  +  Bsina0, 

and  the  endpoint  condition  ©(0)  =  ©'(0)  =  0  yields  A  =  0  and  ^  =  (2n-l)/2,  so 
the  Rth  eigenvalue  and  eigenfunction  are  given  by 

(2n  - 1)2 


A.  = 


®n(0)  =  sin(2n  1)0 


4  2 

As  in  the  discussion  of  Eqs.  (29)  and  (30)  in  the  text,  the  bounded  solution  of 

„  (2«-l)2 


r2R"  +  rR' 

ti  n 


- R .  =  0 
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is 

Rn{r)  =  r(2"~,)/2 

for  n  =  1, 2, 3,  •  •  •.  We  thereby  obtain  the  formal  series  solution 
<r,6)  =  £c„r”/2sin^. 

n  odd  ^ 

It  remains  only  to  satisfy  the  nonhomogeneous  boundary  condition  u(a,0 )  =  / (0)  by 
choosing 

?  C*  Y1Ñ 

=-¿ñ  msin—dO, 

7CÜ  J  o  ¿ 

so  that  (for  n  odd)  cna"'2  equals  the  «th  odd  half-multiple  sine  coefficient  of  / (0). 

16.  The  only  difference  between  the  exterior  problem  here  and  the  interior  problem  in  the 
text  is  that  in 

Rn(r)  =  C„rn  +  D„r~" 

we  must  choose  C„  =  0  in  order  that  R„{r)  be  bounded  as  r  —>  <x>. 


17.  The  substitution  u(r,0)  =  R(r)@(0)  in  Laplace's  equation  yields  the  same  separated 
solution  fimctions 

&o(0)  =  l,  R0(r )  =  C0  +  D0  lnr 

and 

©„(6»)  =  4,  eos  n0  +  Bn  sin  n0,  Rn(r )  =  CMr"+-^- 

as  in  Eqs.  (28)-(30)  in  the  text.  We  choose  Bn  =  0  to  satisfy  the  boundary  condition 
u(r,0)  =  u(r,-0) ,  and  n  =  1  with  C,  =  U0  to  satisfy  the  given  limit  condition  as 
r  ->  oo.  Then  the  condition  that  ur{a,0)  =  O  requires  that  Z),  =  U0a2,  so 

u(r,0)  =  — (r2 +a2)cos^. 
r  v  ' 

20.  When  we  substitute  v(r,  t)  =  r  u(r,  t)  we  get  the  boundary  valué  problem 

v,  =  kvrr  (r  <  a,  t  >  0) 
v(0,  i)  =  v(a,  í)  =  0 
v(r,  0)  =  T0r 

that  corresponds  to  a  heated  rod  along  the  interval  0  <  r  <  a.  It  therefore  follows  from 
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Equation  (31)  in  Section  8.5  that 


v(r,0  =  X!¿„exp 
//— 1 

To  get  the  formula  given  in  the  text  it  remains  only  to  calcúlate  the  Fourier  sine 
coefficients  {bn}  of  j{r)  =  Toron  0  <  r  <  a,  and  finally  to  divide  v(r,  t)  by  r  to 
get  u{r,  /). 


n  n  kt 


a 


sin- 


nnx 


a 


21. 


(a)  Since  we  cannot  simply  substitute  r  =  0,  we  apply  continuity  of  u(r,t)  at 
r  =  0  and  calcúlate 


noting  that 


u(0,t)  =  lim«(r,í) 


lim 

r~>  0 


sin  rmr  /  a 
r 


rm 

=  — lim 
a  '->0 


si  nnnrl  a 
rmr  I  a 


nn..  sin# 

— lim - 

a  r~->0  0 


rm 

a 


by  the  elementary  fact  that  (sin#)/#  — »  1  as  #  ->  0. 


(b)  With  a  =  30  and  71  =100  wehave 


«(O,/)  =  200]T(-1)"+I  exp 


^  n27t2kt ^ 


n= 1 


9Q0 


If  k  =  0. 1 5  for  iron  then  after  1 5  minutes  =  900  seconds  the  center  temperature  is 
«(0,900)  «  45.5075-0.5361  +  0.0003-0.0000  +  *  44.97. 


If  k  =  0.005  for  iron  then  after  15  minutes  the  center  temperature  is 

«(0,900)  *  190.37-164.174  +  128.276-90.8081  +  58.2426 

-  33.8449  + 17.8 190  -  8.4998  +  3.6734  - 1 .4384 
+  0.5 1 03  -  0. 1640  +  0.0478  -  0.0126  +  0.0030 

-  0.0007  +  0.0001  -  0.00002  +  0.00000 
«(0,900)  «  100.00 


Thus  the  center  of  the  hall  has  not  yet  begun  to  cool.  For  the  center  of  this  concrete  hall 
to  reach  45°  (as  with  the  iron  hall  after  15  minutes)  would  require  (0.15/0.005)x  15  = 
450  minutes,  that  is,  seven  and  a  half  hours! 
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CHAPTER  9 


EIGENVALUES  AND 
BOUNDARY  VALUE  PROBLEMS 


SECTION  9.1 

STURM-LIOUVILLE  PROBLEMS 
AND  EIGENFUNCTION  EXPANSIONS 


1.  In  the  notation  of  Equation  (9)  in  Section  9.1  of  the  text  we  have  a\  =  ¡5X  =  0  and 

coi  =  íh.=  1,  soTheoreml  implies  that  the  eigenvalues  are  all  nonnegative.  If  A  =  0, 
then  y"  =  0  implies  that  y(pc)  =  Ax  +  B.  Then  y'(x)  =  A,  so  the  endpoint  conditions 
yield  A  =  0,  but  B  remains  arbitrary.  Henee  Aq  =  0  is  an  eigenvalue  with 
eigenfunction 

yo(x)  =  i. 


If  A  =  a2  >  0,  then  the  equation  y”  +  (/y  =  0  has  general  solution 


with 


y(x)  -  A  eos  ax  +  B  sin  ccx, 
y'(x)  -  -A  a  sin  ax  +  Ba  eos  ax. 


Then  y'(0)  =  0  yields  B  =  0  so  A  *  0,  and  then 


y\L)  =  -Aa sin  aL  =  0, 


so  aL  must  be  an  integral  múltiple  of  n.  Thus  the  nth  positive  eigenvalue  is 


and  the  associated  eigenfunction  is 


yn{x)  =  eos 


rmx 

~L' 


2.  In  the  notation  of  Equation  (9)  in  this  section  we  have  a\  =  =  1  and  a2  =  (L\  =  0, 

so  Theorem  1  implies  that  the  eigenvalues  are  all  nonnegative.  If  A  =  0,  then  y"  =  0 
implies  y(x)  =  Ax  +  B.  But  then  y(0)  =  B  =  0  and  y\L)  =  A  =  0,  so  it  follows  that 
0  is  not  an  eigenvalue.  We  may  therefore  write  A  =  a2  >  0,  so  our  equation  is 
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y"  +  (¿y  =  O  with  general  solution 

y(x)  =  A  eos  ax  +  B  sin  coc. 
Now  y(0)  =  A  =  0,  so  j(x)  =  B  sin  ax  and 

y'(x )  =  Ba  eos  ax. 


Henee 


y'(L)  =  Ba  eos  aL  =  0, 

so  it  follows  that  aL  must  be  an  odd  múltiple  of  n¡2.  Thus 

(2n-X)7T  .  2  .  . 

a«  =  — — - »  K  =  nW  =  sina„x. 


3. 


If  X  =  0  then  y"  =  0  yields  y(x)  =  Ax  +  B  as  usual.  But  y(0)  =  A  =  0,  and  then 
hy{L)+y'{L)  =  h(B)  +  0  =  0,  so  B  =  0  also.  Thus  X  =  0  is  not  an  eigenvalue.  If 
X  =  a2  >  0  so  our  equation  is  _y"  +  c?y  =  0,  then 


so 


y(x)  =  J  eos  ax  +  B  sin  ax, 
y'(x)  =  -Ja  sin  ax  +  Ba  eos  ax. 


Now  _y'(0)  =  0  yields  B  =  0,  so  we  may  write 


y(x)  =  eos  coc,  y'(x)  =  -a sin  ax. 


The  equation 
then  gives 


hy(L)  +y'(L )  =  h  eos  aL  -  a  sin  aL  =  0 


♦  t  h  hL 
tanal  =  —  =  - . 

a  aL 


so  J3n  =  a„L  is  the  nth  positive  root  of  the  equation 

hL 


tanx  = 


Thus 


X.  =  a:  = 


Pn 


yn(x)  =  eos 


PnX 


Finally,  a  sketch  of  the  graphs  y  =  tanx  and  y  =  hL/x  indicates  that  (3„  «  {n  -  \)n 
for  n  large. 
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Here  a\  -  h  >  O,  a-i  -  fí\  -  1,  and  =  O,  so  by  Theorem  1  inSection9.1  there 

are  no  negative  eigenvalues.  If  A  =  0  and  y(x)  =  Ax  +  B,  then  the  equations 

hy( 0)  -  y'(0)  =  hB  -  A  =  0,  _y(Z)  =  JZ  +  5  =  0 

imply  /z  =  A/B  =  -1/Z  <  0.  Thus  0  is  not  an  eigenvalue.  lf  A  =  a1  >  0  and 


y(x)  =  A  eos  ax  +  B  sin  ax, 
then  the  condition  hy( 0)  =  y'(0)  yields  B  =  hAla,  so 

A 

y(x)  =  —  (a eos  coc  +  h  sin  ax) 
a 


A_ 

P 


fíeos—  +  hL  sin 
L 


where  fí  -  a L.  Then  the  condition 


y{L)  =  —  (fí  eos  fí  +  hL  sin  fí)  =  0 

H 


reduces  to 


tan  fí  = 


P_ 

hL 


yn(x)  =  sin  so  Equation  (25)  in  Section  9.1  —  with  r(x)  =  1  —  yields 

¿JL 


fí  ^  •  (2n-l)ftx 

f(x)sm  -  / — dx  L 

2 L  2  f  (2n-Y)7vx  , 

~L - - — -  =  —  /(x)sm- — —2 — dx , 

.  2  (2n  -  X)tcx  LJ  0  2  L 

sin  - - — dx 

o  2  L 


because  the  denominator  integral  here  evaluates  —  by  use  of  the  trigonometric  identity 
sin2  A  =  2(i_  cos  2^) — to  Z/2. 


The  coefficient  c„  in  Eq.  (23)  of  this  section  is  given  by  Formula  (25)  with  fix)  =  r(x) 

=  1,  a  =  0,  b  -  L,  and  y„(x)  =  sin^-.  Using  the  fact  that  tan fín  =  so 

L  hL 

sin  fín  eos  fí„  _  ,  , 

- —  = - — ,  we  find  that 


sin  2^dx 
L 


L 1  f.  2fí„x),  lf  L  .  2fínx\ 

—  1  -  eos  dx  =  —  x - sm  — ” 

)  2  V  L  )  2  2fín  L 
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=  -\L-L- ^cosytf  )  —i L  +  L  eos p  1  =  hL  +  cos2  & 

H  P„  J  2  v,  hL  PnJ  2  h 

,  f 1  .  /?„x  ,  L(l-cos/?)  TT  .  ,  . 

and  sin- —  dx  =  - - - .  Henee  the  desired  eigenfiincüon  expansión  is 

U  L  [in 

1  =  . /  > Ai, 

t¡  P,(hL+cos2  0„)  L 

for  0  <  x  <  L. 


The  coefficient  c„  in  (23)  is  given  by  Formula  (25)  wiíh  fix)  =  r(x)  =  1,  a  =  0, 
b  =  L,  and  y„(x )  =  eos  finX/L: 


Bx  , 
eos  — dx 


Cn  /-I 


Bx 

eos— ác 


Z  •  P„x 
— sin— 

B  L 

Hn  ^  JO 


2  P„X  r 

eos  — —  <xc 
L 


—sin  /? 

A 

i  f  i 
-  ¿  +  — sin2/?„ 
2{  2  pm 


1  f.  2p  x\,  \[  L  .  2  pnx 

—  1  +  cos — 4—  \dx  —  x  + - sin  — 


21  2  pn  L 


4  sin  Pn 
2  Pn  +sin2/?„ 


Henee  the  desired  eigenfimetion  expansión  is 

.  v1  4  sin  í 6„  Bx 

1  =  Y - — — eos  2-2— . 

tí  2#,+ sin  2  Pn  L 


The  coefficient  c„  in  (23)  is  given  by  Formula  (25)  with  fix)  =  r(x)  =  1,  a  =  0, 
b  =  1,  and  y„(x)  =  sin  p„x.  Using  the  fact  that  tan  ¡5n  =  -/3„/h,  so 
h  sin  P„  =  -yódeos  pn,  we  find  that 


-i  p  .  i* 

sin2  Pnx dx  -  — (l-cos2 P„x)dx  =  — 

J  o  ^  2  L  2pn  Jo 

=  ifl-^cos/7  =  Iíl  +  ^1  = 

Á  pn  HnJ  2\  h  I  2  h 


|  xsin pnxdx  =  -4-|  P„x sin pnx-pndx  =  |A  usinudu 

rn  rn 
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1 


r-  ífl,  sin  fl  -  6  eos  B 

smw-wcosw  =  — — — — 

L  JO  n2 


pr  Jo  fi; 

_  sin^~Acos^  _  (l  +  /Qsin/7„ 


K 


It  follows  that  the  desired  expansión  is  given  by 


Pl 


x  =  26(1  +  h)Y A  sin 

¿í  A'(^  +  COS2y0„) 


for  0  <  x  <  1. 


10.  The  coefficient  c„  in  (23)  is  given  by  Formula  (25)  with  fix)  =  x,  r(x)  =  1,  a  =  0, 

6  =  1,  and  y„(x)  =  eos  fa.  Integrations  similar  to  those  in  Problems  8  and  9  give 

_  J/COS frxdx  _  4 (yg„  sin /?„  +  eos pm-\) 

|cos2#,xíft  A,(2A, +sin2y?„) 

With  this  valué  of  cn  for  n  =  1,  2,  3,  •  *  •,  the  desired  eigenfunction  expansión  is 

00 

X  =  HC»COSPnX- 
n=l 

11.  If  A  =  0  then  y"  =  0  impliesthat  y(x)  =  Ax  +  B.  Then  y(0)  =  0  gives  B  =  0,  so 
y{x)  =  Ax.  Henee 

hy(L)  -  y'(L)  =  h(AL)  -  A  =  -  1)  =  0 

if  and  only  if  hL  =  1 ,  in  which  case  Ao  =  0  has  associated  eigenfunction  y0(*)  =  x. 

12.  If  A  =  -a2  <  0,  then  the  general  solution  of  y"  -  a2 y  =  0  is 

y(x)  =  /I  cosh  ax  +  B  sinh  ax. 

But  then  y(0)  =  A  =  0,  so  we  may  take  y(x)  =  sinh  ax.  Now  the  condition  hy(L)  = 
y'(L)  yields 

h  sinh  aL  =  a  cosh  aL. 

It  follows  that  ¡5  =  aL  must  be  a  root  of  the  equation 

tanhx  =  — . 
hL 
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The  curve  y  =  tanhx  passes  through  the  origin  with  slope  1,  and  is  concave  upward  for 
x  <  0,  concave  downward  for  x  >  0.  Henee  this  curve  and  the  straight  line  y  =  x/hL 
intersect  other  than  at  the  origin  if  and  only  if  the  slope  of  the  line  is  less  than  1  —  that  is, 
if  and  only  if  hL  >  1.  In  this  case,  with  J30  the  positive  root  of  tanh  x  =  x/hL,  we 
have  \=-/3q  and  ,y0(x)  =  sinh  PQx. 


13.  If  X  =  +c?  >  0,  then  the  general  solution  of  y"  +  tí1  y  =  0  is 

y(x)  =  A  eos  ax  +  B  sin  ax. 

But  then  j(0)  =  A  =  0,  so  we  may  take  y(x)  =  sin  ax.  Now  the  condition  hy(L)  = 
y\L )  yields 

h  sin  aL  -  a  eos  aL. 

It  follows  that  p  =  aL  must  be  a  root  of  the  equation 

.  * 
tanx  =  — . 

hL 

So  if  pn  is  the  «th  positive  root  of  this  equation,  then  Xn  =  a2  =  p2  / 1}  and  the 
corresponding  eigenfunction  is  yn  (x)  =  sin  Pnx  /  L. 


14. 


With  X  =  0,  y"  -  0,  and  henee  y(x)  =  Ax  +  B,  we  have  j(0)  =  B  =  0,  so  >>(x)  = 
Ax.  Then  the  condition  hy(L)  =  y'{L)  reduces  to  the  equation  hL  =  A,  which  is 
satisfíed  because  hL  =  1 .  Thus  Ao  =  0  is  an  eigenvalue  with  associated  eigenfunction 
jo(x)  =  x.  Together  with  the  positive  eigenvalues  and  associated  eigenfunctions 
provided  by  Problem  13,  this  gives  the  eigenfunction  expansión 


f(x)  =  c0x  +  ¿  sin 

/i— i 

where  tan  /?„  =  /?„.  The  coeffícients  are  given  by 
tf{x)xdx  3  L 

co  =  -  =  TI  í  xf(x)  ¿X’ 

|x2ífe  L 
[  /(x)sin/?nx//,  dx  2 

n  —  _  —  _ 


|  sin2  pnx / Ldx  ¿sin2  /?„ 


/ (x)  sin  Pnx  ¡  L  dx. 


the  latter  because 
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|  sin2  P„x! L  dx  =  —  |  (l-cos2 J3„x/L)  dx  -  — 


L  .  2 J3„x 
x - sin 

.  m,  l 


~\L 


JO 


=  -  L-L- 


sí 

A, 


•eos#,  =  -^-(l-COS2  /?„)  =  ^HLA 


15.  If  2o  =  O,  then  a  general  solution  of  y"  =  O  is  y(x)  =  Ax  +  B.  The  conditions 

X0)  +  /(0)  =  B  +  A  =  O,  y(l)  =  A  +  B  =  O 

both  say  that  B  =  -A,  so  we  may  take  y0  (x)  =  x  - 1  as  the  eigenfiinction  associated  with 
4>  =  0.  If  A  =  +c?  <0,  then  the  general  solution  of  y"  +  cty  =  0  is 

y(x)  =  A  eos  ax  +  B  sin  coc. 

But  y(0)  +  y(0)  =  A  +  Ba  =  0,  so  A  =  -Ba,  and  then 


y(l)  =  Acosa  +  B  sin  a  =  —  B  (orcos  a- sin  a)  =  0. 

Thus  the  possible  valúes  of  a  are  the  positive  roots  {/?„}  of  the  equation  tanx  =  x,  and 
the  nth  eigenfiinction  is  y„(x)  =  /?„  eos  /?„x-sin  /?„x, 


17. 


The  Fourier  sine  series  of  the  constant  function  f(x)  =  w  for  0  <  x  <  L  is 

4wr  1  .  nnx 
w  =  — 2_j  —sin - . 

a  odd  ^  T 

If  y-'^Jbn  sin  nnx  /  L,  then 


VT  (4)  rrv  nnb  nnx 

El  y'  ’  =  El 2_! —  4  sin - . 

n=i  L  L 

Upon  equating  coefficients  in  these  two  series  and  solving  for  bn,  we  see  that 

.  .  4wZ4  v-,  1  .  nnx 

y(x)  =  — • 


EIn 3 


n  odd 


n 


18.  By  Equation  (16)  in  Section  9.3,  the  Fourier  sine  series  of  f(x)  =  bx  for  0  <  x  <  L  is 

,  2bL  A  (-1)"+1  .  nnx 

bx  =  - >  - — - — sin - . 

n  „=l  n  L 

If  y  =  '¿TJbn  sin  nnx /  L,  then 
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17T  (4)  rrV  n  ■  Y17ZX 

EIy(  1  =  El  2^ - j—^-sxn— . 

n= I  L  L 

Upon  equating  coefficients  in  these  two  series  and  solving  for  bn,  we  see  that 

,  .  2 bÜ  ^  (-l)"+i  .  nnx 

y(x)  =  ZM— sm— • 

EItí r  "  n  L 

With  A  =  a4,  the  general  solution  of  y(4)  -  c/y  =  0  is 


and  then 


y(x)  =  A  cosh  ooí  +  B  sinh  ooc  +  C  eos  ax  +  D  sin  ax, 
y'(x )  =  a(A  sinh  ca  +  B  cosh  ooc  -  C  sin  ooc  +  D  eos  ooc). 


The  conditions  y(0)  =  0  and  y'(0)  =  0  yield  C  =  -A  and  D  =  -B,  so  now 

y(x )  =  d(cosh  ooc  -  eos  ooc)  +  fi(sinh  ooc  -  sin  ooc). 

The  condijions  y(L)  =  0  and  y'(L)  =  0  yield  the  two  linear  equations 

j4(cosh  ocL  -  eos  ccL)  +  5(sinh  ocL  —  sin  ocL)  =  0, 
yl(sinh  ccL  +  sin  aL)  +  5(cosh  ccL  -  eos  aL)  =  0. 

This  linear  system  can  have  a  non-trivial  solution  for  A  and  B  only  if  its  coefficient 
determinant  vanishes, 

(cosh  aL  -  eos  aL)2  -  (sinh2 oí,  -  sin2  aL)  -  0. 

Using  the  faets  that  cosh2  A- sinh2  A  =  1  and  eos2  A  +  sin2  A  =  1,  this  equation 
simplifies  to 

cosh  ccL  eos  aL  -  1  =  0, 
so  p  =  aL  =  x  satisfies  the  equation 
cosh  x  eos  x  =  1. 

The  eigenvalue  corresponding  to  the  nth  positive  root  (5„  is 


K  =  an 


Finally  the  first  equation  in  the  pair  above  yields 


B  =  - 


coshaL-cosaL 
sinh  aL-  sin  aL 


558 


Chapter  9 


20.  As  in  Problem  1 9,  the  solution  of  y^  -  ay  =  0  satisfying  the  lefit-endpoint  conditions 
>>(0)  =  0  and  /(O)  =  0  is  given  by 

y(x)  =  T(cosh  cae  -  eos  cae)  +  fí(sinh  cae  -  sin  ax). 

The  right-endpoint  conditions  y"(L)  =  0  and  y(3)(L)  =  0  now  yield  the  two  linear 
equations 

^(cosh  ceL  +  eos  aL)  +  fi(sinh  aL  +  sin  aL)  —  0, 

J(sinh  aL  -  sin  aL)  +  B(cosh  aL  +  eos  aL)  =  0. 

This  linear  system  can  have  a  non-trivial  solution  for  A  and  B  only  if  its  coefficient 
determinant  vanishes, 

(cosh  aL  +  eos  aL)2  -  (sinh2orZ  -  sin2  oí.)  =  0. 

This  equation  simplifies  to 

cosh  aL  eos  aL  +  1  =  0, 
so  ¡3  =  aL  =  x  satisfies  the  equation 

cosh  x  eos  x  =  - 1 . 


The  eigenvalue  corresponding  to  the  nth  root  /?„  is 


Finally  the  first  equation  in  the  pair  above  yields 

g  _  coshaL  +  cosaL 

sinhorL  +  sinorí  ’ 

so  we  may  take 
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y„(x)  =  (sinh  pn  +  sin  /3n ) 


,  Pnx  Bnx 
cosh  — — eos  ” 


X 

L) 


-  (cosh  Pn  +  eos  fin  )^sinh  -  sin  j 

as  the  eigenfimetion  associated  with  the  eigenvalue  A„. 


21.  As  in  Problem  19,  the  solution  of  -  cty  =  0  satisfying  the  left-endpoint  conditions 
.y(O)  =  0  and  jv'(O)  =  0  is  given  by 

y(x)  =  J(cosh  ax  -  eos  ax)  +  5(sinh  ax  -  sin  ax). 

The  right-endpoint  conditions  y{L)  =  0  and  y"(L)  —  0  yield  the  two  linear  equations 

^4  (cosh  aL  -  eos  aL)  +  5(sinh  aL  -  sin  aL)  =  0, 

J(cosh  aL  +  eos  aL)  +  2?(sinh  aL  +  sin  aL)  =  0. 

This  linear  system  can  have  a  non-trivial  solution  for  A  and  B  only  if  its  coefficient 
determinant  vanishes, 

(cosh  aL  -  eos  aZ)(sinh  aL  +  sin  aL) 

-  (cosh  aL  +  eos  aZ)(smh  aL  -  sin  aL)  =  0. 

This  equation  simplifies  to  2  cosh  aZ  sin  aZ  — 2  eos  aZ  sinhaZ  =  0,  which  is  equivalent 
to  tanhaZ  =  tanaZ.  Henee  p  =  aL  =  x  satisfies  the  equation  tanhx  =  tan  x, 
and  the  eigenvalue  corresponding  to  the  nth  positive  root  P„  is  An  =a*  =(Pn/  Lp. 


SECTION  9.2 

APPLICATIONS  OF  ESGENFUNCTION  SERIES 

1.  The  substitution  u{x,t)  =  X(x)T(t)  yields  the  separated  equations 
X"+a2X  =  0  and  T'  =  -kAT 

with  separation  constant  A  =  a2.  In  Problem  3  of  Section  9. 1  we  saw  that  the  Sturm- 
Liouville  problem 

X"  +  c/X  =  0,  X'(0)  =  hX{L)  +  X’(L)  =  0 
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has  eigenvalues  An  =  an  =  A»  /  L  and  eigenftinctions 


Xn(x)  =  eos 


A,* 


for  n  =  1,2,  3,  ■  ■ with  {/?„}  being  the  positive  roots  of  the  equation  tanje  =  hLIx. 
The  solution  of  T'  =  —kAT  is  then 


Tn(t)  =  exp 

so  the  resulting  formal  series  solution  is 

oo 

u(x,t)  =  £c„exp 


í 


fckt 


f  gkt} 

v  ¿  J 


eos 


A„* 


The  coefficients  in  the  eigenfunction  expansión  are  given  by 

f/(*) 

„  _  Jo 


P„X  , 
Icos^-Z—dx 


2  h 


J 

J  0 


2  fin*  i 
eos  £~n—dx 


hL  +  sin  /?, 


rf 

n  J  0 


f  {x)  eos  dx, 
L 


because 


f  eos2  dx  = 

\  2Pnx\  , 

1  +  eos  — — —  dx  - 

’l 

f  L  .  2 pnx\ 

Jo  L  J 

0  2 

l  L  ) 

2 

1  2 A,  L  J_ 

L  ^ 
Z  + - sin2/?„ 

2  Ai 


1 

2/r 


hL  +  sin  A, 


hL  eos  Pn 

aT" 


hL  +  sin2  A, 
2¿ 


In  the  final  step  here  we  use  the  fact  that  (/iL  eos  A, )  /  A.  -  sin  P„  because 
tan  p„=hL!  pn. 


The  substitution  u(x,y)  =  2f(x)T(y)  yields  the  separated  equations 
X"+  ctX  =  0  and  7" -  a2 F  =  0 

with  separation  constant  A -a2.  In  Example  5  of  Section  9. 1  we  saw  that  the  Sturm 
Liouville  problem 

X"+  ¿X  =  0,  X(0)  =  hX(L)  +  X'(L)  =  0 

has  eigenvalues  =  a2  =  p2  / 1}  and  eigenftinctions 
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XA*)  =  sin^ 


3.  The  substitution  u(x,y)  =  X(x)Y(y)  yields  the  separated  equations 
X"- c?X  =  0  and  Y"+  c?Y  =  0 

with  separation  constant  X  =  a2.  Problem  3  of  Section  9. 1  we  saw  that  the  Sturm- 
Liouville  problem 

Y"+  (/Y  =  0,  T'(0)  =  hY(L)  +  Y'(L)  =  0 

has  eigenvalues  Xn  =  a]  =  /  ls  and  eigenfunctions 

y„(y)  =  cos-^ 

for  n  =  1,2,  3,  with  {/?„}  being  the  positive  roots  of  the  equation  tan  x  =  hLIx. 
The  solution  of 
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X(L)  =  O 


x: 


•  Pl 


2  =  O, 


1S 


X„(jc)  =  sinh  X) , 

L 


so  the  resulting  formal  series  solution  is 

u{x,y)  =  ¿  cn  sinh 

n=\  L 


The  coefficients  in  the  eigenfunction  expansión  are  given  by 

L  2h 


c„  = 


_ 2*  r  .  ,  w  . 

Ou>A)fla*te#  "  (*hA)(*i+-»,A)J.*0’)'“  £  * 

Jo  L 


Pny 


because 


f 


eos2  dy 


fi 

Jo  2 


L  -  ( 

l  +  cos  ~/w  |  dy  = 
V  L 


2Pny 


o 

(  l 

L  +  WXSÍn2Pn 


l2v 


L  .  23 'y 
y  h - sin 


2A 


V 


2A 


y 


hL  + sin2  ¡3n 
2h 


The  final  step  here  is  the  same  as  in  Problem  1,  using  the  fact  that 
(hL  eos  Pn )  /  Pn  =  sin Pn  because  tan ¡3n  =hL! Pn. 


The  substitution  u(x,y)  =  X(x)Y(y)  yields  the  separated  equations 
X"+  c?X  =  0  and  Y"-  (¿Y  =  0 

with  separation  constant  Á  =  a2.  In  Example  5  of  Section  9. 1  we  saw  that  the  Sturm- 
Liouville  problem 

X’+cfX  =  0,  X(0)  =  hX(L)+X\L)  =  0 

has  eigenvalues  Xn  =  a 2  =  /? 2  I L2  and  eigenfunctions 

Xn(x)  =  sin^ 

for  n  =  1,2,  3,  •••,  with  {/?„}  being  the  positive  roots  of  the  equation  tanx  =  -x/hL. 
The  bounded  solution  of 

fí2 

Y" — — — —  Y  =  0 

n  jT  2  "  ^ 
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1S 


Y„(y)  =  exp 

so  the  resulting  formal  series  solution  is 


Pny 


B  x 

u(x,y)  =  ]Tc„  sin exp  - 
»=i  L  \ 

The  coefficients  in  the  eigenfunction  expansión  are  given  by 

í  f(x)sm&£dx  L 

c  =  Ll - k _  =  _ 1 En _  f(x\ 

Z(  2^-sin2/?„)Jo/U 
J  o 


Pny 


sin*  J-a—dx 
L 


P„  x  , 
cosJ-JL-  dx, 
L 


the  calculation  of  the  denominator  integral  here  being  the  same  as  in  Problem  2. 

The  substitution  u(x,t)  =  X(x)T{t)  yields  the  separated  equations 
X"+0X=O  and  T  =  -kAT 

with  separation  constant  A  =  a2 .  In  Problem  4  of  Section  9. 1  we  saw  that  the  Sturm- 
Liouville  problem 

X"  +  c?X  =  0,  hX{0)  -X'(0)  =  X(L)  =  0 

has  eigenvalues  An  =  a\  =  01  /  Ü  and  eigenñmctions 

X n  (x)  =  0  eos  +  hL  sin 

L  L 

for  n-  1,2,  3,  •••,  with  {/3n}  being  the  positive  roots  of  the  equation  tan  x  =  -x/hL. 
The  solution  of  T'n  =  -kAnTn  is  then 

UO  =  expf-^ 


so  the  resulting  formal  series  solution  is 


«0,0  =  IX  exp 


2 


Pfr 


n=l 


PnX 


■  PnX 


Bn  eos  +  hL  sin  • 

L  L 


The  coefficients  in  the  eigenfunction  expansión  are  given  by 
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c  = 


PnX 


■  PnX 

z’iT-i  L_n 


1  ( 

f{x)  /?„  eos— -  +  /zZsin 
o  v _ L _ L  y 

P n  eos  ^-  +  hL  sin  \  dx 


dx 


'o  V 


L 


The  evaluation  of  the  denominator  integral  here  is  elementary,  but  there  seems  little  point 
in  carrying  it  out  explicitly. 

6.  The  substitution  u(x,t )  =  X{x)T{t)  yields  the  separated  equations 
X"+  ¿X=  0  and  V  =  -kXT 

with  separation  constant  A  =  a2.  In  Problera  5  of  Section  9. 1  we  saw  that  the  Sturm- 
Liouville  problem 

X"  +  c/X=  0,  hX(  0)  -  X'(0)  =  hX(L)  +  X(L)  =  0 
has  eigenvalues  An  =  a2n  =  / 1}  and  eigenfunctions 

Xn(x)  =  Pn  eos  +  hL  sin 

L  L 

for  n  =  1,  2,  3,  •  •  with  {/?„}  being  the  positive  roots  of  the  equation 

2  hLx 


tanx  = 


x¿  -h2l} 


The  solution  of  T'  =  -kAT  is  then 


Tn(t)  =  exp 

so  the  resulting  formal  series  solution  is 

/  X  v1  f  fikt 
u{x,t)  =  2^Cn  eXP 

w=l 


(  gkt} 

v  L2  J 


Pn  COS 


PnX 

L 


+  hL  sin 


PnX 


The  coeffícients  in  the  eigenfunction  expansión  are  given  by 


rL 


-  ¿1 


f(x)  P n  eos  ^-  +  hL  sin  ^^-\dx 
V  L  L  J 


P  eos  — K  hL  sin  —  'j  dx 

I  I 

0  v  X,  L, 
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7. 


The  boundary  valué  problem  here  is 


Uxx+Uyy  =  0  (0  <  X  <  1,  y>0) 

«x(°>y)~  v(ly)+ «,0»0  =  o, 

w(x,0)  =  100. 

The  substitution  «(x,y)  =  X(x)T(y)  yields  the  separated  equations 
Z"+a2Z=0  and  T"-azT=0 

with  separation  constant  Á  =  a2.  In  Problem  3  of  Section  9. 1  we  saw  (taking  h  =  L  =  1) 
that  the  Sturm-Liouville  problem 

X"+  c?X  =  0,  X'(0)  =  X(l)+X'(l)  =  0 

has  eigenvalues  An  =  a2  and  eigenfimctions 


X„(x )  =  cosa„x 

for  n  =  1,2,  3,  with  {  an}  being  the  positive  roots  of  the  equation  tan  x  =  1/x. 
The  bounded  solution  of  Y"-a2Yn  =  0  is  then 


Yn(y)  =  exp  (~ccny), 
so  the  resulting  formal  series  solution  is 

oo 

u(x,y)  =  ]Tc„  eos  a„xexp(-any). 

n= 1 

The  coefficients  in  the  eigenfunction  expansión  are  given  by 


c„  = 


|  100cosa,,x£¿c 

’ioo  . 

- smor„x 

-an 

1 

0 

í  eos2  a„xdx 

’l 

r 

1 

Y 

l 

Jb  " 

x  + - sin2a.j 

2 

i 

2an 

J. 

.0 

200  sino. 


an  +  sin an  cosa,, 


so 


u(x,y)  =  200ySÍna-COSg-J[eXp<~g-J,>, 
cc„  +  sin  an  cosa„ 

The  first  five  positive  Solutions  of  tanx  =  1/x  are  0.8603,  3.4256,  7.4373,  9.5293,  and 
12.6453,  and  we  find  that 


«(1,1)  *  30.8755  +  0.4737  +  0.0074  +  0.0002  +  0.0000  + •••  *  31.4°C. 
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8. 


With  m  =  O  the  boundary  valué  problem  in  Example  2  is 


ua  =  a2uxx  (0  <x<L,  t>  0), 
u(0,t)  =  ux(L,t)  =  0, 
u,(x,0)  =  0, 
u(x,0 )  =  bx. 

The  substitution  u(x,t)  =  X(x)T(t)  gives  the  separated  equations 
X"  +  AX  =  T"  +  Aa2T  =  0. 


and  the  eigenfunctions  of  the  eigenvalue  problem 

X"  +  AX  =  0,  X(0)  =  X’(L)  =  0 


are  of  the  form 


Xn(x)  =  sin 


rntx 

~2L 


with  n  odd,  with  corresponding  eigenvalue  An  =  n2n2  /  4 L2.  This  leads  readily  to  the 
solution 

,  ^  nnx  rmat 

u(x,t)  =  2^cns  rn— — eos-— , 

/jodd 


where  cn  is  the  odd  half-multiple  sine  coefficient  (of  Problem  21  in  Section  9.3)  given 
by 


'2n-l 


rL 


2 

L 


QUT  .  (2«-l)7T 
86Tsin- - — 


bx  =  _ 2 


2  _2 


(2n-l)-;r 


(2n-l)V  ‘ 


9.  (a)  With  A  =  0,  the  endpoint- valué  problem  in  (19)  is  X"  =  0,  W(0)  =  W'(0)  =  0 , 

which  has  only  the  trivial  solution  2f(x)  =  0.  Thus  A  =  0  is  not  an  eigenvalue. 

(b)  With  A  =  - a 2  <  0,  the  endpoint-value  problem  in  (19)  is 

X"-a2X  =  0,  X(0)  =  0,  -ma2X(L)  =  ASX'(L). 

The  differential  equation  and  the  left-endpoint  condition  here  give  X(x)  =  sinh  ax,  and 
substitution  in  the  right-endpoint  condition  gives 

k 

-ma  sinh  a L  =  A8acosh.aL,  thatis,  tanhcrl  = - 

aL 


Section  9.2 


567 


with  k  =  ASL / m>  0.  But  the  graph  y  =  tanh x  lies  (aside  from  the  origin) in  the  first 
and  third  quadrants,  while  the  graph  y  =  -k/x  lies  interior  to  the  second  and  fourth 
quadrants.  Henee  the  two  cannot  intersect,  and  it  follows  that  there  cannot  be  an 
eigenvalue  of  the  assumed  form  A  =  -a2  <  0, . 


10.  (a)  With  5  —  7.75  gm/cm3  and  E  =  2-1 012  in  Equation  (16),  the  speed  of  sound  in 

Steel  is 

a  =  «  5.08  x  105  cm/sec  ~  11364mph. 


(b)  With  5—  1  gm/cm  and  K  =  2.25-10  in  Equation  (16),  the  speed  of  sound  in 
water  is 

Ik 

a  =  J—  «  1.50  x  1 05  cm/sec  «  3355  mph. 


11. 


(a)  a  = 

(b)  n  = 


£ p  _  \ypv_  _  \ynRTK 
m!V 


m 


nmn 


rRTK 


mn 


\YRTk 


mn 


1.4x8314(273  +  7^) 

1 1.4x8314x273i 

fl+  Tc  \ 

/  29 

V  29  1 

l  273  J 

331.02jl  +  -^-  —  «  740.47,11  +  -^^^ 
273  sec  V  273  hour 


740.47 


1  + 


T 

je 

,273 


+  ■ 


740.47  +  1.35671 


12.  The  boundary  valué  problem  is 


utt  -  cfuxx  (0  <  x  <  L,  t  >  0) 
w(0,  t)  =  ku(L,  t)  +  AEux(L,  t)  =  0 
u(x,  0)  =  f{x), 
u,(x,  0)  =  0. 


Starting  with  the  general  solution 

X(x)  =  A  eos  ccc  +  B  sin  ccc 

of  X"  +  crX  -  0,  the  condition  X(0)  =  0  gives  A  =  0,  so 
X{x)  =  sin  ax ,  X'(x)  =  orcos  ax. 
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Then  the  condition  kX(L)  +  AEX'(L )  =  0  yáelds 
k  sin  cdL  +  AEa  eos  aL  =  0, 
which  is  equivalent  to  the  equation 


tanx  = - 

kL 

with  x  =  aL,  a  =  x/L.  If  {/?„}  are  the  positive  roots  of  this  equation,  then  the  nth 
eigenvalueis  A„  =  a„  =  (J3JL )2  with  associated  eigenfunction 

X„(x)  =  sin^. 

L 

The  associated  function  of  t  is 

rr .  pnat  _  .  fíat 

Tn(0  =  Anw&£s—  +  BHsm&—, 

Lj  jL 

but  the  condition  T'( 0)  =  0  yields  B„  =  0.  Henee  we  obtain  a  solution  of  the  form 


.  ,  .  P  x  P  at 

u(x,t )  =  /  cn  sin^-^— eos— — . 

n= 1  L  L 


'sin^sin  £¿-dx  =  L\ÉSLÉmZÉl.ÉáSM±£ú. 

’  1  1  2L  A"  A  A+A 


L  2  L  Pm-Pn  A+A  J 

L  ( A  +  A  )  (SÍn  Pm  C°S  P„  ~  Sm  Pn  COS  pm  ) 

2(Pl~Pn)  .  “(A.  -  A.)(sin  A  eos  A  +  sin  pn  eos/?,,,) 


A -A2 


[A  sin  A  eos  A -A,  sin  Pn  eos  Pm  ] 


L  M  eos  P  M  eos  A 

=  A . w/?  -cosA-A - ~™spn 

Pm  -  Pn  L  «P»  mpn 


—r^—jr  cos  pm  eos  A  [  y- - ^ 

«(A-A)  lA  A 


LM  eos  A  eos  A 

«AÁ 


16.  When  we  substitute  v(r,  í)  =  rwr(r,  /)  we  get  the  boundary  valué  problem 

V/  =  &vrr 

v(0,  t)  =  v(a,  /)  -  avr(a,  t)  =  0 
v(/-,  0)  =  r/(r). 
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Then  v(r,  t)  =  R(r)T(t)  yields  the  equations 

R"+XR  =  0,  T  =  -ÁkT. 

If  Xo  =  0  then  R(r)  =  Ar  +  B.  The  condition  R( 0)  =  0  gives  B  =  0,  and  R(r)  = 
Ar  satisfies  the  condition  R{a)-aR'{a)  =  0.  Thus  Áq  =  0  is  an  eigenvalue  with 
eigenfunction 

Ro(r)  =  r;  T0(t )  =  1. 

If  X  =  c?  >  0  then 


R(r )  =  A  eos  ar  +  B  sin  ar 
and  R( 0)  =  0  gives  A  =  0,  so 

R(r)  -  sin  ar,  R'(r)  =  acosar. 

The  condition  R(a)  =  aR\d)  yields  sin  aa  =  aa eos  aa,  thatis, 

tanx  =  x 

where  x  =  aa.  If  {/?„}  are  the  roots  of  this  equation,  then  1»  =  {fija)2  is  an 
eigenvalue  with  associated  eigeníunction 


Rn(r)  =  sin 


Pj 


and  Tn{t)  =  exp 


Plkt 


We  therefore  obtain  a  solution  of  the  form 


v(r,0  =  c0r  +  ¿c„exp 


2 


P2nkt 


■  Pnr 
sin—. 


The  coefficient  formulas  given  in  the  textbook  follow  immediately  from  Problem  14  in 
Section  9. 1 ,  and  finally  we  obtain  n(r,  t)  upon  división  of  v(r,  t)  by  r. 


18.  The  only  difference  from  Example  3  in  the  text  is  that  the  solution  of  Equation  (37)  with 
TJ 0)  =  0  is  Tfit)  =  sin—fi-. 

19.  With  the  given  initial  velocity  function  g(x)  with  constant  valué  P/2ps  concentrated 
in  the  interval  L/2-s  <x  <  L/2  +  s,  the  coefficient  formula  of  Problem  1 8  gives 
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2  L 


L/2+s 


n2n2a2  J  2 pe 


P  .  nnx  , 
sin - dx 


L2P 


3  3  2 

n  n  a  pe 


LÍ2-S 

eos 


L 

f  nn  nne  \ 

IT 


L  ) 


eos 


^  nn  nne ^ 

VT+"T, 


2  ÉP 
n2n2a2  pe 


.  nn  . 
sin — sin 
2 


This  gives  the  f-dependent  solution 


y{x,t,e)  = 


2 IsP  ^  1  .  nn  . 
— — >  -rsm — sm 
n2cr  pe~lrv  2 


nne  . 

- sm 

L 


n2n2a2t 

~Ü~ 


sin 


nnx 

~T~' 


Because 

L  .  nne  sin  (nne/L) 

- sm -  =  — i - -  ->  1  as  £r-»0, 

nne  L  nne/L 


the  limit  y(x,  t)  =  lim  y{x,  t,  e)  has  the  expansión 
£->0 


,  .  2LP  ^  1  .  nn  .  n  n  a  t  .  nnx 

y(x,t)  =  2  ,  2,~sm— sm — “ — sm- 


_2  2  ¿«j  2  o 

n  q  p  n-\  n  2 


20. 


2  L  fL 

~  2  2  2 

n  na  J  0 


nnx  ,  2 vnÉ  ,, 

v„sin - dx  =  -  ,  ,  (1  - 


«W 


eos  nn  I 


The  fundamental  frequeney  is 


With 


we  calcúlate 


—2J2 

n  a 


n2  [Él 

=  7m  ~É  6)1 ' 

L  V  P 


E  =  2- 1012  dyne/cm2, 

I  =  (2.54)4/12  *  3.47  cm4, 
p  =  (7.75)(2.54)2  «  50.00  gm/cm, 
L  =  (19)(2.54)  «  48.26  cm, 


co\  «  1578  rad/sec  »  251  cycles/sec. 
Thus  we  hear  middle  C  (approximately). 


nne 
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SECTION  9.3 

STEADY  PERIOD1C  SOLUTIONS 
AND  NATURAL  FREQUENCÍES 


In  Problems  1-6  we  substitute  u(x,t)  =  X(x)cosó>r  in 

Uti  =  cP’Ujc c  ( a 2  =  El  S) 

and  then  cancel  the  factor  eos  a>t  to  obtain  the  ordinary  differential  equation 

a2X"  +  a2X  =  0 


with  general  solution 


X(x)  =  A  eos  — — -  4.  b  sin  — —  _  (*) 

a  a 

It  then  remains  only  to  apply  the  given  endpoint  conditions  to  determine  the  natural  (circular) 
frequencies  —  the  valúes  of  co  for  which  a  non-trivial  solution  exists. 


1.  Endpoint  conditions:  W(0)  =  X(L)  =  0 

With  conditions  X(0)  =  0  in  (*)  implies  that  A  =  0,  so  X(x)  =  sin (cox/a).  Then 
X(L)  =  sin (coL/a)  =  0  implies  that  coL!  a  =  rm,  an  integral  múltiple  of  n.  Henee 

the  nth  natural  frequeney  is  a>n  = 

2.  Endpoint  conditions:  X\0)  =  X'(L)  =  0 

The  condition  X'(0)  =  0  gives  B  =  0  in  (*),  so  we  have 

X(x)  =  eos  — ,  so  X  (x)  = - sin — . 

a  a  a 

Henee  the  condition  X (L)  =  0  implies  that  coL/a  is  an  integral  múltiple  of  n.  Thus 
the  nth  natural  frequeney  is  con  = 


nna 


rma 


rm 

~T 


3.  Endpoint  conditions:  W(0)  =  X'(L)  =  0 

The  condition  T(0)  =  0  gives  A  =  0  in  (*),  so  we  have 

w  s  •  0)X  O)  (DX 

X(x)  =  sin — ,  so  X  (x)  =  —eos — 
a  a  a 
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Henee  the  condition  X'(L)  =  0  impliesthat  coL/a  is  an  odd  integral  múltiple  of  rdl. 

_  ( 2n-X)na  _  ( 2n-X)n  Í~E 
~  2 L  “  2L  Vj' 


Thus  the  «th  natural  frequeney  is  con 


Endpoint  conditions:  w(0,/)  =  mult(L,f)+ AEux(L,t)  =  0 
The  condition  X(Q)  =  0  gives  A  =  0  in  (*),  so  we  have 


Then 


w  s  .  0)X  .  Ú)X 

X{x)  =  sin — ,  so  u{x,t)  =  sm — eos  cot. 
a  a 


utl  (x,  t)  =-©  sin — cosftií,  ux(x,t)  =  -—eos - eos  cot, 

a  a  a 


so  the  other  endpoint  condition  is 


2  .  coL  ,  „  (ú  coL 

-meo  sm — eos cot  +  AE — eos - cos¿y/  =  0. 

a  a  a 


Upon  canceling  the  cos<y!  factor,  we  find  that 

coL  AE  AEL  AEL 


tan- 


AEp 


M 


maco  ma  -colla  mE / p-coL! a  m-coL! a  m-coL/a 


Thus  y 3  =  col!  a  isa  positive  root  of  the  equation  tan  x  = 


M  lm 


,  and  the  «th 


natural  frequeney  is  given  by 


= 


-  M-  K  \L 


L  \  5 


where  /?„  is  the  «th  positive  root  of  this  equation.  This  is  the  special  case  k  =  0  of 
Problem  7  below. 


Endpoint  conditions:  ux(0,t)  =  ku{L,  t)  +  AEux{L,  t)  =  0 
The  condition  X’(Q)  =  0  gives  B  =  0  in  (*),  so  we  have 


Then 


v,  s  cox  ,  cox 

ví(x)  =  COS - ,  SO  u(x,t)  =  eos - COSíUt. 

a  a 


,  ,  co  .  cox 

ux{x,t )  = - sin — eos  cot, 

a  a 


so  the  other  endpoint  condition  is 
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;  0)L  „  A„co  .  coL 

le  eos — eos  cot  —  AE — sin - eos  cot 

a  a  a 

Upon  canceling  the  eos  cot  factor,  we  find  that 


0. 


coL  coL 

AE - tan - 

a  a 


=  kL. 


Thus  p  —  coL  /  a  is  a  positive  root  of  the  equation  A  Ex  tan  x  =  kL,  and  the  nt  h  natural 
frequeney  is  given  by 


(0„ 


PrSj 

L 


Él  IE 

L  ÍS 


where  /?„  is  the  nth  positive  root  of  this  equation. 


6.  Endpoint  conditions: 


hí0w„(0,  t)  -  AEux( 0,  /)  =  0, 
m\utt{L,  f)  +  A Eux(L,  t)  =  0 


When  we  substitute  u(x,  t)  =  X(t)  eos  cot  in  the  two  endpoint  conditions  and  then  cancel 
the  eos  cot  factor,  we  get  the  equations 


m0co2X(  0)  +  KX'{  0)  =  0 
mxo?X{L)  -  KX'(L)  =  0 


where  we  write  K  =  AE  to  avoid  confusión  with  the  coefficient  of  eos  coxla  in 


w  .  .  cox  _  .  cox 

X{x)  =  A  eos  —  +  J3sin — . 

a  a 


Then 


X(0)  =  A, 


X’(0)  = 


Bco 

a 

coL 


X{L)  =  A  eos  — —  +  B  sin 

a  a 


co 


a 


.  coL 


X\L )  =  —  -A  sin  —  +  eos 


coL 

J 


If  we  write  z  =  coL/a,  then 


X(0)  =  A,  JT(0)  = 
X(L)  =  A  eos  z  +  B  sin  z 
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X'(L )  =  —  (-A  sin  z  +  B  eos  z). 
L 


When  we  substitute  these  valúes  and  co  =  az/L  in  the  two  endpoint  conditions  above 
and  collect  coeffícients  of  A  and  B,  we  get  the  equations 

moa2zA  +  KLB  =  0, 

A(m\a2z  eos  z  +  KL  sin  z)  +  B{m\c?z  sin  z  -  KL  eos  z)  =  0. 

In  order  for  this  system  to  have  a  non-trivial  solution  for  A  and  B,  its  determinant  of 
coeffícients  must  vanish, 

moa2z(m\a2z  sin  z  -  KL  eos  z)  -  KL(m\a2z  eos  z  +  KL  sin  z)  =  0. 

When  we  substitute  a2  =  El  S,  M  =  SAL,  and  K  =  AE,  this  last  equation  simplifies 
finally  to  the  frequeney  equation 

(mom\z2  -  M2)  sin  z  =  M(mo  +  m\)  z  eos  z. 


If  pn  is  the  nth  positive  root,  then  the  nth  natural  frequeney  is 


P«a  P*  [E 

L  LÍS 


7. 


Endpoint  conditions: 


u(0,t)  =  mu„(L,  t)  +  AEux(L,  i)  +  ku{L,  t)  =  0 


The  condition  w(0,  t)  =  0  implies  that 


X{x) 


sin- 


cox 

a 


so  X'(x) 


CO  Ü)X 

—eos — . 
a  a 


When  we  substitute  u(x,  t)  =  X(x)cos  cot  in  the  endpoint  condition  at  x  =  L  and  cancel 
the  eos  cot  factor  we  get 


-moj2X(L)  +  AEX'(L)  +  kX(L)  =  0. 


Next  we  substitute 


z  =  coLla,  co  =  az/L,  a 2  =  El  5, 

X(L)  =  sin  z,  X'(L)  =  (z/L)  eos  z. 

The  result  simplifies  readily  to  the  frequeney  equation 
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(. mEz 2  -  kSL2)sm  z  =  MEz  eos  z. 

If  pn  is  the  nth  positive  root,  then  the  «th  natural  frequeney  is  con 


M  =  Él¡K 

L  L\S 


In  Problems  8-14  we  substitute  y(x,  t)  =  X(x)cos  cot  in 

yu  +  «Va  =  o  (a4  =  EI/p) 

and  then  cancel  the  factor  eos  cot  to  obtain  the  ordinary  differential  equation 

a4^4>  -  co2X  =  0 

with  general  solution 

X(x)  -  /ícosh —  +  5sinh  —  +  Ccos  —  +  Z)sm —  (**) 

a  a  a  a 

where  9  =  yfoó .  We  then  get  the  natural  frequencies  of  vibration  by  applying  the  given 
endpoint  conditions. 


8.  Endpoint  conditions:  y(0,  t)  =  y^O,  t)  =  0,  y(L,  t )  =  yJJL,  t)  =  0 

Just  as  in  Example  3  of  Section  9.2,  the  conditions  2f(0)  =  X"(0)  =  0  imply  that 
A  =  C  =  0  in  (**),  so 

n  T  nr 

X(L)  =  Bsinh—  +  Dsm—  =  0, 
a  a 


It  follows  that 


e2  ( 

„  .  ,  9L 

=— 

5sinh — 

a2  l 

a 

9L 

n  •  9L 

£>sm — 

a 

a 

n  •  9L' 
-D  sin  — 

a  j 


=  0. 


=  0. 


But  sinh  9Lla  *  0  so  B  =  0.  Henee  D  *  0  so  sin  9L/a  =  0.  Thus  9L/a  =  nn, 
an  integral  múltiple  of  n.  Therefore  the  «th  natural  frequeney  con  =  92  is  given  by 


wW  n2n2  ¡El 
*"  L2  ~  L2  ^7 


9.  Endpoint  conditions:  y(0,  t)  =  yx(0,  t)  =  0,  y(L,  t)  =  yJJL,  t)  =  0 

Just  as  in  Problem  21  of  Section  9.1,  the  endpoint  conditions  X(0)  =  X'(0)  =  0  and 
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X(L)  =  X"(L)  =  O  implythat 


A..  = 


co: 


L) 


where  f3n  is  the  nth  positive  zero  of  the  frequency  equation 


tanhx  =  tan*. 


Therefore  the  nth  natural  frequency  co„  is  given  by 


-  -  ■  f  3 


10.  Endpoint  conditions:  y(0,  t)  =  yx( 0,  t)  =  0,  yxÁL,  t)  =  y^L,  t)  =  0 
Here  we  have  the  equation 

X(4)-ÁX=  0 

with  A  =  a?  la4  and  endpoint  conditions 

X(0)  =  X’(0)  =  X"(L)  =  XP\L)  =  0. 


According  to  Problem  20  in  Section  9.1  the  nth  eigenvalue  is 

JL  = 


^  (K'4 

\a2) 


where  the  {/?„}  are  the  positive  roots  of  the  equation 


coshjccosx  =  -1. 

Thus  the  nth  natural  frequency  is 

W 

P 


11.  Endpoint  conditions:  y(0,  i)  =  yx(0,  t)  =  0,  yx{L,  i)  =  y^L,  t)  =  0 
Here  we  have  the  equation 

X(4)-ÁX=  o 

with  A  =  a>2  /  a4  -B4  /  a4  =  a4  and  endpoint  conditions 
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X(0)  =  X’(0)  =  X\L)  =  X°\L)  =  0. 


The  lefit-endpoint  conditions  readily  give  C--A  and  D  =  ~B  in(**),so 

X(x)  =  A  cosh  ax  +  B  sinh  ax-  A  eos  ax-  B  sin  ax. 

=  A  (cosh  ax  -  eos  ax)  +  B  (sinh  ax  -  sin  ax) . 

Then  the  right-endpoint  conditions  give 

A  (sinh  aL  +  sin  aL)  +  B  (cosh  aL  —  eos  aL)  =  0, 

A  (sinh  aL  -  sin  aL)  +  B  (cosh  aL  +  eos  aL)  =  0. 

The  determinant  of  coefficients  of  A  and  B  musí  vanish  if  there  is  to  be  a  nontrivial 
solution,  so 

(sinh  aL  +  sin  aL)  (cosh  aL  +  eos  aL) 

-  (sinh  aL  -  sin  aL)  (cosh  aL-  eos  aL)  =  0. 

This  equation  simplifies  to  2  sinh  aL  eos  aL  +  2  cosh  aL  sin  aL  =  0,  which  upon  división 
by  cosh  aL  eos  aL  gives  the  frequeney  equation 

tanh  x  +  tan  x  =  0 


for  p  -  aL.  Then  the  nth  frequeney  is  given  as  usual  by 


12.  This  problem  is  the  special  case  k  =  0  of  Problem  14  below. 

13.  This  problem  is  the  special  case  m  =  0  of  Problem  14  below. 


14.  Endpoint  conditions: 

y(0,  t )  =  yx(0,  t )  =  yxxx(L,  t)  =  0 
my„(L,  t)  =  ElyvcAL,  t)  -  ky(L,  t) 

With  p  =  9/ a,  9=  'Jai  we  may  write 

X(x)  =  A  cosh  px  +  B  sinh  px+  C  eos  px  +  D  sin  px. 
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The  conditions  X(0)  =  X'(0)  =  0  readily  imply  that  C  = -A  and  D  =  -B,  so 

X  =  ,4  (cosh  px  -  eos  px)  +  5(sinh  px  -  sin  px), 

X'  =  pyl(sinh  px  +  sin  px)  +  ¿>i?(cosh  px  -  eos  px), 

X"  =  p2A{cos\i  px  +  eos  px)  +  p2B{svah.px  +  sin  px), 

JÓ3^  =  /?3J(sinh  px  -  sin  px)  +  p3B(coshpx  +  eos  px). 

The  endpoint  conditions  at  x  -  L  are 

X"(L)  =  0, 

(k  -  ma?)X(L)  -  EIXP\L)  =  0. 

When  we  substitute  the  derivatives  above  and  write  z  =  pL  we  get 

A  (cosh  z  +  eos  z)  +  B  (sinh  z  +  sin  z)  =  0, 

A  [(&  -  m©2)(cosh  z  -  eos  z)  -  £7p3(sinh  z  -  sin  z)] 

+  B  [(&  -  7Wíy2)(sinh  z  -  sin  z)  -  EIp3{ cosh  z  +  eos  z)]  =  0. 

If  A  denotes  the  coefficient  determinant  of  these  two  linear  equations  in  A  and  B,  then 
the  necessary  condition  A  =  0  for  a  non-trivial  solution  reduces  eventually  to  the 
equation 

3  2 

EIp  (1  +  cosh  z  eos  z)  -  (k  -  meo  )(sinh  z  eos  z  -  cosh  z  sin  z)  =  0. 

Finally  we  substitute  p  =  z/X,  M  =  pL,  and 

o)2  =  p4a4  =  (z4/ Ú)(EI/ p) 
to  get  the  frequeney  equation 

MEIz3{  1  +  cosh  z  eos  z)  =  ( kML 3  -  mEIz4)( sinh  z  eos  z  -  cosh  z  sin  z). 

We  may  divide  by  cosh  z  eos  z  to  write  this  equation  in  the  form 

MEIz{\  +  sech z  sec  z)  =  {kML3  -  mEIz4){ tanh z  -  tan  z). 

If  pn  denotes  the  nth  positive  root  of  this  equation,  then  as  usual  the  nth  natural 
frequeney  is 
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We  want  to  calcúlate  the  fundamental  frequency  of  trans verse  vibration  of  a  cantilever 
with  the  numerical  parameters 

L  =  400  cm 

E  -  2  •  1012  gm/cm-sec2 

1  =  (1/12)(30  cm)(2  cm)3  =  20  cm4 

p  =  (7.75  gm/cm3)(60  cm2)  =  465  gm/cm. 


When  we  substitute  these  valúes  and  =  1.8751  in  the  frequency  formula 


wefindthat  co\  «  6.45  rad/sec,  so  the  fundamental  frequency  is  coylln  ~  1.03 
cycles/sec.  Thus  the  diver  should  bounce  up  and  down  on  the  end  of  the  diving  board 
about  once  every  second. 


When  we  substitute  y(x,  t)  -  X(x)cos  cot  in  the  given  partial  differential  equation 

p^  +  P^  +  EI^  =  0 
dt2  dx2  dx4 


and  cancel  the  factor  eos  cot,  we  get  the  ordinary  differential  equation 
EIJÓ4)  +  PX"  -  XX  =  0 

where  X  =  po?.  By  solving  the  characteristic  equation 

El  r4  +  Pr2  -  X  =  EI(r 2  -cc2)(r2  +  J32)  =  0 
we  find  the  general  solution 

X(x)  =  A  cosh  ax  +  B  sinh  ax  +  C  eos  /3x  +  D  sin  f5x 

where 

2  -P  +  JWTaxFi  -2  -P-yfF+4XEI 

a  =  - ,  Bl  = - . 

2  El  2EI 

The  endpoint  conditions  X(0)  =  X"(0)  =  0  imply  that  A  =  C  =  0,  so 
X(x)  -  B  sinh  ax  +  D  sin  fix. 

Then  the  conditions  X(L)  =  X”(L)  =  0  yield  the  equations 
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B  sinh  ccL+  D  sin  fiL  =  O, 
of B  sinh  aL  -  (?D  sin  fiL  =  0. 


17. 


The  determinant  of  these  two  linear  equations  in  B  and  D  musí  vanish  in  order  that  a 
nontrivial  solution  exist,  so 


(a2  +  /T^sinh  aL  sin  fiL  -  0. 

It  follows  that  sin  [LL  =  0,  so  ¡31,  must  be  an  integral  múltiple  of  ti.  The  definitions  of 
of  and  /312  implythat 


p2 -a2 


a2p2 


X 

EÍ 


Henee  if  /?„  =  nnt L,  the  corresponding  valué  of  an  is 


¡n2n2 

p 

V  i2 

El' 

Then  the  corresponding  valué  of  X  is 


ElalPl  =  El 


f  n47r4 


1- 


PL 


2  \ 


V 


n2jr2EI 


Final  ly,  the  «th  natural  frequeney  is  given  by 

PL2 


co = 


tP-J1  f 
n  tc 


i- 


n2n2El 


When  we  substitute  y{x,  t)  =  X(x)cos  cot  in  the  given  partial  differential  equation 


d2y  I 
'  dt2 


A  dx2dt2  cbc* 


and  cancel  the  factor  eos  cot,  we  get  the  ordinary  differential  equation 
EUÓ4)  +  PX"  -  XX  =  o 

where  P  =  XI  /  pA  and  X  =  po?.  By  solving  the  characteristic  equation 
El  rA  +  Pr2  -  X  =  EI(r2  -a2)(r2  +  p2)  =  0 
we  find  the  general  solution 

X(x)  =  A  cosh  ccx  +  B  sinh  ccx  +  C  eos  Px  +  D  sin  px 
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where 


18. 


a2  = 


-P  +  VP2+4/l£/  2  _  -P-Jp2+4AEI 

5  H  ~ 


2EI  r  2  El 

The  endpoint  conditions  X(0)  =  X"(0)  =  0  imply  that  A  =  C  =  0,  so 

X(x)  =  B  sinh  coc  +  D  sin  fix. 

Then  the  conditions  X(L)  =  X"(L)  =  0  yield  the  equations 

B  sinh  ccL  +  D  sin  pL  —  0, 
c? B  sinh  ocL  -  D  sin  f3L  =  0. 

The  determinant  of  these  two  linear  equations  in  B  and  D  must  vanish  in  order  that  a 
nontrivial  solution  exist,  so 

(a2  +  /^)sinh  ocL  sin  ¡ 6L  =  0. 

It  follows  that  sin  fiL  —  0,  so  ¡3L  must  be  an  integral  múltiple  of  n.  The  definitions  of 
oí2  and  imply  that 


p2-cc2  =  —  =  — ,  a2p2  = 

El  pAE  H  El 


Henee  if  f5n  =  nn/L,  the  corresponding  valué  of  a„  isgivenby 

n27r 2  X 


a : 


pAE 


Then  al/32  =  An  /  El  gives  the  equation 


/  2  2 
n n 


pAE 


El 


that  we  readily  solve  for  An.  The  resulting  valué  of  the  nth  natural  frequency  is 


= 


\\  n ‘■7r 
p 


.2 _ 2  f  l_2rVl,¡ 


1  + 


«V/ 

pAIs 


Substitution  of  u(x,t)  -  X(x)sin¿yt  in  the  longitudinal  bar  problem 
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d2u  _  2  d2u 

AF  ~  a  a? 

u(0,t)  =  O, 


AEux(L,t )  =  F0  sin  cot 


yields  the  endpoint  problem 


co 


X"  +—X  =  0,  X(0)  =  0,  AEX'(L)  =  F0. 


a 


Because  of  the  right-endpoint  condition,  we  try  X(x)  =  B  sin  cdx/ a  and  get 


F0a 


.  „  _  co  coL  —  _ 

AE-B — eos —  =  F0,  so  B  —  — 

a  a  A  Eco  eos  (coL  /A) 

The  resulting  steady  periodic  solution  is 

F0asm(a>x  /  á)  sin  cot 


u{x,t) 


AEco  cos(coL  /  A) 


Substitution  of  y{x,t)  =  X(x)sin cot  in  the  transverse  bar  problem 


+  o  j  4  ei) 
8t2  dx 4  ^  p  J 

y  (0,0  =  y  A '0,0  =  o, 
y  AL,  0  =  El  ym(L,0  +  F0  sin  cot  =  0 


yields  the  endpoint  problem 


Xw-p*X  =  0  (where  p2=co/a2), 

X(0)  =  X'(0)  =  0, 

X\L)  =  El  Xm(L)  +  F0  =  0. 

When  we  impose  the  fixed-end  conditions  X(0)  =  X'(0)  =  0  on  the  general  solution 
X(x)  =  A  cosh  px  +  B  sinh  px  +  C  eos  px  +  D  sin  px 
we  find  readily  that  C  =  -A  and  D  =  -B,  so 

X(x)  =  ,4  (cosh  px  -  eos  px)  +  5(sinh  px  -  sin  px). 

It  remains  only  to  find  A  and  B.  But  the  free-end  conditions  yield  the  linear  equations 
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yí(cosh  pL  +  eos  pL)  +  5(sinh  pL  +  sin  pL)  =  0 
4(sinh  pL  -  sin  pL )  +  ¿?(cosh  pL  +  eos  pL)  =  -F^lp’EI 

that  can  be  solved  for 


where 


A  =  ^(sinh/jl  +  sinj?/-),  B  =  -  K(cosh  pL  + eos  pL) 

F 

K  =  - ^ - £« - . 

2  EIp  (1  +  cosh  pL  eos  pL) 


In  order  that  e(x  ,t )  be  bounded  as  x  — »  00  we  choose  5  =  0,  and  in  order  that 

e(0,  i)  =  Eqcos  cot  we  choose  A  =  Eq.  Then  our  steady  periodic  solution  is  the  real  parí 

Re[£(x)e'"']  =  Re[E0e-axe-'pxeio>'}  =  E0e~ax  cos(ú)t -  fix). 
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CYLINDRICAL  COORDINATE  PROBLEMS 

1.  Substitution  of  u(r,t)  =  R(r)T(t)  in  the  wave  equation 

d2u  2  f  d2 u  1  du ' 
dt  r  dr  j 

yields  the  separation 
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rptf 

HFr 


R"  +  -R' 

=  - =  A  =  -a2. 

R 


The  /-equation  has  general  solution 

T{t)  =  A  eos  aat  +  B  sin  aat, 

and  we  choose  B  =  0,  so  that  T\ 0)  =  0  (because  the  membrane  is  initially  at  rest). 
The  r-equation  can  be  written  in  the  form 

r2R"  +  rR'  +  a2r2R  =  0, 


which  is  the  parametric  Bessel  equation  of  order  zero,  with  continuous  solution 
R(r)  =  J0(ar).  In  order  that  the  fíxed  boundary  condition  R(c)  =  0  be  satisfied,  we 
choose  a  =  ynlc,  where  yn  is  the  «th  positive  solution  of  J0(x)  =  0.  At  this  point  we 
have  product  functions  of  the  form  J0  (ynr  /  c)  eos  (ynat  /  c)  that  satisfy  the  wave  equation 
and  the  homogeneous  boundary  conditions,  so  we  form  the  formal  series  solution 


u(r,t)  =  YJcnJ0 


n- 1 


( y¿ 

K  C  > 


eos 


Ynat 


In  order  to  satisfy  the  initial  position  condition  u(r,  0)  =  / (jc)  is  suffíces  that  the  {c„}  be 
the  Fourier-Bessel  coefficients  of  the  ñmetion  / (x)  given  by 


c.,  = 


A. 


rf(r)J0 


K  C  ) 


dr. 


2. 


This  is  the  same  as  Problem  1,  except  that  the  membrane  has  initial  position  u(r, 0)  =  0, 
so  in  the /-factor  T(t )  =  A  eos  aat  +  5  sin  aat  we  choose  A  =  0  so  that  7X0)  =  0.  We 
then  get  product  functions  of  the  form  J0(y„r  /  c)sm(ynat  /  c)  that  satisfy  the  wave 

equation  and  the  homogeneous  boundary  conditions,  so  we  form  the  formal  series 
solution 


“(r.  0  =  Zc«Jo 


n=\ 


(lA 

C  J 


sin 


In  order  that  the  initial  velocity  condition  u,  (r,  0)  =  v0  we  satisfied,  we  want 


Sy  ci  _ 


«= i 


LL 

c 


and  henee 
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c„  = 


rv0J0 


f  Y S 
K  C 


dr 


r,fl  c  Mr,,)' 

=  <*y'Myh?  í  xJ°  (x) &  (with  * = ?v/c) 


2cv, 


- 


2cvn 


arA(r„) 


afMrJ 

This  gives  the  desired  solution 

2cv0  ^  J0(y„r/c)sm(ynat/c) 


u(r,t )  =■ 


a 


«=i 


«(y.) 


(a)  As  in  Problem  2, 

oo 

<r,t)  =  2>.J0 

tí  V  c  J  c 

In  order  to  satisfy  the  given  initial  condition  we  musí  choose 


Ynr  \  ■  Y„at 
,n  'sin  — — . 


c„  = 


po  L  rl  YS 


Y„a  c*MYj  J 
2  Pnc 


o  [pxs2  fJ\  c  ) 


¿rQC  fYne¡c  /  \ 

f  *  xJ«\x)dx  (with  x  =  y„rlc) 


dr 


pns  y  \ 


2  P0c 


pns2ylaJ\{yn)1  c 


Yj£_  t[YjP 
2  U\ 

~  1  C  J 


c„  = 


2aP(,  J\(Yn£lc) 


ncpa  y„My„)  Ynstc 

(b)  The  final  formula  given  in  the  text  for  u(r,  t)  now  follows  because  pa  =  T  and 
J\{x)!x  — >  1/2  as  x  — »  0. 


(a)  Just  as  in  Example  1  of  the  text  we  derive  first  a  formal  series  solution  of  the  form 


oo 

u{r,t)  =  £c„exp 

í  rlkt) 
2 

Sol 

(  Ynfj 

11=1 

l  c  J 

l  C  j 

In  order  to  satisfy  the  given  initial  condition  we  calcúlate  the  Fourier-Bessel  coefficient 

2 


c„  = 


c2My,,)2 


o  v  ) 


rJn 


Ynr 


dr 
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2q0  fí'n£lc  s  \ 

=  sn£1yl  MrJ  *  xJAx)dx  (vñth  X  =  ynr/c) 

_  2So  L£  j  f  I¿L 

sn£1ylJ\{ynf  c  'te/ 

c  =  2c¡o  Jt(r„s/c) 
snc2  Jy(yn)2  ynslc 

(b)  The  final  formula  given  in  the  text  for  u(r,  t)  now  follows  because  Jx(x)lx  -»  1/2 
as  x  -»  0. 


5. 


(a)  We  start  with  the  steady-state  boundary  valué  problem 
d2u  1  du  d2u 


-H - 1 - =  0 

dr  r  dr  dz2 


(r  <  c,  0  <  z  <  L) 


u(c,z )  =  0 
u(r,  0)  =  0, 
u(r,L)  =  «o- 


The  substitution  u(r,  z)  =  R{r)Z(z )  yields  the  equations 

rR"+R'+  cfrR  =  0,  Z"  -  c?Z  =  0 

with  separation  constant  a  =  cf .  The  homogeneous  endpoint  conditions  are 

R(c)  =  Z(0)  =  0. 

If  A  =  a2  =  0  then  rR"  +  R  =  0  implies 

R(r)  =  A  +  B  ln  r. 

We  choose  B  =  0  for  continuity  at  r  -  0,  so  R(r)  =  A.  Then  R(c)  =  0,  so  A  =  0 
also,  and  henee  0  is  not  an  eigenvalue. 

If  A  =  a2  >  0  then  we  have  the  parametric  Bessel  equation  with  general  solution 

R(r)  =  AJ0(ar)  +  BY(ar). 


In  order  that  R(r)  be  continuous  at  r  =  0  we  choose  B  =  0,  so  R(r )  =  AJ0(ar). 
Then 

R(c)  =  aAJo(ac)  =  0 
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requires  that  y  =  ac  be  a  root  of  the  equation 


Jo(*)  =  0. 

If  an  -  yjc  where  y„  is  the  «th  positive  root  of  this  equation,  then 

R„(r)  =  J0\ 

The  corresponding  function  Z(z)  of  z  is 


V  c  J 


Z„(z)  =  4,cosh^¿  +  5„sinh^¿, 
c  c 

and  we  choose  A„  =  0  because  Z(0)  =  0.  Thus  we  get  the  formal  series  solution 


u(r,z)  =  £c„J0 


VJ 

c 


sinh 


YnZ 


where  Jo(yn)  -  0.  To  satisfy  the  condition  u(r,  L)  =  uq,  we  need  (by  Eq.  (22)  in  the 
text) 


1 _ 2 

sinh(y„/,/c)  c2./,(y„) 

_ 2*p _ 

yIMyA  sinh  (y„L/c) 

_ 2*o _ 

rlJ\{y„f  sinh(y„I/c) 


x  J0  (x)  dx 


\ 

dr 

J 

(with  x  =  ynr/c ) 
2*0 

yAáyS 


This  gives  the  desired  solution 


u(r,t) 


2*o  1 


«= I 


¿o  (r*r/c)  sinh  foz/c) 
rA(rn)ñnh(ynL/c)  ' 


6.  (a)  Here  we  have  the  same  separation  of  variables 

rR"  +  R'  +  ¿rR  =  0,  Z"  -  ¿Z  =  0 
as  in  Problem  5,  but  the  insulation  condition  ur(c,z)  =  0  implies 

If  A  =(/  =  0  then  rR"  +  R  =  0  implies 

R(r)  =  A  +  B  In  r. 
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Wechoose  5  =  0  for  continuity  at  r  =  0,  so  R(r)  =  A.  Then  R'(c)  =  0,  so  Áo  =  0 
is  an  eigenvalue,  and  we  may  take  R0(r)  =  1.  The  equation  Z"(z)  =  0  implies  Z(z)  = 
Az  +  5,  but  Z( 0)  =  0  implies  5  =  0,  so  we  take  Zo(z)  =  z. 

If  X  =  a?  >  0  then  we  have  the  parametric  Bessel  equation  with  continuous  solution 
R(r)  =  AJo(ar).  Then 

R'(c)  =  aAJo'(ac)  =  0 
requires  that  y  =  are  be  a  root  of  the  equation 

Jo'(x)  =  0. 

If  or„  =  yjc  where  yn  is  the  nth  positive  root  of  this  equation,  then 

y  f\ 

Rn(r)  =  J0^~. 

V  c  J 

The  corresponding  function  Z(z)  of  z  is 

Z„(z)  =  A^  cosh-^¿  +  5„  sinh-^1^, 
c  c 

and  we  choose  An  -  0  because  Z(0)  =  0.  Thus  we  get  the  solution 

,  \  T  ( Y yZ  ^  •  1  Y yyZ 

u{r,z)  =  c0z+  >  c„J0  LJL-  sinh-^-2— 

n= 1  \  C  )  C 

where  J'0(yn)  =  0.  To  satisfy  the  condition  u(r,L)  =  fir)  we  apply  the  formulas  in  (24) 
in  the  text  and  choose 


(b)  If  j{r)  =  uo  (constant),  then  the  coefficient  formulas  above  readily  yield 
cq  =  uq/L  and  c„  =  0  for  n  >  0,  the  latter  because 


\x 


J0(x)dx  =  xJl(x)  +  C  =  —x  J'Q  (x)  +  C. 


Henee  the  series  reduces  to  the  solution  u(r,  z)  =  u^z/L  that  one  might  well  guess 
without  all  these  computations. 
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7. 


We  want  to  solve  the  boundary  valué  problem 


d2u  1  du  d2u 

- — -J - 1 - — 

dr  r  dr  dz 2 


(r  <  1,  z  >  0) 


hu(l,  z)  +  ur(  1,  z)  =  0 
w(r,  z)  bounded  as  z  ->  oo 
u(r,  0)  =  iiq. 


We  start  with  the  separation  of  variables  in  Problem  5, 

rR"  +  R'+c?rR  =  0,  Z"-c¿LZ  =  0 

and  readily  see  that  a  =  0  is  not  an  eigenvalue.  When  we  impose  the  condition 
M(l)  +  i?'(l)  =  0 

on  R(r)  =  Jo(«r),  we  find  that  a  must  satisfy  the  equation 
hJo(x )  +  xJq'(x)  =  0 

that  corresponds  to  Case  2  with  n  -  0  in  Figure  9.4.2  of  the  text.  If  {/„}  are  the 
positive  roots  of  this  equation  then 

RJf)  =  Mjnr). 

The  general  solution  of  Z"  =  y„Z  is 

Z„(z)  =  A„exp(-y„z)  +  B„exp(y„z), 

and  we  choose  Bn  -  0  so  that  Z„(z)  will  be  bounded  as  z  — »  oo.  Thus  we  obtain  a 
solution  of  the  form 

oo 

u{r,z)  =  Xc«exP  (-ynz)Jo(r„r) 

n= I 

where 

hJo(r„)+rJ'0(rn)  =  o. 


so  Y„Jx(y„)  =  hJ0(yn)  because  J'Q=-JX.  Finally,  Eq.  (23)  in  the  text  gives 


C„  = 


cl(y^h2)j0{ynf) 


ru0J0 


r„r 


dr 
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12.  When  we  substitute  y(x,  O  =  ^(*)sin  cot  in  the  partial  differential  equation 

d2y  g  d  (  djA  f  dy  dVl 
dt2  w  dx  \  dx  J  dx  dx ~  j 

and  then  cancel  the  sin  cot  factor,  we  get  the  ordinary  differential  equation 

x2X"  +  xX'  +  —  X  =  0. 
g 

This  is  of  the  form  of  Equation  (3)  in  Section  3.6  with  A  =  1,  B  =  0,  C  =  co2/g,  and 
q  =  1 ,  so  its  general  solution  is  given  by 
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X(x)  =  AJ0 


We  choose  B  =  0  for  continuity  at  x  =  0,  and  the  condition  X(L)  =  0  then  requires 
that  2 ú)y¡L/ g  =  yn,  one  of  the  roots  {yn}  of  the  equation  Jo(x)  =  0.  Henee  the 
nth  natural  frequeney  of  vibration  of  the  hanging  cable  is 


13.  With  w(x)  -  wx  and  h(x)  =  h  (where  w  and  h  on  the  right  are  constants)  the  given 
pardal  differential  equation 


vt'(x)  d2y  d  f 


reduces  to 


g  dt 2  dx 
^2  . .  f 


w(x)/z(x) 


V 


dx 


(*) 


.ay 

dt 2 


=  gh 


dx  dx 2  J 


When  we  substitute  y(x,  t)  =  X(x)cos  cot  we  get  the  parametric  Bessel  equation 


x2X"  +  xX'  +  ^-X  =  0 


gh 


with  bounded  solution 


X(x)  =  AJ0 


^  cox  ^ 


\4gh  j 


The  condition  X(L)  =  yo  impliesthat  A  =  y0  /  J0[coL/ yfgh'j ,  so 
y(x,t)  =  y0- 


•41 

/ 

COX/ y¡ 

[gh) 

•41 

[coL/yj 

ígh) 

eos  cot. 


14. 


With  w(x)  =  w  and  h(pc)  =  hx  (with  w  and  h  being  constants 
differential  equation  in  (*)  above  reduces  to 


*J>¿1  L1IV-. 


sX-gh 

dt 2 


dy 


+  x 


d2y ^ 


dx  dx 


When  we  substitute  y(x,  t)  =  JT(x)cos  cot  we  get  the  ordinary  differential  equation 
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ú)2x 


xlX"  +  xX'  +  ^-X  =  0. 
gh 

ThishastheformofEquation(3)inSection3.6with  A  =  \,  B  =  0,  C  =  co2/gh,  and 
q  -  1 ,  so  its  (bounded)  solution  is  given  by 


X{x)  =  AJ0 


í 

2a>. 

v  i8h. 


Thecondition  X(L)  =  y0  now  implies  that  A  =  y0  /  J0  ( 2a>^L/  gh  j ,  so 

J0{2o)y[x7ghSj 


y(x,t )  =  y0 


J^cojLÍgh) 


COS  0)t. 


15.  With  w(x)  =  wx  and  h(x)  -  hx  (with  w  and  h  being  constants  on  the  right)  the 
partial  differential  equation  in  (*)  above  reduces  to 


a2y 


gh 


,2.  A 


2^  +  xdy 


dt 2  *  ^  dx  dx 2  j 


When  we  substitute  y(x,  t )  =  X(x)cos  <ot  we  get  the  ordinary  differential  equation 


co2x 


x¿X"  +  2xX,  +— X  =  0. 
gh 

This  has  the  form  of  Equation  (3)  in  Section  3.6  with  A  =  2,  B  =  0,  C  =  (o2/gh,  and 
q  =  1,  so  its  (bounded)  solution  is  given  by 


X(x)  =  -Lj, 

\¡X 


2  col—  I. 


gh 


Thecondition  X(L)  =  y0  now  implies  that  A  =  y0yÍL  /  Jx  [2a>^LI  gh  j ,  so 


y(x. 


p,  1 

2coJx/gh) 

Ixj,  < 

¡2  (OyfL/gh) 

eos  cot. 


16.  With  A  =  c¿  the  general  solution  of  the  parametric  Bessel  equation  of  order  0  is 

y(x)  =  AJq(coc)  +  BYo(ax). 

The  endpoint  conditions  y(a)  =  y(b)  =  0  yield  the  linear  equations 
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A  Jo(aa )  +  B  Y0(aa )  =  O, 

A  Mab)  +  B  Yo(ab)  =  O 

in  A  and  B.  In  order  for  there  to  exist  a  non-trivial  solution  for  A  and  B  the 
coefficient  determinant  must  vanish.  Henee  a  musí  be  one  of  the  Solutions  {yn}  ofthe 
equation 

Jo(ax)  Yo(bx)  -  Jo(bx)  Y0(ax)  =  0.  (#) 

With  a  =  y„,  A  =  Yo(y„a)  and  B  =  -Jo(yna),  both  conditions  above  are  satisfied  and 
we  have  the  eigenftmction 

Rn(x)  =  Y0(yna)Jo(y„x)  -  Jo{yná)  70(^)- 


17.  Just  as  in  Problem  1  above,  substitution  of  u(r,t )  =  in  the  wave  equation 


d2u  _  2Í32m  1  du' 

dt2  Kdr2  r  dr  J 


yields  the  separation 


rjift 


a2T 


R”  +  -R' 
r 

R 


=  A  =  -a2. 


The  /-equation  has  general  solution 

T(t)  =  A  eos  aat  +  B  sin  aat. 


and  we  choose  B  =  0,  so  that  T^O)  =  0  (assuming,  for  instance,  that  the  membrane  is 
initially  at  rest).  The  /•-equation  can  be  written  in  the  form 


r2R"  +  rR'  +  a2r2R  =  0, 


which  is  the  parametric  Bessel  equation  of  order  zero.  By  Problem  16,  its  Solutions 
satisfying  R(a)  =  R(b)  =  0  are  ofthe  form  Rn(x)  =  To(/«a)^o(y«^)  -  T0(y„a)  To(m) 
with  a  =  y„  being  one  of  the  positive  roots  of  Equation  (#)  there.  This  leads  to  a  formal 
series  solution  of  the  form 

oo 

<rA)  =  2X(*)(4,  eos  y nat  +  B„  siny„at), 

n=  1 

where  the  frequeney  of  the  «th  term  is  con  =  yna  =  yn  ■JfTp. 
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We  start  with  the  substitution  u(r,  t)  =  R(r)  T(t)  in  the  heat  equation.  The  result  is  given 
in  Equations  (25)  and  (26): 

r2  R"  +  rR'  +  c?r2R  =  0,  T'  =  -c?kT. 

The  fírst  of  these  equations,  together  with  the  endpoint  conditions 

R(á)  =  R(b)  =  0, 

comprise  the  regular  Sturm-Liouville  problem  of  Problem  16.  Henee  its  eigenvalues  are 
given  by  an  =  y„  where  {yn}  are  the  positive  roots  of  the  equation  inEq.(41)  in  the 
text.  The  nth  eigenfunction  is  the  íunction  R„(r)  defíned  in  (42).  Finally  the  solution  of 
T„' =  -y2kTn  is 

T„(t)  =  exp  (~y2kt), 
so  we  get  a  solution  of  the  form 

00 

<r,t)  =  ^c„exp(-/>)i?„(r). 


We  want  to  solve  the  boundary  valué  problem 


d2u  1  du  d2u  . 

—  + - +—  =  0 

dr 2  r  dr  dz 2 

u(a,z)  =  u{b,z)  =  0 


(a  <  r  <  1,  z  >  0) 


u(r,  z)  bounded  as  z  -»  oo 
w(>%0)  =  f(r). 


Just  as  in  Problem  5,  the  substitution  u(r,  z)  =  R(r)Z(z)  yields  the  equations 

rR"+R'+c?rR  =  0,  Z"  -  o?Z  =  0 

with  separation  constant  A  =  a2.  When  we  impose  the  conditions  R(a)  =  R(b)  =  0  on 
the  r-equation  here,  we  have  the  Sturm-Liouville  problem  of  Problem  16,  so  R(r)  must  be 
one  of  the  eigenfunctions  {/?„(r)}  corresponding  to  the  positive  roots  [yn]  of  Equation 
(#)  there.  The  general  solution  of  Z"  =  y2Z  is 

Z„(z)  =  Anexp(-y„z)  +  Bnexp(y„z), 

and  we  choose  Bn  =  0  so  that  Z„(z)  will  be  bounded  as  z  -»  oo.  Thus  we  obtain  a 
solution  of  the  form 
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“0“.*)  =  Ec«exP  (-r„z)K(r) 

n= 1 

with  the  coefficients  {c„ }  calculated  as  in  Problem  1 8. 


SECTION  9.5 

HIGHER-DIMENSIONAL  PHENOMENA 

This  section  provides  the  interested  student  with  an  opportunity  to  study  several  applications  at 
greater  depth  than  is  afforded  by  the  usual  textbook  exercises.  The  problem  sets  outlined  in 
Section  9.5  can  serve  as  the  basis  for  several  fairly  substantial  computational  projects.  Because 
these  problem  sets  and  projects  are  rather  heavily  annotated  in  the  text,  further  outlines  of 
Solutions  are  not  included  in  this  manual.  However,  additional  discussion  —  particularly 
regarding  Computer  implementations  —  may  be  found  in  the  applications  manual  that 
accompanies  the  text. 
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APPENDIX 


EXiSTENCE  AND  UNIQUENESS  OF  SOLUTIONS 

In  Problems  1-12  we  apply  the  iterative  formula 

yn+ 1  =  b+[  f(*>yÁ  0)<* 

to  compute  successive  approximations  (y„(x)}  to  the  solution  of  the  initial  valué  problem 

/  =f(x,y),  y(a )  =  b. 

starting  with  _yo(x)  =  b. 

1.  y0(x)  =  3 

,yi(x)  =  3  +  3x 

yi(x)  =  3  +  3x  +  3x2/2 

,y3(x)  =  3  +  3x  +  3x2/2  +  x3/2 

y4(x)  =  3  +  3x  +  3x2/2  +  x3/2  +  x4/8 

y(x)  =  3  -  3x  +  3x2/2  +  x3/2  +  x4/8  +  -  =  3ex 

2.  j0(x)  =  4 

j/i(x)  =  4  -  8x 

^(x)  =  4  -  8x  +  8x2 

y3(x)  =  4  -  8x  +  8x2  -  (16/3)x3 

y4(x)  =  4  -  8x  +  8x2  -  (16/3)x3  +  (8/3)x4 

y(x)  =  4  -  8x  +  8x2  -  (16/3)x3  +  (8/3)x4  -  -  =  4e~2x 

3-  yo(x )  =  1 

_yi(x)  =  l  -  x2 
yiipc)  =  1  -x2  +  x4/2 
y3(x)  =  1  -  x2  +  x4/2  -  x6/6 
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y4(x)  =  l  -x2+  xA  12  -  xó/6  +  x8/24 

_v(a:)  =  1  -  x2  +  x4 12  -  x6 / 6  +  x8/24  -  —  =  exp(-x2) 


4.  joOO  =  2 

yi(x )  =  2  +  2x3 
y2(x)  =  2  +  2x3  +  x6 

yi(x)  =  2  +  2x3  +  x6  +  (1/3  )x9 

y4(x)  =  2  +  2x3  +  x6  +  (1/3)jc9  +  (\/\2)xn 

y(x)  =  2  +  2x3  +x6  +  (l/3)x9  +  (l/12)x12  +  •••  =  2  exp(x3) 

5.  y0(x )  =  O 

yx(x)  =  2x 
y2(pc)  =  2x  +  2x2 

j3(x)  =  2x  +  2x2  +  4x3/3 

yt(x)  =  2x  +  2x2  +  4x3/3  +  2x4/3 

y{x)  =  2x  +  2x2  +  4x3/3  +  2x4/3  +  -  =  e2*  -  1 

6.  y0(x)  =  O 

^i(x)  =  (l/2)x2 

y2{x)  =  (l/2)x2  +  (l/6)x3 

y3(x)  =  (l/2)x2  +  (l/6)x3  +  (l/24)x4 

^4(x)  =  (l/2)x2  +  (l/6)x3  +  (l/24)x4  +  (l/120)x5 

y(x)  =  (l/2!)x2  +  (1/3 !)x3  +  (l/4!)x4  +  (l/5!)x5  +  •••  =  -  x - 


7.  y0(x)  =  O 

yi(x)  =  x2 
y2(x)  =  x2  +  x4/2 
_y3(x)  =  x2+x4/2+x6/6 
jV4(x)  =  x2  +  x4/2  +  x6/ 6  +  x8  /24 
>>(x)  =  x2  +  x4/2  +  x6/6  +  x8/24  +  —  =  exp(x2)  -  1 
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8.  yo(x)  =  O 

ji(x)  =  2x4 

y2(x)  =  2x4  +  (4/3  )x6 

y3(x)  =  2x4  +  (4/3  )x6  +  (2/3)x8 

yA(x)  =  2x4  +  (4/3  )x6  +  (2/3)x8  +  (4/1 5)x10 

y(x)  =  2x4  +  (4/3)x6  +  (2/3)x8  +  (4/1 5)x10  +  -  =  exp(2x2)  -  2x2  -  1 

9.  jo(*)  =  1 

ji(x)  =  (1  +x)  +  x2/2 

yiix)  —  (1  +  x  +  x2)  +x3/6 

y3(x)  =  (l+x  +  x2+  x3/3)  +  x4/24 

y(x )  =  1  +  x  +  x2  +  x3/3  +x4/12  +  •••  =  2ex  -  1  -  x 

10.  _y0(x)  =  O 

j/,(x)  =  x  +  (l/2)x2  +  (l/6)x3  +  (l/24)x4  +  ...  =  ex-\ 

y2(x)  =  x  +  x2  +  (l/3)x3  +  (l/12)x4  +  -  =  2ex  -  x  -  2 

y3(x)  =  x  +  x2  +  (l/2)x3  +  (l/8)x4  +  -  =  3ex  -  ( l/2)x 2  -  2x  -  3 

y(x)  =  x  +  x2  +  (l/2)x3  +  (l/6)x4  +  -  =  xex 

11.  Joto  =  1 

yi(x)  =  1  +x 

y2(x)  =  (1  +x  +  x2)  +x3/3 

y3(x)  =  (1  +  x  +  x2  +  x3)  +  2x4/3  +  xs/3  +  x6/9  +  x7/63 
y{x)  =  1 +x  +  x2 +  x3 +x4  +  •••  =  1/(1 -x) 

12.  y0(x)  =  1 

y\(x)  =  1  +  (l/2)x 

y2(x)  =  1  +  (l/2)x  +  (3/8)x2  +  (l/8)x3  +  (l/64)x4 

y3(x)  =  1  +  (l/2)x  +  (3/8)x2  +  (5/1 6)x3  +  (13/64)x4  +  - 

y(x)  =  1 +(l/2)x  +  (3/8)x2  +  (5/16)x3  +  (35/128)x4  +  -  =  (1  -x)'1/2 
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13. 

"*o(0~ 

'  i ' 

-i 

x,(0‘ 

1  +  31 ' 

_yÁ0_ 

_-l  +  5t_ 

x2(l) 

’  1  +  3 t+\t2 ' 

y2i  0_ 

-l  +  5t-\t2 

x3(l)' 

1  +  3  t+\t2  +\ti 

.P3(0. 

-1  +  5  l-i/2+|l3 

14.  x(l) 


1  n 
O  1 


f 


1 

1 


O 


I 


f 

(«-!)! 


1 

1 


e'  te'  1 
O  e'  1 


x(0 


(1  +  t)e' 


16.  j/0(x)  =  O 

y\(x)  =  (l/3)x3 

y2(x)  =  (l/3)x3  +  (l/63)x7 

=  (l/3)x3  +  (l/63)x7  +  (2/2079)x11  +  (l/59535)xls 

Then  ^(l)  ~  0.350185,  which  differs  by  only  0.0134%  from  the  Runge-Kutta 
approximation  j/(l)  »  0.350232.  As  a  denouement  we  may  recall  from  the  result  of 
Problem  16  in  Section  3.6  that  the  exact  solution  of  our  initial  valué  problem  here  is 
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y{x)  = 


*^3/4  (  2  X  ) 

“1Í?J 


J 


so  the  exact  valué  at  x  =  1  is 


XI)  = 


•^3/4  (  2  ) 

^-1/4  (2) 


0.35023  18443. 
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